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� q j kj = = −0 0 1, ,...,  (1.2)
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1 1 1 1

1 2 3

1 2 3

1 2 3

2 2 2 2

1 1 1 1

� � � � �
�(1.3)

�
� �§££±´¨�Fn�¦¬¨�x��¦£¨�¦¥¦�£¥

� ��x ∈ S(n,k) ⇔  H(n,k;c)⋅x = 0 ��
� ³��¯�³�³±¢°ª ���

�
� �¤²��

�
����¦�� §£¨£�«¨� §£¥²���� ´�£�¦� �¦�¥£� k� ²�«¨� £¦�²¢±®«� «®�� ´¦¬�� �¦£¨
�¤²��� £¥�¡£¥��¦� ¦£�³£�� + = −1 1 2 (mod ) �³�����¬��§£³¨´³¨� [RSV94]�²¨�¨�

� �  2 2 1log k + �¦�����±¦¡´¨��£¨´�S(n,k)�¤�´¨�x��¦£¨�¦³�
�k�²�«¨�£¦�²¢±®«�«®��´¦¬���¦£¨�¦³�£¦¨£ª£¨��¤²����£¥�¡¥���²¨�¨���´���
��¦£¨�� £¥� §£�²¨�§£²�¡¨�� ��£ª���´�¬°¨����£���¡¥���� � 2k�¦����³� ��� ©¢±
��£��Morse�´²�«�´�²±ª��´¨£�«¨��²�«�¦³�´�ª�³�²��´�£�£«��2k� £�¬�´²°�ª³
�£�¬³� ©£�°� [RSV94]� �� �n� ¤²��� ´¦¬�� k� ²�«¨� £¦�²¢±®«�«®��§¬� �¦£¨� �³¬¨¦
�� � �£�� ²´�£�� �²°±�� �¦£¨�� �1 5≤ ≤k � �k� ²�«� ²��¬³�����¦� ©´£ª� �³¡¨�´ª¥�´
��¢�³®��ª¥�´� £�¬��±£���²´�£�§£�����§£²�«¦�¦��� �Morse�´²�«�¤�´¨�´²°�ª³�´�²°�ª³� §£¦£¨�� §��� �¦�³�� ©¥¦� �§£��³£¡�� ¦³� �²� ²®«¨� ¦¦��� ´£³¬¨� �ª£�

� ��[RSV94]����¡�´®�´²�³ª�k�²�«�¦¥¦�²´�£��´�²°±�§£¦£¨�©��Morse�´�²�«¨�
�²�«¨�§££¦�²¢±®«�§£«®��´�¦¬��§£¦£¨�²��¬� �ª�°¨³�´£��¡£��ª�¥´�´�¬°¨���§£¦£¨�� ¦¥� ¦¬� ²�¬¨¦� §£��³£¡� ´�¡®� ��²�� ´³²��³� ´£ª¥�´� ��´¥¦� ©´£ª� ����
�«®��´¦¬��48�¤²�����¦£¨��ª£¦£���´�¬°¨���������²�«¨�£¦�²¢±®«�«®��´�¦¬�
�¤²���� ¦¬� ©�£¦¬�� §«¡�� ´�� ²®³¦� �²³®£�� � � ´£¦�´� �6� ²�«¨� £¦�²¢±®«

� �k�²�«¨�£¦�²¢±®«�«®��´¦¬���¦£¨�¦³�£¦¨£ª£¨��
�� ©¨£«�££�ª£³�

�©�´¡´�§«¡��xi ≠ xi+1 �§���i�§�±¨��©¨£«�£�ª£³��³£�x = (x1, x2, ..., xn)��¦£¨¦³�²¨�ª��°��� k� ²�«¨� £¦�²¢±®«� «®�� §¬� �¦£¨�� ©¨£«� ££�ª£³� ¦³� £¦¨£ª£¨� ²®«¨� ¦¬
�¦¦¥� ¦³� £¢²®� �²±¨�� ³�¨£³� ¦¬� �««�´�� �¡¥���� �k�¦� ���³� ����� [KS91]��
�����¬���§££��£¡�§££³¨¨�§£³²�³�k�§¬�£³¨¨�§�ª£¦�®�²��¬�Descartes�¦³�§£ª¨£«��©¨£«�� ££�ª£³� ²®«¨� ¦¬� §£³�¡� §£ª�´¡´� §£¨«¡� ¦³� �²�«� §£�²¨� �ª�� ´£¡¥�ª

� ��k�²�«¨�£¦�²¢±®«�«®��´¦¬���¦£¨���



�� �

� ´�²£´£�
�´��£³¡�³£�n�¤²����§£¦£¨�¦¬��C�©®�°�´�¬°¨���´�£�£«�¦³��²�«�§£ª£®°¨�²³�¥�
�´��´®±³¨��£���ρ� (C) = n - log�|C| �£�¬�´²���¨�´�²£´£��´�²£´£�¦³��³�¨¦���²
�§£ª�´¡´� §£¨«¡� §£¬��£� �C� ´�¬°¨��� �ª®°�� §£¬°�¨� ²³�¥� §£ª�´ª�� ¡�®£ª
�¤�´¨�Hamming� ±¡²¨� ¦¬�§«¡��³�¨£³� �[RSV94]�S(n,k)� ¦³�´�²£´£� ¦¬�§£ª�£¦¬�

� �������¡«�ª¦�¬£��¦�§£²³®�¨��§£²��¥��§«¡��¦��� ��¡¥�����[ImmB87]�
� ρ( ( , )) ( )(log ( ) log ( )) ( log )S n k k n k O k n≥ − − − =1 12 2 �(1.4)

�
������²�«¨�§£¦£¨�¦³��£ª���k�¦¬��£°±��ª£���³�¨£³�£ ��2k���±¦¡´¨�n�§��©¥��¨¥� £¥�©´�ª�²´�£�¤�¨ª�²�«¨�§£¦£¨�¤�´¨

