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1. Introduction.

This course is devoted to the smoothness/singularities of the solutions of weakly singular inte-
gral equations of the second kind, and to piecewise polynomial collocation type methods to solve
such equations. In Section 5 we prove theorems which characterise the boundary singulatities of
the derivatives of a solution and undertake a change of variables that kills these singularities. This
enables to justify some new collocation type methods probably not considered in the literature.
Since two of these methods are based on the spline interpolation or quasi-interpolation, we under-
take also a study of this approximation tool, see Section 8 identical to Section 4 in lecture notes
[34].

It is assumed that the reader has taken an elementary course of functional analysis. In Section
2 we remind all or almost all that we need about functional spaces and operator theory.

In the main text we minimise the quoting to literure. Bibliographical remarks and further
comments on the central results of the lectures can be found in the end of the lecture notes.

Besides elementary training exercises, Exercises and Problems contain some more serious
problem settings for possible master and doctoral theses.

Let us recall standard designations used during the present notes:

R = (—o00,00) is the set of real numbers, Ry = [0, o),

C is the set of complex numbers,

N ={1,2,3,...} is the set of natural numbers,

Z=A..-1,0,1,2,...} is the set of integers, Z, = Ny ={0,1,2,...},

p(t) < 1(t) as t — 0 means that %(tt) and t((tt) are bounded as t — 0,

p(t) ~ 1(t) as t — 0 means that %(tt) —last—0.

Sometimes we use abbreviated designations of partial derivatives:

Op = 2, 0F = (Z)k.

By ¢ we denote a generic constant that may have different values by different occurrences.

2. Requisites.

2.1. Spaces. Below K stand for R or C; its elements are called scalars.

A wector space X is a non-empty set with two operations — addition (u,v € X — u+ v € X)
and multiplication to scalars (u € X, o € K — au € X) such that that the following axioms are
satisfied:

u+v=v+u, u+@w+w)=(u+v)+w,

a(u+v) =au+av, (a+Bu=au+ fu, (af)u=a(fu), lu=u;

there is an element 0 in X such that u +0 =u, Ou =0 for all u € X.

The elements (called also vectors) u, ..., u,, of a vector space X are linearly dependent if there
are scalars aq, ...,a,, not all of which are zero such that ayuy + ... + a,u,, = 0; otherwise uq, ..., uy,
are called linearly independent. The dimension of X is n (dimX = n) if there are n linearly
independent elements in X and every set of n+ 1 elements is linearly dependent; the dimension of
X is infinite (dimX = oco) if for any natural number n, there are n linearly independent elements
in X. A subspace Xy of a vector space X is a non-empty subset of X which itself is a vector
space with respect to the operations of X (thus u,v € Xg = u+v € Xo; u € Xpg,a € K
= au € Xg). By spanS , the linear span of a subset S C X, is denoted the set of all linear
combinations >, _, agug with oy, € K, up € S, n=1,2,...; clearly, spansS is a subspace of X.

A normed space X is a vector space which is equipped with a norm || - ||=|| - ||x, a function
from X into R, , such that

|| w||= 0 if and only if u = 0;

|ou|=]a||u|| Va e K, u e X;

[utvl<lwl+ vl VuveX

A sequence (u,) C X converges to u € X (one writes u, — w or limu, =u) if || u, —u [|[— 0
as n — oo. A sequence (u,) C X is a Cauchy sequence if || uy — uy, ||— 0 as myn — oco. Every
convergent sequence (u,) C X is Cauchy but the inverse is not true in general. A normed space
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X is called complete if every Cauchy sequence of its elemets converges to an element of X. A
complete normed space is called Banach space.

For ug € X and r > 0, the set B(ug,7) :=={u € X :|| u—up ||< r} is called (closed) ball of X
with the centre ug and radius r. A set S C X is called:

bounded if it is contained in a ball of X;

open if for any ug € S there is an r > 0 such that B(ug,r) C S;

closed if (u,) C S, u, — u implies u € S;

relatively compact if every sequence (u,) C S contains a convergent subsequence (with a limit
in X not necessarily belonging to S);

compact if S is closed and relatively compact.

The closure S of a set S C X is the smallest closed set containing S. A set S C X is said to
be dense in X if S = X. A relatively compact set is bounded; in finite dimensional spaces, also
the inverse is true.

The Kolmogorov n-width d, (S, X) of a set S C X is defined by

dn (S, X) = inf sup inf |Ju—u,|x
XnCX:dian=7z, ues Un€Xn

where the infimum is taken over all subspaces X,, C X of dimension n.

Examples of Banach spaces of functions on a bounded interval:
C0, 1] consists of all continuous functions v : [0,1] — K,

I leto.n = oo = gmax | ) |

C™[0, 1] consists of all m (m > 1) times continuously differentiable functions w : [0,1] — K,

oo = masx | w® c;

L?(0,1),1 < p < oo, consists of all (equivalence classes of ) measurable functions v : (0,1) — K
such that || u ||,< oo,

1/p

1
| wllzroy =1l ullp= </o | u(z) |P d;v) ;

L>(0,1) consists of all (equivalence classes of) measurable functions w : (0,1) — K such that
[ oo < 00,

lullze@ny=llule= sup [u(z)]
o<zl

(more precisely, || u [[co= infmeas(z)=05UPye(0,1)\ & | u(z) | where the infimum is taken over all
measurable subsets E C (0,1) of measure 0);

Wm™P(0,1), m € N, 1 < p < oo, called Sobolev space, consists of m — 1 times continuously
differentiable functions u : (0,1) — K such that u*) € LP(0,1) for k = 0,...,m (the derivatives
are understood in the sense of distributions),

m 1 1/1’
I wllwmeo1) = v llmp= (Z/ | u®) (z) |P d:c) for 1 < p < oo,
k=070

[ w1 = oo = x| 6™ o



Examples of vector and Banach spaces of functions on R:
C(R) is vector space consisting of all continuous functions u : R — K;
BC(R) is Banach space consisting of all bounded continuous functions v : R — K,

lulBo®) =l @ [lso = sup [ u(z) [;
z€R

C™(R) is vector space consisting of all m (m > 1) times continuously differentiable functions
u: R—K;

L*>(R) is Banach space consisting of all (equivalence classes of) measurable functions u : R —
K such that || u ||e < o0,

= vraisu = inf S ;
| [loo = vraisup,cp | u(@) | meéﬁE):ox€§€E|“(m)"

VmP(R), 1 < p < 00, is vector space consisting of all m — 1 times continuously differentiable
functions v : R — K such that u(™ € LP(R) (the derivatives are understood in the sense of
distributions);

Wm™P(R), 1 < p < oo, is Banach space (called Sobolev space) consisting of all m — 1 times
continuously differentiable functions « : R — K such that u*) € LP(R) for k = 0,1,...,m (the
derivatives are understood in the sense of distributions),

m l/p
| u llwme@ =l @ llmp= (Z/ | ul® () |p) for 1 <p < oo,
k=0"R

I ey = 1 e = x| s

Cper(R) is Banach space consisting of all functions v € C(R) that are periodic with period 1
(shortly, 1-periodic),

Il lopere) =l lloo = max [u(@) [=sup | u(z) |

Cﬁler(R) is Banach space consisting of all 1-periodic m times continuously differentiable func-
tions u: R — K,

m = = (k) .
Il lloper@ =l v lm,oo = max [ u™ loo;

Lf)er(R>a 1 < p < o0, is Banach space consisting of all 1-periodic functions u : R — K such
that the restriction of u to (0,1) belongs to L?(0,1),

1 1/p
i =l b= ([ Tt Pae)  for 15p <o,
0
Il ogsep ) = 1 lloos

Wher (R), 1 < p < oo, is Banach space consisting of all functions u € W?(R) N Cper(R),
m 1 1/p
I g =1l = (Z [ e dx> for 1< p < oo,
k=0

m, o0 = = (k)
I g = 1 e = e |
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All these spaces are infinite dimensional. The space C[0,1] is a closed subspace of BC(0,1);
both are closed subspaces of L>(0,1).