�
� ρ( ( , )) (( )(log ( ) )) ( log )S n k O n k O nk k≤ − − + =2 1 1 22 �(1.5)

�� �©�£¦¬��§«¡¦�©�´¡´��§«¡��©£���¡²�²¬®�§££±�´��²¦�©´£ª³�£®¥��²��¬� ´�²£´£�� £¥²¬� ´��§£�³¡¨� �ª�� ¦£¬¦��²¥ ��³�´£��¡£���ª�¥´��´�¬°¨��
� �(n,k)�´��� �²®«¨¦�S(n,k)�§£ª®°

��� �ª®°�¦�§£¨´£²��¦��
�§£ª ��¨� §£ª®°� ´�¨³�� §�� §£¬��£� ©�³�²� ²�«¨� £¦�²¢±®«� «®�� £¦¬�� §£ª®°
�´�ª�¥´�§����¦��§£ª®°��³�¨£³¦��ª®°��£¨´£²��¦����²��§£¬��£�� dc-free codes��
��[Bose91]��[AlB94]��[AlB90]��[Knu86]�¦³¨¦���²����²���²±¡ª�§£ª ��¨�§£ª®°�¦³
�´�²£´£�£¦¬��§£ª®°�§£²°££¨�§£¬��£��§£¨´£²��¦����[Etz90]��[ABCO88]��[TCB96]
�´�²£´£��´� �´¨�¬¦� ��ª®°��� £ª®¦�§£ª�´ª��¤²�������n�²³�¥��log2n + O(1)�¦³
��£����§£¢�³®�§££²�¢ª£�¨�±�§£±�¨£ª�£�¬��[Knu86]�0.5 log2n + O(1)��£��S(n,1)�¦³
�� ��¢£³�¦����[Imm91]� (enumerative encoding)�´²®«¨¨��ª®°��£�¬���³�¦�´ª´£ª� ��§£¨��±��§£¨´£²��¦�¦�«¡£����³£¡��©¨ �´�£¥��£«�´ª£¡�¨����¢�´�¡®�
��[RSV94]� ´�²®«�� §£¬£®�¨�� �ª®°�� £¨´£²��¦�� �¨¥� §£¬��£� k=2� �²±¨�� ²��¬
��¦£¨�� ¤�´�� ´�£�£«� ¦³� ´��°��� ´�®¦¡�� ¦³� �²�«� ¦¬�§£««��¨�§�� �[TAlB95]
�3 log2n + O(log log n)�¦³�´�²£´£�¦¬��©®�°�§£²°££¨��¦���§£¨´£²��¦����´ª®°�¨�
�£¦¬�� §£¨¦³� §£²®«¨� ¦³� §£²��£¡� O(n)� �£�� §�¦³� ©¨ �� ´�£¥��£«�� ´�£�£«
�´£³�¨£³� £´¦��´�£�¦�´¥®���� ��²±¨��²�¥�´²®«¨¨��ª®°�� �´�£�£«�O(log n)�

� �[TAlB95]�2 log2n + O(1)��£��S(n,2)�¦³�´�²£´£���©£¢�¦¡¦�
���£°�� Siegel��� Karabed� �£¦�²¢±®«� «®�� ¦³� ²�«� ¦³� ²´�£� §£����� k� §£¥²¬¦
��¦¦¥���£�³��´�£®�«ª£��§£�°¨�´�¨²��£��¦¬�´««��¨���ª®°��´¢£³� [KS91] �
�³¨¨�©¢±�§�¦³��£ª���¦³��°±��²¡�¨���[MPi89]�Pierobon���Monti�¦³�����¬�¦³
�´�²£´£�� ¤¥£®¦� �n� ©®�°�� ¤²���� £²�ª£¦� ¦���� �£��§´£²��¦��� ¦³�´�²£´£�� ���¨
��¦���� �£�� ±£®«¨� ¦���� n� ²��¬�� ¬��±� k� ¦¥� ²��¬� � ¥� §´£²��¦�� £�¬� ´²°�£¨³
�²°££¨� [RSV94]��� �°��³� £�£«²�±²� §´£²��¦�� �(1.5)� ©�£¦¬�� §«¡�¨� ´£´�¬¨³¨

� �� lim ( )k k→∞ =ε 0 ���0 < ε(k) < 1�²³�¥�O n k( )( )1−ε �¦³�´�²£´£�¦¬��©®�°
�

� �S(n,k)�¦³�´£´£¨���´�²£´£¦�«¡£��´£´�¬¨³¨��¦�����£��� �´�²£´£�§��¦��



�� �

��²�«¨�£¦�²¢±®«�«®��¦¬��©®�°¦��ª®°��§´£²��¦��§£�£°¨��ª��´£¡¥�ª������¬�
�´�£¥��£«��´�£�£«�9 log2n + O(log log n)�¦³�´�²£´£�¦¬��©®�°�²°££¨�§´£²��¦�����
�O(n log n)� �� §£¨¦³� §£²®«¨� ¦³� §£²�«£¡�§£²��£¡� O(n)� �£�� �¦³� ©¨ �

� �O(n)��£��§�±¨��´�£¥��£«��´�£�£«�O(log n)�£ª��§£ª�¨�´�ª¢±��´�¦���



�� �

� ��±�ª§�¢¥�±¡°ª�ª��¢¥«��¦¢©¯¥�¦³¢±��¥� ���
� ¨�¯��³�¥¢§�¥²�¨�¢¢� ����

�
����� �� ²�«¨� £¦�²¢±®«� «®�� ¦¬�� ©®�°� ´¦£¨� ¦³� ¤²��� £¥� ¬��£� [RSV94]� ¤�´¨
�h�²��¬�n=2h�²³�¥�S(n,3)�©®�°�¦³�´�¦£¨�¤�´�¦��§£ª�´ª�©£®°�¦��°²ª����¦³��¦�®¥