Theorem 2.1 (Arzela). A set S C C0,1] is relatively compact in C[0,1] if and only if the
following two conditions are fulfilled:

(i) the functions u € S are uniformly bounded, i.e., there is a constant ¢ such that | u(z) |< ¢
for all x €0,1], u € S;

(i) the functions w € S are equicontinuous, i.e., for every € > 0 there is a § > 0 such that
21,22 € [0,1], | 21 — 22 |< 0 implies | u(x1) — u(ze) |< € for all u € S.

2.2. Linear operators. Let X and Y be two vector spaces. Operator A : X — Y is a
function defined on X and with values in Y'; operator A is called linear if

A(u+v) = Au+ Av, A(au) = alu

for all u,v € X and a € K.

Assume now that X and Y are normed spaces. An operator A : X — Y is said to be
continuous if || u, — v ||x— 0 implies || Au, — Au ||y— 0. A linear operator A : X — Y occurs
to be continuous if and only if it is be bounded, i.e., if there is a constant ¢ such that

[ Aully<ecllullx
for all w € X. The smallest constant ¢ in this inequality is called the norm of A,
I Allx—y=sup{l| Au[ly: v e X, | u|x=1}.

A sequence of linear bounded operators A, : X — Y is said to be pointwise convergent (or
strongly convergent) if the sequence (A, u) is convergent in Y for any u € X.

Theorem 2.2 (Banach-Steinhaus). Let X and Y be Banach spaces. A sequence of linear
bounded operators A, : X — Y converges pointwise if and only if the following two conditions are
fulfilled:

(i) there is a constant ¢ such that || A, ||x—v < ¢ for all n;

(ii) there is a dense set S C X such that the sequence (An,u) is convergent in Y for every
u€S.

For pointwise convergent A, : X — Y, the limit operator A: X — Y, Au = limA,u, is linear
and bounded.

2.3. Inverse operator. Let X and Y be Banach spaces and A: X — Y a linear operator.
Introduce the subspaces

N(A)={ue X: Au=0} C X (the null space of A),

R(A)={feY: f=Au, € X} CY (the range of A).

If N(A) = {0} then the inverse operator A~ : R(A) CY — X exists on R(A), i.e., A1 Au = u
Vu e X, AA7 f = f Vf € R(A); clearly also A~! is linear. If N(A) = {0} and R(A) =Y then
the inverse operator A™! : Y — X is defined on whole Y; a nontrivial fact is that A~! is bounded
if A is. This is the essence of the following theorem.

Theorem 2.3 (Banach). Let X and Y be Banach spaces and let A : X — Y be a linear
bounded operator with N'(A) = {0} and R(A) =Y. Then the inverse operator A= 1Y — X is
linear and bounded.

Theorem 2.4 (Banach). Let X and Y be Banach spaces and A : X — Y a linear bounded
operator having the inverse A~' .Y — X. Assume that the linear bounded operator B: X — Y
satisfies the condition

| B llx—yll A" [ly—x< 1.
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Then A+ B: X — Y has the inverse (A+ B)™':Y — X (defined on whole Y) and

| A7 [ly—x

1= Bllx—vl A ly—x"

A+ B)™ ly—x<

2.4. Linear compact operators. Let X , Y, U, V be Banach spaces. A linear operator
T: X — Y is said to be compact if it maps bounded subsets of X into relatively compact subsets
of Y. Equivalently, T : X — Y is compact if for every bounded sequence (u,) C X, the sequence
(T'w,,) contains a subsequence that converges in Y. Linear compact operators are bounded. A
linear bounded finite dimensional operator (i.e., a linear bounded operator with finite dimensional
range) is compact. For linear compact operators 71,75 : X — Y, a1,a2 € K, the operator
a1Ty + a1y : X — Y is compact. For a linear compact operator 7': X — Y and linear bounded
operators A: U - X and B: Y — V, theoperators TA: U — Y and BT : X — V are compact.

Theorem 2.5. Let T, : X — Y, n = 1,2,..., be linear compact operators, T : X — Y a
linear bounded operator, and let | T, — T ||x—y— 0 as n — oo. Then T : X — Y is compact.

Theorem 2.6. Let T : X — Y be a linear compact operator and let the linear bounded
operators B, : Y — V converge pointwise to B: Y — V asn — co. Then

H BnT— BT HX—)V_) 0 as n — oo.

(Similar claim about | TA,, — TA ||y—y is wrong in general.)
Denote by I = I'x the identity operator in X, i.e., Iu = u for every u € X.
Theorem 2.7 (Fredholm alternative). Let T : X — X be a linear compact operator and let

N(I —-T) = {o}.

Then I — T has the bounded inverse (I —T)™': X — X.

Theorem 2.8. Let X and Y be Banach spaces such that Y C X , Y is dense in X and
|u|lx<cl ul|y for everyu € Y. Let T : X — X be a linear compact operator that maps Y
into Y, and let also T : Y — Y be compact. Assume that the equation u = Tu + f with given
f €Y has a solution ue X. ThenueY.

The only claim u € Y of Theorem 2.8 will be trivial if we add the assumption that N'(I-T) =
{0}, since then by Theorem 2.7 equation u = Tu + f is uniquely solvable in X as well as in Y.
Actually this additional assumption is acceptable for our needs in the sequel so far as we do not
treat eigenvalue problems.

Examples of linear compact integral operators. With the help of Theorem 2.1 it easy
to see that the Fredholm integral operator

: C0,1] — C[0,1], (Tu)( /K:Ey y)dy, 0 <z <1,

is compact provided that its kernel K(z,y) is continuous on the square [0, 1] x [0,1]. Similarly,
the Volterra integral operator

T:C[0,1] — C[0,1], (Tu)( /Ka:y y)dy, 0 <z <1,

is compact provided that the kernel K (z,y) is continuous on the triangle {(z,y) € R? : 0 <y <
x <1},



2.5. Differentiation of composite functions. Theorem 2.9 (Faa di Bruno). Let u be
an m times continuously differentiable function on an interval which contains the values of ¢ €
C™[0,1]. Then the composite function u(p(x)) is m times continuously differentiable on [0, 1] and
the differentiation formula

(i)ju(w(l‘)) _ Z ]ﬁ!'j:!'kj!u(kﬁ...M_,)(@(x)) (@'ff?))kl <@(J;!(x)>kj

k1+2k2++]k7:j

holds for j = 1,...,m; the sum is taken over all non-negative integers ki,...,k; such that ki +
2ko + ...+ jkj = 7.