� �����©®����m�²£��ª��� ¥�n�²��¬��£�� 
�    m n h= = +log log2 21

�§£¦£¨�¤�´¦�F�¦¬¨�2h-6m+2�¦����³����¦����¤²����y�¢¦±�´¦£¨��®¨£�§´£²��¦��
�x� ¦³�²�³²£³� �O(log m)� �¨¥� ��ª´¨ µ �� x S m' ( , )∈ +3 3µ �� x S h∈ ( , )2 3 � ²³�¥�x, x’

� ����²�«¨�£¦�²¢±®«�«®��´¦¬��¢¦®�´¦£¨�����¨�x’ ���
�²�«¨�£¦�²¢±®«�«®��´¦¬���£��Fn�¦¬¨�x = (x1, x2, ..., xn)��¦£¨�¦¥³��ª££°���±²®�
�©££®��¨�S(n,3) �¤¥£®¦��(1.3)�£�¬�´²���¨�H(n,k;c)�²³�¥�Η(n,k;c)⋅x = 0�§��±²��§��k
�£�¬� x� �¦£¨�� ¦³� §£«±�ª£��� ´�� ©¨«ª� �H(n,3;-h-1)� � £�¬� ¦�±³� ©®���
� ������©®�����²���£�§££³¨¨��¦¬¨�x���¦£¨��¦³�§£¢ª¨�¨���x = (x-h , x-h+1 , ... , xh-1)

� q x i x jj
j

i
i h

h

( ) , , , ,...≡ ⋅ =
=−

−

∑
1

012     � (2.1)

� �q0(x) =�q1(x) =�q2(x) = 0�§��±²��§��S(n,3)�¤�´���ª£��x ∈ Fn�£¥�²�²�
��

� �©¯��¦³¢±��¥� ����
��y�¢¦±��´¦£¨�´���¦£¥¨�²³��{ -1, +1, 0} �¦¬¨�x��¦£¨¨�¦£¡´¨�¬°�¨��§´£²��¦��
�¤³¨����0�´�£�¦�´�¬�±ª�x�¦³�´�«£ª¥��²�³���¦³�´�¨£�«¨�´�«£ª¥���¦£¨�´´¥
��� �²�«���q1(x)����q2(x)��q0(x) ¦³�§£¢¦¡�¨��§£¥²¬��´��«®�¦�©£¢±¨�§´£²��¦��
�-1� ��1� §£¥²¬� ¦³� ��°�� £�¬�� §£¢£�� ¦³� ´�®¦¡��� ´�  �� �´�¥£®�� ¦³� �²�«� £�¬
�§£ª�¨� ¦³� ´£�£«²�±²� �ª®°�� £�¬� §££´«¨� ¤£¦�´�� �0� ¦� ´��³³� x� ¦³� ´�«£ª¥¦�§�� �§´£²��¦��� §£¨��±�� §£�¦³�� ¦³� ¬�°£�� ¤¦�¨�� ��³�¡� ²³�� §£¨£�«¨
��ª®°��� ´¢£³�� §£³¨´³¨�  �� ±£®«¨� §£²°±� �¦��� §£ª�¨�� ¦³� §£¥²���
�´²³²�³¨� �x’ � �´£�£«²�±²�� �ª®°��� ´�°�´� �(enumerative encoding)� ´²®«¨¨�

� ��´£®�«��¢¦®��´¦£¨�´¦�±´¨�¤¥���x�¦�
�S3.3��S3.2�´�°��±��´´�´��²£��ª��S = { -h, -h+1, ..., h-1} �§£«±�ª£���´°��±��¦¥´«ª
� ��´²���¨��°��±��´´����§´£²��¦���§�±¨¨�¬��ª��°��±��´´�¦¥�¦³�§³���S4��

� • = =
−

=
− S d ci i

m
i i

m
3 2 0

2 8
0

2 8
. { } { }�

�
� £�� �i�§� �²³�¥

� £�� �£��i�§� �
� �0 ≤ i ≤ 2m-10�²��¬ �

� ( , )
( , )

( , )

/ /

( )/ ( ) /d ei i

i i

i i=
− ⋅ − ⋅

− ⋅ − ⋅




+ +

10 2 6 2

9 2 7 2

2 2

1 2 1 2



�� �

�«±�ª£�������τ1�²³�¥��(d2m-8, e2m-8) = (-τ1, 7)�§���(d2m-9, e2m-9) = (τ1, τ2) ²£��ª�«�ª�
�«±�ª£������ τ2��� ( / )h2 2 49+ � ´�¡®¦� �¦���� ²³��S� ¤�´��²´�£�� ©¢±�� £�� �£��
�§��S3.2� ¤�´¨� { di, ei} � �� � ±¦«ª� �h/2� ²´�£�� ¦¥¦� �¦���� ²³��S� ¤�´�� ²´�£�� ¦����
��(d2m-10, e2m-10)� ´��� ¦� ±²� ´�²±¦� ¦�¥£� � � �¤³¨��� ¢²�®£³� £®¥� �di < -h� §££±´¨

� �(d2m-11, e2m-11)���
� �• = − − − − − − S3 3 0 3 3 55 6 7 9 9 10 1112 1314. { , , , , , , , , , , , , , } . ����������

�
� • = ± =

− S i
i
m

4 0
22{ } . ����

�
�´�² � ©¦�¥� �ª££�´� S4��� S3.3� �S3.2� ´�°��±�³� £�¥� ±£®«¨� ¦���� h� ¦³� ¤²¬�³� ¡£ªª�£²��¨�±¦¡��§��±�©£�°³��¨¥��±²®��§�£«���¨�����´��²¦��£�£�©´£ª³�£®¥��´��� �
 ¨�©¢±��¦³�£�� �²®«¨�¦¥�´�£�¦�h�¦�²³®�¨�� ���°��±�¨�±¦«¦�§£¨¬®¦�©´£ª�S3.2� ���

�
� S S S S0 3 2 3 3 4= . .� � �©¨«ª

� �|S0| ≤ 2(2m-7) + 14 + 2(m-1) = 6m-2 �£¥��¦�§£³
�

�²³�� n� ¤²���� x� �¦£¨� ¦³� �¦£¨�´´� ©¨«¦� £�¥� (x)A� ©�¨£«�� ³¨´³ª� ¤³¨��
�©¨«¦�£�¥���ª´���³¨³£��y →�(x)A�©�¨£«���A��°��±�£�¬�§£ª´£ª��¦³�§£«±�ª£���´°��±�´�¬°¨���´�ª¨�«¨��x��¦£¨�¦³�´�«£ª¥�¤�´¦�y��¦£¨�¦³�´�«£ª¥�¦³���°�

� �A�§£«±�ª£���
� �§´£²��¦����°�¨�©¦�¦�

�
� x�¦³�¦�¡´£������¬°

� 0 →�(x)S0

� y →�(x)S\S0 �
� |q00((x)|�´ª¢±������¬°

�©¨£«��´��¤�®��²¨�¦¥��xj�´��¤�®��j = -h, -h+1, ..., �§£«±�ª£���´²�«�²��¬
�²®«¨� ´�� j2� £�¬� ©¨«� ���¦� ���³� ´�£�¦� ¤®��� q0(x)� ²³�� �¬� ¤³¨�� ���¦³� ���ª�³�©¥²¬³�´�£�£«� �

� |q22((x)|�´ª¢±������¬°
� §££±´£�²³���¬��ª£¨£�(x)S\S0

�¦³�´�£�£«�¦³�´£���£«��  ��¬°����
� ��¦�� �´�  ���²®«¨�´��j3�£�¬�©¨«ª��|q2(x)| ≤ h2�

�£�¬�|q2(x)|�¦³�¤²¬�©¢±��i = 2m-8, 2m-9, ..., 0�§£«±�ª£���´²�«�²��¬���
� �´²¡��xdi

 = -xei
 = 1���°��£�¬��0 ≤�q2(x)�§��xdi

 = -xei
 = -1���°�

�´��¤�®���0 ≤�q2(x)�§���|q2(x)|�¦��¨£�´¨�������¦�¢�¦³��²�³ →�(x)S3.3
���

� �(x)S3.3
�¦³�´�«£ª¥�



�� ��

� |q11((x)|�´ª¢±������¬°
�²³�� �¬� x-j� ©£�¦� xj� ©£�� ¦¡�� j = 1, 2, ...,�h−1� §£«±�ª£���´²�«�²��¬� ��

� ���¬°��³�´�®¦¡���²®«¨�´��j4�£�¬�©¨«��|q1(x)| ≤ 2(h-1)
�£�¬�|q1(x)|�¦³�¤²¬��´��©¢±��i = m-2, m-3, ..., 0,�§£¥²¬��´²�«�²��¬���

� �´²¡��x
2

i = -x
-2

i = 1���°��£�¬���0�≤�q1(x)�§��x
2

i = -x
-2

i = -1���°�
�� ´£�£«²�±²��ª®°������¬°

� �(j2, j3, j4)�¦³�´£²�ª£�����°���¦¬�£�£«²�±²�©®�������¬���§£�¬°�¦£¬®ª� �©£®°¨��¦³�£®�«��¢¦®��²�´��x�¦��²³²³ª���°�´��´�
�

�   Table 2.1 � ������¦�¢
  � Generating odd integers up to 63 � �����¬�§££�� �£��§£²®«¨�´²£°£
� by balanced assignments�� �� ´�ª ��¨�´��°��£�¬

�
 |q2(x)|  �  ��  �  ��  �  �  ��  ��  �  ��  ���  ��  ���  ��

 �  �  �  �  �  �  �  �  �  �  �  �  �  �  �
 �  �  �  �  �  �  �  �  �  �  �  �  �  �  �
 �  �  �  �  �  �  �  �  �  �  �  �  �  �  �
 �  �  �  �  �  �  �  �  �  �  �  �  �  �  �
 �  �  �  �  �  �  �  �  �  �  �  �  �  �  �

 ��  �  �  �  �  �  �  �  �  �  �  �  �  �  �
 ��  �  �  �  �  �  �  �  �  �  �  �  �  �  �
 ��  �  �  �  �  �  �  �  �  �  �  �  �  �  �
 ��  �  �  �  �  �  �  �  �  �  �  �  �  �  �
 ��  �  �  �  �  �  �  �  �  �  �  �  �  �  �
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� �p�£ª�³�²�²®«¨�¦¥¦��k�²�«¨�£¦�²¢±®«�«®��´¦¬��w��¦£¨�¦¥¦������¨¦
� §££±´¨��p ≤ k

� �G p w p( ) mod= 0
�

� �w��¦£¨��¦³�¤²����´��|w|�£�¬�©¨«ª�©�¨£«�



�� ��

�|w| > p(p-1)� � £ �� �k�> 2�²�«¨�£¦�²¢±®«�«®��´¦¬���£��w��¦£¨��§�������¨¦
� ��(3.19)�£�¬�²���¨�p�²³�¥�

��p(p-1)�¦� ���³� ��� ©¢±� �¥²��� ²³�� �¦£¨� �£��w�³� ¡£ªª� ��¦£¦³�� ¤²����¡¥��
�§�¡´�� r� ¤²¬� ¦¥¦� ���� �¨¦� ¤¨«� ¦¬� �p� ¦³� �¦�®¥� ���� |w|� £¥� ��²ª� §��±