3. Weakly singular integral operators.

3.1. Weakly singular kernels. Consider the integral operator T' defined by its kernel func-
tion K (z,y) via the formula

1
(Tu)(z) = / K(z,yuly)dy, 0<z<1,

where u is taken from some set of functions, for example, from C[0,1]. In the literature, the weak
singularity of the kernel K and of the corresponding operator 7' may have different senses. A tight
understanding is that K has the form

(3.1) K(z,y) =alz,y) [z —y[™"
where «a is a continuous function on [0,1] x [0,1] and 0 < v < 1. This kernel has the property
1
(3.2) sup / | K(z,y) | dy < o0
0<z<1J0

often used to define the weak singularity in the wide sense: a kernel K is weakly singular if it is
absolutely integrable w.r.t. y and satisfies (3.2). The kernels we will consider in the sequel are
somewhere in the middle of these two extremal understandings of the weak singularity: we assume
that K is continuous on ([0,1] x [0,1]) \ diag and

(3-3) | K(z,y) [< ex(1+ [x—y [7") for (2,y) € ([0,1] x [0,1]) \ diag
where v < 1. Here diag means the diagonal of R%:
diag = diag(R?) = {(z,y) € R*: z = y}.
For instance, the kernels
K(z,y) = a(z,y)log |z —y |, K(z,y)=alz,y) |z —y| ™" log" |z —y]

with @ € C([0,1] x [0,1]) and many others are weakly singular in this sense.

3.2. The smoothness-singularity class ™" of kernels. We are interested in kernels
that are C"-smooth outside the diagonal. Introduce the following smoothness-singularity class
8™ of kernels. For given m € Ny and v € R, denote by ™ = §™¥(([0,1] x [0,1]) \ diag) the

set of m times continuously differentiable kernels K on ([0, 1] x [0,1]) \ diag that satisfy there for

all k,1 € Ng, k+ I< m, the inequality
Nt/ 8 o\ 1, v+k<0

(3.4) . 8—4—8— K(z,y)| <ckm4 1+]|loglaz—yl|l, v+Ek=0
‘L r Y |z —y |7V 7F, v+k>0
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Note that for k = [ = 0, v > 0, condition (3.4) coincides with (3.3). A kernel K € 8™ is
weakly singular if v < 1. A kernel K € ™" with v < 0 is bounded but its derivatives may have
singularities on the diagonal; v = 0 corresponds to a logarithmically singular kernel. A consequene
of (3.4) is that

(3.5) |(§y)k (aax + aay>l K(z,y)

Indeed, using the equality 0, = (0, + 0y) — 05, we can obtain (3.5) from (3.4) first for k = 1, then
for k = 2 etc.

A\
Observe also that the differentiation (% + 0%) does not influence on the r.h.s. of (3.4). This

tells us that (3.4) is somehow related to kernels that depend on the difference x —y of arguments.
For example, kernel (3.1) belongs to S™" if a € C™ ([0, 1] x [0, 1]); actually the condition on a can
be weakened, see Exercise 4. A further important example is given by K (z,y) = a(z,y)log | z—y |
with an a € C™([0,1] x [0,1]) — this kernel K belongs to S™.

Lemma 3.1. (i) If K € 8™ with an m > 1 then 0,K(z,y) and 0yK(x,y) belong to
S™ VTl yhereas (0, + 0y) K (x,y) belongs to S™~1v.

(ii) If K € 8™V then (x — y)K(x,y) belongs to S™V~1.

Proof. These claims are elementary consequences of the definition of S™". [

1, v+k<O0
<ckm | tlloglz—yll, v+k=0
lz—y |7 %  v+k>0

3.3. Compactness of a weakly singular integral operator in C[0,1]. A weak singularity
of the kernel implies that the corresponding integral operator is compact in the space C[0,1]. More
precisely, the following statement holds true.

Lemma 3.2. A kernel K € S™Y with m > 0, v < 1 defines a compact operator T :
L>(0,1) — C0,1], hence also a compact operator T : C[0,1] — C[0,1] and a compact operator
T: L*(0,1) — L*>=(0,1).

Proof. Take a smooth “cutting” function e : [0,00) — R satisfying the conditions e(r) = 0 for
OSTS%,e(r)zlforrzlandOSe(r)glforallrz(). Define

Kn(z,y) = e(n |z —y NK(z,y), (z,y)€]0,1] x[0,1],

and

(Tu) () = / Ko(z,y)u(y)dy, neN,

The kernels K, (z,y) are continuous on [0, 1] x [0, 1] — the possible diagonal singularity is “cut” off
by the factor e(n | z —y |), Kn(z,y) = 0 in a neighborhood of the diagonal. Hence the operators
T, : L*(0,1) — C]0,1] are compact. Further, for u € L>(0,1), 0 < z < 1, we have

(Tu — Tyu) () = / K (2,y) — Ko (o, 9)]uly)dy = / Kyl —e(n | 2 -y Du(y)dy,

| (Tu— Tou)(x) |ScK./O [z —y | L —eln|o—y ldy || u o

1/n 1/n)t—¥
<o [ emylaylulem 2 [ 2 a2
lz—y|<1/n 0 —v

that implies Tw € C[0, 1] as a uniform limit of T,,u € C[0, 1], and

(1/n)'
1

|| T— Tn ||Loo(071)_,c[0,1]§ 2CK — 0 as n — oo.
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Thus T maps L*°(0,1) into C[0,1] and T : L*=(0,1) — C]0,1] is compact as a norm limit of
compact operators T, : L*°(0,1) — C[0, 1], see Theorem 2.5. O

4. Differentiation of weakly singular integrals.

First we recall a well known result about the closedness of the graph of the differentiation
operator; the proof is left as an exercise.

Lemma 4.1. Let v, € C*(0,1) and v, — v, v!, — w uniformly on every closed subinterval
[6,1—14],8 > 0. Then v € C*(0,1) and v = w.

We are ready to establish a differentiation formulae for weakly singular integrals with respect
to a parameter.

Theorem 4.1. Let g(z,y) be a continuously differentiable function on ((0,1) x [0,1]) \diag
satisfiying there the inequalities

0 0
i < —y|™ =+ = < —y | .
(4.1) lg(z,y) [<clz—yl|™", ‘(8$+8y>g(x,y)‘_6|$ y|™, v<1

Then the function x — fol g(z,y)dy is continuously differentiable in (0,1) and

d ! trog 9
an 4 [ e [ (m+8y)g<x,y>dy+g<x,o>g(x,n, 0<a<l.

Proof. For functions g that are continuously differentiable on (0,1) x [0, 1] including the
diagonal, formula (4.2) is obvious. Let g satisfy the conditons of the Lemma. Take a cutting
function ec C'[0,00) satisfying e(r) = 0for 0 < r < 1, e(r) =1forr > 1and 0 < e(r) < 1
for all » > 0; we already used this cutting function in the proof of Lemma 3.2. Introduce the
functions g, (z,y) =e(n |z —y|)g9(z,y), n = 1,2,.... They are are continuously differentiable on

(0,1) x [0,1] and (4.2) holds for them: denoting v, (x) :fol e(n|z—yl)g(x,y)dy, we have
d [ 1
v@) = 5 [ elnla—y Dgten)dy = [ etn|z =y 1)@ + 8,90 )y
0 0

+e(nx)g(z,0) — e(n(l —z))g(z,1), 0 <z < 1.

We took into account that (0, + 9y)e(n | x —y |) = 0. With the help of (4.1) we find that

vp(x) — /0 g(z,y)dy, vl (z) — /0 (0s + 0y)g(z,y)dy + g(x,0) — g(z,1) as n — o0

uniformly on every closed subinterval [§, 1 — 4], § > 0. By Lemma 4.1, the function fol g(z,y)dy is
continuously differentiable on (0,1) and (4.2) holds true for it. O

Theorem 4.2. Let g(x,y) be a continuously differentiable function for 0 < y < x < 1
satisfiying there the inequalities

(43) o) | o= | (5 + 52 ) )| < el =) <

Then the function foz g(x,y)dy is continuously differentiable in (0,1) and

d [* 7o 0
(4.4 i [atwmar= [ (54 5 ) atiddn + 0.0, 0 <z <1,

Proof. This can be proved by the same idea as Theorem 4.1. Alternatively, we can derive (4.4)
from (4.2) extending g by the zero values to ((0,1) x [0,1]) \diag and noticing that (4.3) implies
(4.1) for the extended g. The details of the argument are proposed as an exercise. [
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5. Boundary singularities of the solution.

5.1. Boundary singularities of a solution to w.s.i.e. is a usual phenominon. Con-
sider the integral equation

(5.1) mm=[:mewm@+fwx03xSL

where K € S™" withm > 1, v < 1, f € C™[0,1]. Let us demonstrate that in general v ¢ C*[0, 1].
Indeed, supposing that u € C'[0, 1], we can differentiate (5.1) as an equality and we obtain on the
basis of Theorem 4.2

wm=lu%+Wwawmw+Amewww

+K (z,0)u(0) — K(z, 1)u(l) + f'(z).

Since the integral operators with the kernels K (x,y) and (9, +0,) K (x,y) are weakly singular and
u,u’ € C[0,1], the first two terms on the r.h.s. are on the basis of Theorem 3.2 continuous on [0, 1];
the same is true for the term f’(z). On the other hand, the term K (x,0)u(0) has a singularity at
2 = 0 provided that u(0) # 0 and K (z,0) really has a singularity allowed by inequality (3.3), and
similarly the term K (z,1)u(1) has a singularity at x = 1 if u(1) # 0 and K (z, 1) has a singularity.
Thus the assumption u € C'[0,1] leads to a contradiction if K (z,0) or K(z,1) is singular and
u(0) # 0, u(1) # 0; these inequalities hold for most of f € C™][0, 1].

5.2. Weighted space C"™"(0,1). For m > 1, v < 1, denote by C™"(0,1) the space of
functions f € C™(0,1) that satisfy the inequalities

. 1 j+rv—-1<0
(5.2) | f9(@) [ epq 14 [logp(x) |, j+v—1=0 5, 0<z<l, j=0,..,m,
plx) 7=t j4+r—1>0

where
p(z) = min{z,1 — z}

is the distance from = € (0, 1) to the boundary of the interval (0,1). Introduce the weight functions

1, A<0
wa(z) =4 1/(14+ |logp(x)|), A=0 ,, 0<z<1, XeR.
p(x) A>0

Equipped with the norm
I f lemeon=>_ sup wir,_1(z) | f9 ()],
=0 0<z<1

C"™"(0,1) becomes a Banach space.
For j = 0 (5.2) yields | f(z) |< ¢y telling us that a function f € C™"(0,1) is bounded on
(0,1). For j =1 (5.2) yields

[ J(@) 1< eppla) ™, 0<a <1,

if 0 < v < 1; for v < 0 we have a less restrictive inequality. This implies f’' € L9(0,1) fora g > 1
such that gv < 1. Hence, for any 1,22 € (0,1), we have

/m' f(2)dz

1
7

S(/ 'fWHQMJq(/ ¢0q|fwuzmxzi
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where %—l— % = 1. We see that f is uniformly continuous on (0,1). A uniformly continuous function
f on (0,1) has the boundary limits
F0):= lim f(x), f(1):= lim f(z),

z—0

hence f has a continuous extension to [0, 1]. So we established a natural imbedding
(5.3) c™v(0,1) Cc C[0,1], m>1, v<1.

Moreover, with the help of Arzela theorem (Theorem 2.1) we obtain that the imbedding operator
is compact.

If v < 0 we can apply the same argument for f’ and so on. We obtain the following general-
ization of imbedding (5.3):

(5.4) c™v(0,1) € CY0,1], m>1, v <1, | =min{m — 1, intv |}

where inty, the integer part of v, is the greatest integer not exceeding v. Imbedding (5.4) is
compact.

5.3. Compactness of integral operators in weighted spaces. The following theorem is
crucial in the smoothness considerations for the solutions of (5.1). It has a simple formulation but
not so simple proof.

Theorem 5.1. Let K e S™Y m>1,v < 1. Then the Fredholm integral operator T defined
by (Tu)( fo (y)dy maps C™¥(0,1) into itself and T : C™¥(0,1) — C™"(0,1) is
compact

Proof. (1) A technical formulation of what we have to prove. First of all, taking a function
u € C™%(0,1), we have to ensure that Tu € C™"(0,1), or equivalently, Tu € C™(0,1) and
Wiry—1DTu € BC(0,1), i = 0,...,m, where D = % is the differentiation operator and w;i, _1
are the weight functions introduced in Section 5.2. Second, we have to prove that the operators
Wiy, 1 DT : C™¥(0,1) — BC(0,1), i = 0,...,m, are compact. Then for a given bounded
sequence (Un)nen C C™%(0,1), the sequences (w;y,_1D'Tuy,), i = 0, ..., m, are relatively compact
in BC(0,1), and repeatedly extracting convergent subsequences from the preceding subsequences,
first for j = 0, after that for j = 1 etc., we can arrive to a subsequence determined by an
infinite set N’ C N such that all (w;+,_1DTuy)nen, i = 0,...,m, converge uniformly in (0, 1),
or equivalently, the sequence (Tu,)nens converges in C™%(0,1) that means the compactness of
T:C™"(0,1) — C™"(0,1). (A fastidious reader can use Lemma 4.1 to ensure that the limits of
(D'Tup)nen, i =0, ...,m, are consistent in (0,1).)

For i = 0, we have w;y,_1(x) = 1, and w;, 1 DT =T : C™¥(0,1) C C[0,1] — C[0,1] is
compact by Lemma 3.2. Thus we have to prove the compactness of wiy,_ DT : C™"(0,1) —
BC(0,1) for i=1,...,m.