� �£��w �²�¢±���G(p)��°£²¢¨��¦³�r����²�³��¦³��¦®¥¨���0 ≤ r ≤ p-1

 ( ( ) ) modG p w w pr r pi
i

n r

p

= =+
=

−









∑ 0
0

�(3.21)

 
�§�¥«�³� ¤¥� �r� �²�³� ²®«¨� ²�¡�¦� ©´£ª�  �� p� ¦³� �¦�®¥� �ª£�� w� ¦³� ¤²���� §�
�©¥¦��-1����1�����²�£��¦¥�²³�¥��§£²�£��¦³�£�� �£��²®«¨�¬£®�£�(3.21) �¡«�ª�³
����� ����p - 1�©£�¦�-p + 1�©£��§�¡´���°¨ª³�£�� �£��²®«¨¦����³��£�£�� ��§�¥«�

� ��p�¦³��¦�®¥��£��|w|�©¥¦���(3.21)�¦��²£´«��0 mod p�´�£�¦�¦�¥£��¦�
�|w|� £¥� ¡¥��� [RSV94]��� �«£�� ¤�£�¨� �p� ¦³� �¦�®¥� ���� |w|� £¥� �ª±«�� �«£�� �¡¨
�§£² � §£²®«¨�§��m���p� «�ª�� �k ≤ m� ²�²�� ©®���� �  m k= +2 2 1log � ²®«¨��±¦¡´¨
��¦�®¥�����w�¦³�¤²����©¥¦��2�¦³��± ¡�����m���2-¨�¦����£ª�³�²�p�£¥�£ª³¦��¡�

� �¦�³¨��|w| < (p-1)p + 1�£¥��¡ª�¦��²£´«��� ���mp > kp > (p-1)p�²³�¥��mp�¦³��� ¢¥§¢©¢§�£±���¥«�¨�¢¥«�¦ª  ����
�

�£¦�²¢±®«� «®�� ´¦¬�� �¦£¨� ´¨££±� k� £¬�¢� ²®«¨� ¦¥¦� [RSV94]��� ¡¥��³� £®¥
�§³���«²�¨�´²�«�¦³�´�ª�³�²�´�£�£« 2k�¨�´�¥²�¨�²³��2k�¤²���´¦¬��k�²�«¨
�k ≤ 5� ²��¬� £¥� ¬�±ª� �³¡¨�� ´�¬°¨��� ³�®£¡� £�¬� ��Morse sequence� ���� £ ¬�¦���´��¨� §£¦£¨�� ¦¥� ©£�� ²´�£�� �²°±�� �£�� «²�¨� ´²�«¨� ´¦�±´¨³� �¦£¨�
�´�¦�±´¨�� §£¦£¨�¨� ´�²°±� ²´�£� §£¦£¨�´�¨££±�§����¦�³�� �[RSV94] ²�«�

� ��[RSV94]����¡�´®��²�³ª�k>5�²��¬�«²�¨�´²�«�¤�´ �̈
�´�¨�±¨�� ´�¬£®�¨�� ´�£�£«�� £¥²¬� ¦¬� r� ¦¥¦� ¯�¦£�� �£´¥¨� (3.21)� £�ª´�
�³�¨£³�� �p� �� ±¦¡´�¦� �££¡� �¦��� ´�£�£«�� ¦³� §�¥«� � r

n r

p
p+

−







 � ����� �r+p� �r

�§£³�²���§£��³£¡��²®«¨�´��´£´�¬¨³¨��²�°�� ©£¢±�¦�²³®�¨�´� ���ª�¥´���§£ª�³�§£²�«� ²��¬� ²´�£�� ´�²°±��§£¦£¨��´�£�¦� �§£�¨¬�¨��� ¦¥� ¦³� �±£��¦
�§²��¬�²³��(n,k)�´��� �²��¬�S(n,k)�§£ª®°��¦³�´�²£´£��´���³¡¦�²³®�¨�§������ ��§£��³£¡��¦³�£�¨��¦����´�£¥��£«�¦¦���§��±�� ¥���³£¡�´�³¬¦��£��©´£ª��¦�
�²³�� 6� ²�«¨� £¦�²¢±®«� «®�� ´¦¬�� �¦£¨� ´¨££±³� ²²�´¨� ³�®£¡�� ´��°�´¨
�¤�®£����¤³¨���´���¨³��¦£¨���¦�¥�§£¦£¨� £´³�´�¨££±�¥��«��48������¥²��

� �©¦�¦��¬£®�¨��£���´£²¢¨£«��£���wmin��´���©¨«ª��´� ���¦£¨����¦³�� ������������������������������ ������������������������������ �



�� ��

�´¦¬���¦£¨�²°£¦�©´£ª��´² ¬���-1�§�±¨��¬£®�¨�
�
����1�§�±¨��¬£®�¨�
�
�²³�¥
�²�«¨�´³±��¨���¦£¨�� �i ≥ 0� ¦¥¦� 48 2⋅ i ¤²���´¦¬��6+i�²�«¨�£¦�²¢±®«�«®�

� �°££¨��§�ª£¦�®��£�¬��°�£´�6+i

� P z P z z z zi( ) ( )( )( ) ( )min= − − −⋅ ⋅48 2 48 481 1 1�
�¦³¨¦��´�²®«��¦��´�ª®¦�©´£ª��¡¥��¦��wmin�¦³��°£¨��§�ª£¦�®������Pmin(z)�²³�¥� �[2.5��¨¦��RSV94]�
�²³�¥�§£¦£¨�£´³�±²�´�¥££³�� ��©®�°¦�§���(n,k) = (40,5)�����²¡��©££ª¬¨��²±¨� ��£��©�£ª£�¨�´¡���´�£²¢¨£«�©���¦���§£¦£¨��£´³���£ª³��¦³�¤�®£���£��´¡��� ������������������������� ������������������������� �
�§£ª®°��¦³�´�²£´£��£¥²¬�´����³£¡¦�§��(3.21)�©�£��³��¦³�¯�¦£���³¨´³�¦�©´£ª
�
�
� ©¨£«� ����� �¦�¢�� ´�¬£®�¨� ´��°�´�� ���³�¡� §²¢³� (n,k)� ´��� � ²��¬� S(n,k)
��¦³� ©££°¨� �¦�³� ©¨£«� ��±£²� �¨£�´¨�S(n,k)� �°��±�³� ©££°¨� �¦�¢�� ´«£ª¥�

� �S(n,k)�©®�°���´��¦�´�²£´£��´���³¡¦��ª¡¦°��
��������³¡���¤²���� �����¬�¤²����´�£¦�²¢±®«�§£¦£¨�´�¨££±��¦�k = 7�²��¬��ª�°¨���ª±���£¥�§���� �¤²����´�£¦�²¢±®«�§£¦£¨�´�¨££±�§��¬��£��¦��������

� ��´�¨££±��¦�� �¤²����´�£²¢¨£«£¢ª�/´�£²¢¨£«�§£¦£¨³�
�  Table 3.1����� �� �����¦�¢
� Redundancy values ´�²£´£�£¥²¬

��� �������������������� n���
� 56� 52� 48� 44� 40� 36� k

� ����� ����� ����� ����� ����� ����� �
� "� "� ������ ����� ����� ����� �
� "� "� "� ������ ������ ������ �
� "� "� "� �� ������ �� �

� ������ �� ������ �� ��� �� �
� �� �� ��� �� �� �� �
��

� ¨§¢ª�¢¢�©¢²�¥« ���
��«®�� ´¦¬�� �¦£¨�� ©¨£«�� ££�ª£³� ²®«¨� ²±¡� ¤²�°¦� ���� �¨¦�´�� ¦£¬®ª� � � ±²®�

� ��ª�´ª���¦£¨��²��¬��£¦�²¢±®«
� w w w w S n kn= ∈( , ,..., ) ( , )1 2 � §�ª£¦�®��´�¬°¨���u��¦£¨�²£��ª
� P z P z zu w( ) ( )( )= −1

�§�ª£¦�®�� ±¦¡´¨� Pu(z)� §�ª£¦�®�� �w� ¦³� �°££¨�� §�ª£¦�®�� ���� Pw(z)� ²³�¥
 �£�¬�u�¦³�§£�£¥²��´��©¨«ª��(z - 1)k+1

� �u = (u1, u2, ..., un, un+1)
 ²³�¥

� �              u1, un+1 ∈ F, ui ∈ {-2, 0, 2}        ��
� �i = 2, ..., n�²��¬



�� ��

�
�£�ª£³� �£�� ´£²�±¨�� w� �¦£¨�� ¤�´�� i��� §�±¨�� §��� ���¢� �£°±£�ª£�� �ª¦� ³£
�©¨£«�� £�ª£³� �£�� �¦� w��³� �²±¨�� �ui ∈ {-2, 2} §�� ±²�� §�� �²±£� � � �©¨£«�

� ��ui = 0 �£¥�¦�±ª�i���§�±¨��
� �����©®����p�´��²£��ª

� �p ≤ k+1�§££±¨�²³��²´�£��¦�����£ª�³�²������p � (3.22) �
� §££±´¨���§£¨¦³��¦¬¨��k + 1�²�«¨�£¦�²¢±®«�«®��´¦¬���¦£¨��£��u���²¡�¨

�
1

1

1

1

1

1

1

1

1

1

1

0

0

0

1

2

1

� �
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u

u

u

p

n

mod      (3.23) �����

� �p×p�²�«�£¦¬��§��©�²¡�¦�¢²®��°£²¢¨��§£±�¦���¦¥�²³�¥�
��ª�²¡��� ���¨¬�� ¦³�� �ª�³�²�� ���¨¬�� ¦³�§£�¡��� �p� ¦³��¦�®¥� �ªª£��n� §�
�¦¥�¦³��¦®¥���p��¦���¨�´�¦�¬®��¦¥�´��§£¬°�¨³�©��£¥¨��´�ª�³�´�²�³��§£¬£®�¨
�u����ª�³�²���²�³��¦³��¦®¥��¦����p��¦���¨�0�´ª´�ª�u�²�¢±����°£²¢¨��´²�³
��²�³�� §£�¡��� ©¥¦� �p��� ±¦¡´¨� � �� ²®«¨�� �u1 ∈ F� £¥� £�� �£�� ²®«¨� ´ª´�ª
��´��� �u�²�¢±���¦³ -2���2� £�£¥²� (p-1)/2�´�¡®¦�� �¦®¥����°£²¢¨��¦³��ª�³�²�
�u�²�¢±��� £¥�±£«ª� ©�¥¨� �©�²¡����¡���´���¦£¥¨³��²�³�� £��¦�§�� ©�¥ª�±�¨£ª
�£¦�²¢±®«� «®�� ´¦¬�� �¦£¨� ©¥¦�� -2� ¦� ��� 2-¦� §£��³³� §£�£¥²�p-1� ´�¡®¦�§ª³£