(ii) Differentiation of Tu. Take an arbitrary v € C™"(0,1) and a “cutting” function e €
C™0, 00) that satisfies

0<e(r)<lforr>0, e(r)=0for0<r < e(r)=1forr>1.

1
5;
Fix an arbitrary point 2’ € (0,1) and denote ' = Lp(z') = L min{z’,1 — 2’}. For z satisfying

2
|z —a |< L/, we split
/ K(z,y)u(y)dy

- /01 e (M;’y') K (z,y)u(y)dy + /01 {1 e ('33;,‘1") } K (z,y)u(y)dy.
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In the first integral on r.h.s., the diagonal singularity is cut off by the factor e (Iz_y‘); we may

differentiate this integral m times under the integral sign. In the second integral on r.h.s., the
coeflicient function 1 — e(| x — y | /r') vanishes for y = 0 and y = 1. Due to estimate (3.4) and
Theorem 4.1, this integral is also differentiable; differentiation formula (4.2) yields

% 01 {1 e ('“T/y') } K(x,y)u(y)dy

- / {1 e ('y')} (Efx T aay) (K@ yyu()}dy, |z—a' |<r')2

(the boundary terms of (4.2) vanish in our case; (a% + a%) e(| z—y | /r')=0). In its turn, the
last integral can be differentiated in a similar manner. By repeated differentiation we obtain

(D'Tu)(z) = /01 <£g>i {e ('“Tr‘l”) K(m,y)} u(y)dy

1 7
|z —vy]| 0 0 , 1, )
_ _ — — < — <73 < .
+/0 {1 6( v 8x+8y {K(z,y)u(y)} dy, |z—2"|< g L<ism

Differentiating the product of functions under the integrals by the Leibnitz rule, setting after that
z = x’ but writing again x instead of x’, we arrive at the formula

6:5) ore =3 (1) [[awn(2) K

=0

E (L (e 2) e} vcocs

J:
j J—
ej(z,y) = [(;w) e('gjry')] , 0<j<i, 1<i<m.

r=p(x)/2

Multiplying both sides of (5.5) to the weight function w;4,_1(x), the result can be rewritten in
the form

(56) U}Z‘Jrl,,lDiT’U/ = Z < ; > (E,ju + Si,j(ijerleu)) s 1 S 7 S m,

j=0
where for j =0,...,4,i=1,...,m,

6.7) @@ = [ west@een (2) K,

0

(5:8) (Sijv)(@) = ,/01 Z;_ll((g {1 o (2 Z(;)y > } { <f’ax " gy)” K(l"y)} o

Now the proof of the compactness of the operators w;,, 1 DT : C™"(0,1) — BC(0,1), i =
1,...,m, can be reduced to the study of the mapping properties of T; ; and S, ;. In (5.6),

sup wjy-1(y) | (D7u)(y) [<]| w llome o), J=0,....0.
0<y<1

12



To prove compactness of the operators w;y,_1D‘T : C™"(0,1) — BC(0,1), i = 1,...,m, it is
sufficient to establish that

(5.9) T;;: C™"(0,1) - BC(0,1), i=1,...,m, j=0,..,i, are compact,

(5.10) S;;: BC(0,1) - BC(0,1), i=1,...,m, j=0,..,i, are compact.

(iii) Proof of (5.10). Denote by H; ; the kernel function of the integral operator S; ;, 1 < i < m,

0<j<i,
o= S (o (P (50 ) K

Clearly H; ; is continuous on ([(0,1) x (0,1))/diag, actually even on ([0,1] x [0,1])/diag since

l—e <2|p32;)y‘) =0for [z—-y|> @ that implies

supp H; ; C {(w,y) €[0,1] x[0,1]: [z —y |< p(Q@}

Note that

p(x)

5 < ply) <

| W

p(x) for |z —y|< @, ie, forye (x—p(;),m—t—p(;)>,

hence similar relations hold for the weight functions: with some positive constant d; > 1,

1 r) .
—Wjpy—1(2) S wjpy—1(y) < djwjpp—1(z) for |z —y[< &, J=0,..,m.

d; 2
o o\ o o\
(8:5+8y> K(z,y) <8:c+8y) K(Ivy)|'

Now (3.4) tells us that the kernels H, ;, i = 1,...,m, j = 0, ..., 4, are weakly singular, and (5.10)
holds due to Lemma 3.2.

(iv) Proof of (5.9): case 0 < v < 1. The following argument holds also for v = 0, except for
j = 1. Denote by K, ;j(z,y) the kernel of the integral operator T; ;,

(5.11)

Thus

Wity—1(T)

| Hij(x,y) |< d;
5] jwj+1/71(x)

< d;

K j(z,y) = witp—1(2)ej(z,9)0 7K (z,y), 1<i<m, 0<j<i.
Observe that
supp eo C {(z,y) € [0,1] x [0,1] : [ & —y |> p(2)/4},
whereas for j > 0 the support of e; is smaller,
(5.12) suppe; C {(z,y) € [0,1] x [0,1] : p(x)/4 <[z —y |< p(z)/2}, 0 <j<m.
Further,

[ es,0) 1 i(p(@)/2) 7, ¢ = max | eV (1) |, 0<j<m.

Hence

(5.13) lej(zy) [Scla—yl™, 0<j<m,
13



(for j = 0 this inequality is trivially true). For 0 < v < 1,0 < j <4, and for v =0, 0 < j < 4,
(3.4) yields | 957K (x,y) |< ¢ | x —y |~=9)~* and we obtain

| KZ,](xvy) |§ Cwi+,/71(1') | T—y |—7l—11’

1
(5.14) / | Kij(@,y) | dy < cwrgor (2) /{ |z —y |7 dy
0

y: le—y|> 231

1

27 7dz < dwiyy_1(z) { p(o) =cd, 0<z<1.

—ivkl iy > 1 ,
1+ | logp(x) |, i+v=1

< 20wz‘+u71($)/ .
/J(Z

This means that for 0 < v <1, 0 < j <4, and for v =0, 0 < j < 4, the operators T; ; : C[0,1] —
BC(0,1) are bounded that together with the compact imbedding C™¥(0,1) C C[0,1] implies the
compactness of T; ; : C"™¥(0,1) — BC(0,1). Thus (5.9) holds true for 0 < v < 1, whereas for
v =0 we yet have to prove that also T;; : C""(0,1) — BC(0, 1) is compact.

(v) Proof of (5.9): case v = 0. To prove (5.9) for v = 0, it remains to establish that the
operators T; ; : C™V(0,1) — BC(0,1), 1 <1i < m, are compact. Let us try to follow the estimation
idea of the proof part (iv): now (for j = 4) we have by (3.4) | 0.7 K (x,y) |[< c¢(1 +log | z —y |),

| Kii(z,y) |< cwimq(2) |2 —y |7 (L+1og |z —y ),

and instead of (5.14) we obtain

1
/ \Ki,i@,y)mygcwi,l(x)/ |z —y 7 (1+log |z —y )dy
0 {y: |e—y|> 222
/(14 [logp(@) )y =11, im , 1 i1
< / : 1+ — .
_c{ oyt s a fogpte) D= { e D

We see that T; ; : BC(0,1) — BC(0,1) is till bounded (and hence T; ; : C™%(0,1) — BC(0,1) is
compact) for ¢ = 1 but not for ¢ > 1. To prove the compactness of T;; : C™"(0,1) — BC(0,1)
for ¢ > 2 we need new ideas. Observe that

ei(z,y) == —0ye;—1(x,y)

and integrate in (5.7) by parts. Clearly e;_1(z,0) = e;—1(x,1) = 0, so we obtain

(T, ) (z) = / w1 (2) [~Byesr (2, )] K (2, y)u(y)dy

- / Wi (2)ei1 (@, )0, K (2, ) uly)dy + / Wi (2)ei1 (2, ) K (2, ) (y)dy,
0 0

Tii=T,, +T/;
Due to (5.13) and (3.5), the kernel of the operator 7} ; has the estimate
wi—1 (@) | ei-1(2,9) [0, K (2,9)] | cwi—1(2) |z —y [Tz —y [T'=cp(a) ™ o -y |7,

and similarly as in (5.14) we obtain that T, : BC(0,1) — BC(0,1) is bounded, hence T} :
c™v(0,1) — BC(0,1) is compact. To prove the compactness of 7}, : C™¥(0,1) — BC(0,1), we
present it in the form

1 . T
(Tt = [ 2w ol )l
14



Here || wou' oo <]  [|cm.v (0,1, SO it suffices to observe that

1 ’U‘)ifl(il') o
woly)

as for an integral operator with a weakly singular kernel. Indeed, taking into account (5.11) and
(5.12) we can estimate the kernel of T}’ as follows:

T} - BC(0,1) — BC(0,1) is compact for (T}'jv)(z) := / 1(z, ) K (z, y)v(y)dy
0

w;—1(x)

| ei1(z,y) K (2,y) |< dop(z) " (14 | log p(x) |) | & —y [T (14 [ log | = —y ||)
wo(y)

<c(1+|log |z —y|))* (2,y) € suppe;_i.

This completes the proof of the Theorem in the most important case 0 < v < 1. In the case of
v < 0, (5.9) could be established by same ideas; more terms and more times must be integrated by
parts in (5.7). We do not go into details which are somewhat inconveniet. Instead we demonstrate
another idea, how the proof of the Theorem for v < 0 can be obtained from the case 0 < v < 1.

(vi) Eztending the proof for negative v. Let v € [—1,0). Then u € C™¥(0,1) is continuously
differentiable on [0, 1] and Theorem 4.1 yields

A [ Kuwar= [ @ + 0wy +u(0)K .0 ~ w1 )

- / (s +0,)K (2, y)]uly)]dy + / K (o )l (9)dy + u(0)K (z,0) — u(1) K (x, 1),
or

DTu = TWu + TDu + Ryu,

wi+,,,1DiT’U, = ’LUile,,lDiilT(l)u + le,,lDi*lTDu + ’U.)i+l,,1.Di71R1’U,, 1 S ) S m,

where T is the integral operator with the kernel K(Y)(z,y) = (9, + 0,) K (z,y) and (Ryu)(z) =
w(0)K (2,0) —u(1)K(z,1) is a finite dimensional (a two dimensional) operator. For u € C™¥(0,1)
it holds Du € C™~1¥*1(0,1) with v + 1 € [0, 1),

H Du ||C7nfl,u+l 0 I)SH u HC'm,,V(O 1) -

The operator wi, 1 D"'T = w(;_1) 4 (w11)-1 DT : C™~H+1(0,1) — BC(0,1) is compact on
the basis of (i)-(v), hence w;,, 1 D*"'TD : C™"(0,1) — BC(0,1) is compact. The same is
true for w;y, 1 D'TW o C™¥(0,1) — BC(0,1) since K (z,y) satisfies same inequalities as
K(z,y). Finally, the compactness of w;y, 1D 'Ry : C™"(0,1) — BC(0,1) is a consequence of
the boundedness of this finite dimensional operator. As a summary, we obtain that w;,,_, DT :
Cm ¥(0,1) — BC(0,1) is compact for ¢ = 1,...,m. This implies the claim of the Theorem for

€ [-1,0), see (i).

Having stablished the compactness of w;;,_1 DT : C™V(0,1) — BC(0,1) for v € [-1,0), we
in similar way extend the claim for v € [-2, —1) etc. O

5.4. Smoothness and singularities of the solutions. We are ready to present the basic
result about the smoothness and singularities of the solutions to weakly singular integral equations.

Theorem 5.2. Let K € S™" fe C™¥(0,1),m>1,v <1, and let v € C[0,1] be a solution
of equation (5.1). Then u € C™"(0,1).

Proof. By Lemma 3.2, the integral operator T': C[0,1] — C]0, 1] is compact. By Theorem 5.1
T maps C™"¥(0,1) into itself and T : C™¥(0,1) — C™¥(0,1) is compact. With X = C[0,1] and
Y = C™"(0,1), Theorem 2.8 yields that u € C"™"(0,1) for the solutions v € C[0,1] of (5.1). O
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5.5. A smoothing change of variables. The derivatives of a solution u € C™¥(0,1) to
equation (5.1) may have boundary singularities. Now we undertake a change of variables that kills
the singularities — the solution of the transformed equation will be C™-smooth on [0,1] including
the boundary points.

Let ¢ : [0,1] — [0,1] be a smooth strictly increasing function such that ¢(0) = 0, p(1) = 1.
Introducing the change of variables

equation (5.1) takes the form

(5.15) v(t) = /1 K, (t,s)v(s)ds + fo(t), 0<t<1,
0
where

fo() == f(p(t), Kyt s) := K(p(t),(s))¢'(5);
the solutions of equations (5.15) and (5.1) are in the relations
v(t) = u(e(t), u(x)=v(p™"(2)).
Under conditions we have set on ¢ : [0,1] — [0, 1], the inverse function ¢! : [0,1] — [0, 1] exists

and is continuous.
Theorem 5.3. Given m > 1, v < 1, let p € N satisfy

m, v <0
(5.16) p>{ m O<u<1}'

1—-v>
Let ¢ € CP[0,1] satisfy the conditions ©(0) =0, p(1) =1, ¢'(t) >0for 0 <t <1 and
(5.17) PD(0) =D (1) =0, j=1,...p—1, oP(0)#0, (1) #0.
Then the following claims hold true.
(i) For f e C™¥(0,1), the function f,(t) = f(¢(t)) belongs to C™[0,1] and
(5.18) f0)=rPa)=0, j=1,...m

(ii) For K € 8%, the kernel K,(t,s) = K(o(t),p(s))¢'(s) belongs to S® and hence defines
a compact integral operator

T, : C[0,1] — C[0,1], (T,v)(t) :/0 K,(t,s)v(s)ds.