� ��©¨£«�££�ª£³�p-1�´�¡®¦��¦£¥¨�k�²�« �̈
�£¥�´²¨����[RSV94]�¦³���°�´��¦¬�§£² �¡��ª¡ª���p = k + 1�²³�¥�§£²±¨�²��¬
��ª¦³���°�´��¦����©¨£«�££�ª£³�k�´�¡®¦�³£�k�²�«¨�£¦�²¢±®«�«®��´¦¬���¦£¨¦�§£«±�ª£���¦³�´�°��±�´´�£´³�§£ª££°¨��ª¡ª��£¥��§£�«¨�©��¨��²´�£��± ¡��£�� ��¬£®��¦��¦���©¨£«��££�ª£³�§£¦�¥£�§���±²��§����§£��³¡���
�§�� �¦³¨¦� � ��¡�� £ª�³�²�²®«¨¨�²´�£��³�¨£³� £�¬���¡²�¦�´ª´£ª�´� ���³£��
�²®«¨��´�� ¤£²¬ª�� �k+1� ¦� §£��³� ���§£ª¢±�� r2��� r1� §£ª�³�²�§£²®«¨� £ª³� ¡±£ª�©£�¦� r1� ²��¬� �§£��³¡��� ´�¨�±¨�� ¦³� �°��±�� ©£�� §£¥�´£¡�� ¦³� £¦¨£«¥¨��´���¢¨¦¨�§«�¡��£�¢£�¦�¬£��¦�¦¥�ª���r2�²��¬��§£��³¡���´�¨�±¨��¦³��°��±�� ��¦£¨��©¨£«��££�ª£³�²®«¨

� ( ) ( )r r
n

r r

n

r r1 2
1 2 1 2

1 1 2
1
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1

− + − −
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 �(3.24).

�¦³� ´�°��±�� ©£�� §£¥�´£¡�� ²®«¨� ´�� §£�¢�¨� §£ª�²¡��� §£²��¡¨�� £ª³� ©���¦���´�°��±����§£��³¡���§£«±�ª£��
� { , , ,...; , , ,...}u u u u u ur r r n r n r n r1 1 2 1 3 1 1 2 1 31 1 1 1 1 1+ + + + − + − + −

� { , , ,...; , , ,...}u u u u u ur r r n r n r n r1 1 2 1 3 1 1 2 1 32 2 2 2 2 2+ + + + − + − + −

�
�§£¦£¨�� ²��¬� [RSV94]��� ´�°�£¨�� ��°�´�� ¦³� ²�®£³� ´���¦� ¦�¥£� (3.24)� §«¡�

� ��´�¨££±�´�²°±�¤¥�¦¥�§£¦£¨�§��§£¬��£��¦��ª¡ª���n < k3�§££±¨�n�©¥²��³�� �§££ª�³�²�§£²®«¨�£ª³¨�²´�£¦��£¡²�¦�©´£ª�´� ���³£���´�



�� ��

� ³�±¢³¢�¥«�¨�³ ³�¦ª  ����
���°�´��¦����[RSV94]����°���S(n,k)�©®�°��´�²£´£�¦¬�O(k log n)�¦³�©�´¡´�§«¡�´²¡�� �¡¥��� �£°ª� ©¦�¦� �§£²®«¨�� ´²�´¨� ´�¥²�¨� ��°�´� ¦¬� �««�´�� ´� �

� ����°�´���´��¦��¢�³®�²´�£
�� ��¡¥���´³²����ª£����ª��¦��¢�³®��£��������¨¦�
�

��� i = 0, ..., m-1�²��¬�2 |ai| ≤ |ai+1|�²³�¥��{ }ai i
m
=0 �§£²®«¨�¦³��²�«��ª�´ª������¨¦� £�¬��°�£¨��h�²®«¨�§££±�§�

� h c a c Fi i i
i

m

= ∈
=
∑ ,     

0 � ����£¡£��£��´� ����°���£ ��
����³�§�¦³�k���¢ª¨�¨��²³��Fn�¦¬¨�§£¦£¨��¦¥�´°��±�¦³�´�²£´£������¢®³¨

� �Θ(k log n) ��£��«®�¦�� ��¡¥��
� �����§´£²��¦����£�¬�§£«±�ª£��¬�±ª�

�   i = 0��a0 = b0 = 1�•��
� �²� ¡ b n

i
k⋅ <−2 2

1
1( )  ���¬�¦¥�•��

�  
i i

b b

a b

i
k

i

i i
k

= +

=

=

−
−

−

1

21 1
1

1

/ ( )

( )

� �«�•���
 {b0, b1, ..., bm}� §£«±�ª£��� ´°��±� ¦�±ª� � �� §´£²��¦��� ¦³� �°²�¨� ��°�´¥
�´��§£¨££±¨�ai�£¥²¬�¤¥£®¦��2ai ≤ ai+1�²³�¥�{a0, a1, ..., am}�§£¥²¬��´��§£�°££¨�
���°��´¨££±�h�¦¥¦�£ ���k���¢ª¨�¨��¦³�h�¤²¬�¦¥¦�«¡£�������¨¦�¦³�´�³£²���¦¥��°��±�� £�¬� §£ª´£ª� §�¦³� §£«±�ª£��³� ´�£�£«¦� §£¥²¬� ¦³� ��£¡£
�«���¦³�´�²£´£�� ©¥¦��§£«±�ª£��m���§£¬£®�¨�´� ���°��±�� �{b0, b1, ..., bm}

� ��´�¡®¦�m+1��£�� �-¦����³��k���¢ª¨�¨��´�¦¬��§£¦£¨�
� �§££±´¨�n �¦¥¦³�¤¥�c�¬��±�§££±³�©��£¥¨

� b c nm
m k≥ ⋅ ≥−2 41/( ) / �

� �¦�³¨��S(n,k)�¦³�´�²£´£��¦¬�©�´¡´��§«¡��� ��m = Θ(k log n)�£¥�¬��ª
 



�� ��

� ¢�¢³«�±° §������
���´�¡�´®�´�£¬�� ¦³� �²� ²®«¨�§££±�§££¦�²¢±®«�§£«®�� £¦¬��§£ª®�°� ¦³�§�¡´��¤²���²³���¦���´�£¬���´°±¨�²�´ª�£¡¥�ª��±²®�����²�´£³¬¨�´��£³¡�´�¦¬�

� ��²��£¡��¦³�§£¨��±��§£±²®���¡´�ª³�´�£¬�¦�´�²�³±�¦¦¥��� �¤²���
�¦³� £¦¨£ª£¨��¤²����¦¬�§£³�¡�©�£¦¬�§«¡��©�´¡´�§«¡��ª�°£��´£¡¥�ª������¬�
�²��¬� ´�£�£«� 48 2 6⋅ −k � ���� ©�£¦¬�� §«¡�� �k� ²�«¨� £¦�²¢±®«� «®�� ´¦¬�� �¦£¨
��ª�°��¤�£�¨��k > 6�§£²�«�²��¬�±����� ��§«¡��§��¬��£��¦��k > 5�²�«¨��¦£¨
�©�´¡´��§«¡��©£���¡²�²¬®�§££±³�´��²¦�©´£ª� �Ω( )k 2 ¥���ª´¨�¤²���³��¡¥��
��¦£¨�� ¤²��� ¦¬� ²´�£� §£±����� §£¨«¡�� ´�£°¨� ¦³� �£¬��� �©�£¦¬�� §«¡¦� �� ��¦³���¡�´®�´²�³ª�´£¦¨£ª£¨���

� ©¨£«�££�ª£³�
��°��³�k�²�«¨� £¦�²¢±®«�«®��´¦¬���¦£¨�� ©¨£«� ££�ª£³�²®«¨�¦¬� ©�´¡´�§«¡
�k=2� ��k=1� ²��¬�±����� ��§«¡�³�¡¥��� [RSV94]���¤�£�¨� �k�¦����³� [KS91]��
�§£�����k�§£²�«¦�§��±�����ª£��� ��§«¡����²ª��¦¥¥��k=3�²��¬�±�����¦������ ���¡�´®��¦�³��£���¦£¨��©¨£«�££�ª£³�²®«¨�¦¬�§£��¢�²´�£�§£¨«¡�´�£°¨��²´�£

�
�� ´�²£´£�

��¤�´¨�§��§£¬��£³�²´�£��§£��¢��S(n,k)�¦³�´�²£´£�¦¬�©�£¦¬���©�´¡´��§£¨«¡�
� �[RSV94]� ρ( ( , )) ( )(log ( ) log ( )) ( log )S n k k n k O k n≥ − − − =1 12 2

� ρ( ( , )) (( )(log ( ) )) ( log )S n k O n k O nk k≤ − − + =2 1 1 22 ��²´�£�§£¨«¡�¦³���£°¨� �©�£¦¬��§«¡¦� ©�´¡´��§«¡��©£���¡²�²¬®�§££±�¤¥£®¦
� �©�²´®��¦��°¨ª��¦�©££�¬³�´®«�ª��¦�³��£���S(n,k)�¦³�´�²£´£�¦¬�§£±������ �ª®°�¦�§£¨´£²��¦�

������� ²�«¨� §££¦�²¢±®«� §£«®�� £¦¬�� §£ª®�°�� ³¨´³�¦� �£�£� ©´£ª³� £�¥��§£¦£¬£� §£¨´£²��¦�� ¡�´£®�� ¤²�°� §££±� §£ª�´ª� ©�«¡£�¦� ´�£´£¨�� ´�¥²¬¨���ª¢±� ��³£¡� ´�£¥��£«� £¦¬�� ´�£�¦� �¦��� §£¨´£²��¦��� ¦¬� �¡�ª¬£®�� �ª®°�¦�¤²����²³®���¦¥¥��ª¢±�´�²£´£�£¦¬��§£ª®�°�²°££¦���¢¦±��¤²����´£¦�£¨�ª£¦�®�
�£´³� ´�� §£¨££±¨³� §£¨´£²��¦�� ��¢¦±�� ¤²���� ´£¨´£²��¦� ´�²£´£� �°²ª� ¦¦¥
��°���k=3�²��¬�§´£²��¦���²³�¥�k=1,2,3�²��¬�±²�§£¬��£��¦���´�¦£¬£��´�³£²�
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ABSTRACT

In this work, we investigate the family of codes known as spectral-null codes.
These codes are defined over the alphabet F = {-1,+1}. For each word
x = (x1, x2, ..., xn) over F, we shall define a so-called z-polynomial in the
indeterminate z,

X(z) = x1z + x2z + ... + xn z
n.

If the z-polynomial of word x is divisible�by (z-1)k, x is said to have a kth order spectral
null. The set of all kth order spectral-null words of length n over F will be denoted by
S(n,k). Any subset C of S(n,k) will be called a spectral-null code of length n and order
k. Spectral-null codes can be used as block codes since the concatenation of any l
codewords of C is a word in S(ln,k). The value ρ( ) log | |C n C= − 2  is called the
redundancy of the code C and it reflects the increase in length of the data when a
message is coded using the code C.

In the first part of the work, we deal with the problem of efficient encoding and
decoding of third-order spectral-null codes. We present an efficient algorithm for
encoding an arbitrary information sequence of length n into a third-order spectral-null
code. The algorithm uses a recursion and consists of five basic stages. The redundancy
of the code produced by the algorithm is�9 log2n + O(log log n). The computational
complexity of the algorithm is O(n) integer additions and O(n log n) counter
increments. The memory needed is O(n).

In the second part of the work, we investigate different properties of
spectral-null codes. In particular, we improve both the lower and upper bounds on the
minimal length of kth order spectral-null words. We compute the redundancy of sets
S(n,k) for some values of n and k. We show a new divisibility condition on the length n
of kth order spectral-null words. We also present a new lower bound on the number of
sign changes in kth order spectral-null words.