Proof. (i) Clearly f, € C™(0,1), thus claim (i) concerns only the boundary behaviour of f,.
Due to the imbedding (5.3), after the extension of f, by continuity to pints 0 and 1, we have
fo € C[0,1]. Tt remains to show that

FP(0) = lim f9 (1) = 0, fP(1) = lim fP(H) =0, j=1,...m.

We establish these relations for ¢ — 0; for ¢ — 1 the argument is similar. By the formula of Faa
di Bruno (see Theorem 2.9),

0= Y e BT (0) (D0, 0< <1,
k142ka...4+jkj=j
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1, k<l—v
| P e®) < e 1+ |logp(t) |, k=1-v
oMk k>1-v
Due to (5.17),

ot) =17, WD) =tP"" as t — 0, i=0,...,p,

hence
| 9@ |
1, k1+...+kj<1—u .
<c > 14 | logt |, ki 4o+ kj=1—v P Dkp=2kz  4(p=i)k;

ki 2ka . Agky=j | POV TRITTR) e bk > 1 -

p(katotk) =3 kb otk <1-v
=c Z (1_|_ | logt |)tp(lir...Jrkj)*j7 ki+ ...+ kj —1—v , 1<j5<m.
k142kg...+jkj=j tp(lf”)*j, i+ +k>1-v

For v > 0, we have ky + ...+ k; > 1 —v and | f$(t) |< ct?0=*)=3 in accordance to lower line. For
v = 0, there is one combination of ki, ..., k; such that ki +2ks...+jk; =jand k1 +...+k; = 1 —v,

namely k1 = ... = kj_1 =0, k; = 1, yielding | féj)(t) |< ctP=I (14 | logt |). For v < 0, the smallest
exponent p(ki + ... + k;) — j with restrictions ky + 2ks... + jk; = jand kv + ...+ k; <1 —v
again corresponds to the combination k; = ... = kj_1 = 0, k; = 1, yielding | fé])(t) |< P77 from

the upper line which dominates over terms in in the lower and central lines. As a summary, in a
neighborhood of 0, it holds

' ot v <0
9@ 1< e 71+ |logt]), v=0 3, j=1,.,m.
p(1—v)—j >0

Now condition (5.16) implies that lim;_.¢o féj)(t) =0forj=1,...,m.
(ii) Claim (ii) is trivial for » < 0 since then K,(t,s) is bounded together with K(z,y). To
prove claim (ii) for 0 < v < 1, we first examine the properties of the function

w(t)=p(s)
@(t,s):—{ t/*(;) ) :#8}7 0<t,s<l.
P L), =S

Due to the conditions on ¢, we have ® € CP~1([0,1] x [0,1]), ®(¢,s) > 0 for (¢,s) € ([0,1] x[0,1])\
{(0,0), (1,1)}; we show that there exists a positive constant ¢ such that

(5.19) B(t,s) > comin{(t + )P 1 [(1—t)+(1—8)P7}, 0<t,s<1.

It suffices to establish estimate (5.19) in a neighborhood of the points (0,0); for a neighborhood
of the point (1.1) the estimate follows by the symmetry; on the rest part of [0, 1] x [0, 1] function
® is greater than a positive constant implying (5.19) also there, possibly with a smaller but still
positive constant cq. We choose a neighborhood Us C [0, 1] x [0,1] of (0,0) of a sufficiently small
radius § > 0 such that p®)(t) # 0 for 0 < t < §, see (5.17). Then @) (t) > 0 for 0 < t < 6,
since ) (t) < 0 for 0 < t < § together with the conditions ¢'(0) = ... = »~Y(0) = 0 should
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imply ¢'() < 0 for 0 < ¢ < § (use the Taylor formula!). Denote dy := ming<;<s ™ () > 0. Let
0 <s<t<d. Dueto (5.17), the Taylor formula with the integral form of the rest term yields

o0) = o) = = [ (¢ =7t i

p—1

! )!/OS(S—T)N(p(p)(T)dT

(p—1

_ 1 ’ — AP (s = )P 0@ () dr 1 t — AP 1,0 () dr
= o L = = = e+ g [t

The functions (t—7)P~ 1 —(s—7)?~! and (t—7)P~! under last two integrals are positive. Estimating
©P) (1) > dy > 0 we obtain

o)~ )2 20 ([t = s e /:(t o)

= ﬁ (/Ot(t—T)P—ldT = /()S(S—T)P—ldT) - %(t” — ),

and (5.19) follows for 0 < s <t < ¢:

p—1 p—1
p(t) —p(s) _ dotP —sP do 1 p—1Y\ i p1_: .
> — = — E /P77 > g E , P T =co(t+ s)P7.
_ - pl — | -
t—s pl t—s p! iz = J

The case 0 < t < s < § is symmetrical to the treated case 0 < s <t <. For 0 < s =t <4, (5.19)
follows by a limit argument. This completes the proof of (5.19).

Let us return to claim (ii) of the Theorem for 0 < v < 1. Consider the case 0 < v < 1. Due
to (3.4) and (5.19),

| Ko(t.5) |< exc | () — o(s) |77 @/(5) = exc (@“)‘W) = s @'(s)

¢'(s)
[min{(t + s)P=1, (1 =) + (1 —5))P~1}]»

<ecgcg"lt—s|7" <clt—s|™";

1

on the last step we took into account that ¢'(s) < s?~tas s — 0, ¢'(s) < (1 —s)P"Las s — 1.

Thus K, € §%. In the case v = 0,

| Kp(t,s) |< ex(1+ [log | o(t) — o(s) | '(s)

= ex(t+ 1o PP g1 sl

< o1+ | logmin{(t + s, [(1 =)+ (1= 8)]} | + | log | ¢ — s [)¢'(5)

<ci+e(l+ |log |t —s]), ie., K,eS".

Having established that K, € 8% for v < 1, the compactness of the operator T}, : C[0,1] —
C10,1] follows by Lemma 3.2. O
Corollary 5.1. Assume the conditions of Theorems 5.2 and 5.3. Then v € C™[0, 1],

(5.20) v 0) =0W(1) =0, j=1,...m,
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for the solutions of equation (5.15).
Remark 5.1. One can conjecture that, under condition of Theorem 5.3, K € S™" implies
K, € §™". The argument becomes rather technical to justify this. For us the relation K, € Sov
established in Theorem 5.3 is sufficient in the sequel.
Example 5.1. Let us present an example of function ¢ that satisfies the conditions of
Theorem 5.3:
1 (2p—1)!

(B21) wlt)= c”/o T 6 = [y rp=1(1 — 7)r-Ldr - PEN

Clearly, ©(0) =0, (1) = 1, ¢/(t) = c, P11 —t)P"1 > 0 for 0 < t < 1, p)(0) = p7)(1) = 0 for

j=1.p=1 ¢P0) = (-l =2p-1)1/(p-1, (1) =11 2p-1)/(p-1) In
this example, ¢ is a polynomial of degree 2p — 1.

6. Specification for the Volterra integral equation.
The Volterra integral equation

(6.1) u(z) = / " Ko yu()dy + f(), 0<z<1,

can be considered as a special case of the Fredholm integral equation (5.1) in which K(z,y) =0
for 0 <z <y < 1. The class S™¥((]0,1] x [0,1]) \ diag) is well defined for such kernels, hence
the results of Section 5 hold for equation (6.1). Nevertheless, it is worth to revisit the results of
Section 5 since normally the derivatives of a solution u(x) to (6.1) may have singularities only at
x = 0. We “project” the formulations of the main concepts and results of Section 5 to the needs of
Volterra equation (6.1). The proofs are omitted since they contain no new ideas, conversely, they
are some simplifications of the arguments in Section 5.
Denote

A={(z,y): 0<y<z<1}

and introduce the class S™¥(A) of kernels K(x,y) that are defined and m times continuously
differentiable on A and satisfy for (z,y) € A and for all k,1 € Ny, k + {< m, the inequality

o\ 1o o\
) (£2+5) K
|(ax> (3 +8y) K
After an extension of K € S™Y(A) by the zero value outside A we obtain a kernel K €
S™v(([0,1] x [0,1]) \ diag).

For m > 1, v < 1, denote by C™"(0, 1] the space of functions f € C™(0,1] that satisfy the
inequalities

1, v+k<O0
<ckmd{ l+|loglz—y)|, v+Ek=0
(x—y)~vF, v+k>0

. 1 j+r—-1<0
\f(J)(x)|§cf 14+ |logz |, j+v—1=0 3, 0<x<1, j=0,..,m.
x_j_”+17 j+r—-1>0

Introduce the weight functions

1, A<O0
w)(z) = 1/(1+|}\ogw|), A=0 p, 0<z<1, NeR.
T A>0

The norm in C™%(0,1] is given by

m

I f leme o= Oiuglw?+y_1(x) | f9 () .
j=0 "=
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There holds the compact imbeding
cm™r(0,1] c Cl0,1], m>1, v < 1.

Theorem 6. 1 Let K € Sm”(A), m > 1, v < 1. Then the Volterra integral operator T
defined by (Tu)(z) = [ K (y)dy maps C™¥(0, 1] into itself and T : C™"(0,1] — C™¥(0,1]
1$ compact.

Theorem 6.2. Let K € S™"(A), f € C™(0,1], m > 1, v < 1, and let u € C[0,1] be the
(unique) solution of equation (6.1). Then u € C™"(0,1].

See Exercise 14 about the existence and uniqueness of the solution.

An alternative proof of Theorem 6.2. Again, Theorem 6.2 is an elementary consequence ot
Theorem 6.1 (similarly as Theorem 5.2 was an elementary consequence of Theorem 5.1). Al-
ternatively, Theorem 6.2 can be derived from Theorem 5.2 by a prolongation argument, and we
demonstrate how this can be done. First of all, we extend K € ™" (A) by the zero values from
A to (]0,1] x [0,1])\diag obtaining K € S™"(([0, 1] x [0,1]) \ diag). The Volterra equation (6.1)
is equivalent to the Fredholm equation (5.1) with the extended kernel. By Theorem 5.2, we know
about the solution of (5.1) that v € C™"(0,1). It remains to show that actually no singularities
of the derivatives of u(z), the solution of (6.1) and (5.1), occur at = 1. To show this, we extend
f from [0,1] to [0,1+ 6], 0 < § < 1/m, using the reflection formula

m

(6.2) fl@)=> dif(1—jz—1), 1<z <1+3,

=0

where d; are chosen so that the C"™-smooth joining takes place at x = 1. Namely, differentiating
(6.2) k times we have

m

FE (@) = (=)kd f P - jx —1)), 1<z <144,

=0

and the C™-smooth joining at = 1 happens if

Z(_j)kdj =1, k=0,...,m.

=0

We obtained a uniquely solvable (m + 1) x (m 4 1) Vandermonde system to determine do, ..., d;,-
Using the reflection formula we extend also the kernel K (x,y) along the lines y = vz, 0 < v < 1,
from the triangle A = {(z,y) : 0 <y <z < 1} onto the triangle As = {(z,y) : 0 <y <z < 1+5}
with a § > 0. The extension procedure preserves f in C™"(0,1+6] and K in S™"(As). Introduce
the extended equation

/K:vy ydy+ f(z), 0<z<1+47;

for 0 < z < 1 this equation coincides with (6.1). By Theorem 5.2 applied to the extended equation,
w is C"-smooth for 0 < x < 1+, hence no singularities of the derivatives of v at x = 1 are
possible. O

Let ¢ : [0,1] — [0,1] be a smooth strictly increasing function such that ¢(0) = 0, ¢(1) = 1.
Introducing the change of variables

(6.3) v(t) = | K,(t,s)v(s)ds+ fo(t), 0<t<1,



where
fo@) = f(p(t), Ky(t,s) = K(p(t),o(s))e (s);
the solutions of equations (6.1) and (6.3) are in the relations
u(t) = ulp(t), ulz) =v(e™ (z)).

An obtrusive mistake is to write “formally “a(t) K(p(t), p(s))u(p(s))¢’(s)ds as the result of the
change of variables in the integral fo ) (y)dy. We must be more careful! Actually the
change of variables y = p(s) yields

o~ (@)
/ K(z,y)u dy—/ K(z,p(s))u(p(s))y’ (s)ds,

and after that the change of variables © = (t) completes the result as

| Ky lemsio= [ K0, l5)uliols)) (5)ds.
0 0

So we really obtain the transformed equation in the Volterra form (6.3).
Theorem 6.3. Given m > 1, v <1, let

< m, r<0
P2y, o<v<l -

Let o € CP[0,1] satisfy ©(0) =0, p(1) =1, ¢'(t) >0 for 0 <t <1 and

Then the following claims hold true.
(i) For f € C™"(0,1], the function f,(t) := f(p(t)) belongs to C™[0, 1] and

f90)=0, j=1,..,m

(ii) For K € 8%V (A), the kernel K,(t,s) := K(¢(t),o(s))¢'(s) belongs to S°¥(A) and defines
a compact Volterra integral operator

T,: C[0,1] — C[0,1], (T,0)( /K s

An example of function ¢ satisfying the conditions of Theorem 6.3 is given by ¢(t) = tP.
Corollary 6.1. Assume the conditions of Theorems 6.2 and 6.3. Then v € C™|0, 1],

v9(0)=0, j=1,...,m

for the solution of equation (6.3).

7. A collocation method for weakly singular integral equations.

7.1. Interpolation by polynomials on a uniform grid. Given an interval [a,b] and
m € N, introduce the uniform grid consisting of m points

(7.1) x;=a+ (i—



Denote by II,, the Lagrange interpolation projection operator assigning to any u € Cla,b] the
polynomial IL,,u € P,,—; that interpolates f at points (7.1). Here P,,_;1 denotes the set of
polynomials of degree not exceeding m — 1.

Lemma 7.1. In the case of interpolation knots (7.1), for f € C™[a,b] it holds

(7.2) max, | f(z) = (W f)(2) |< Omh™ max | f (@) |,

a<z<b

O = A om N(ﬂm)_% as m — oo.
Further, for m =2k, k> 1,
. — (11 < m (m)
(7.3) jolnax | f(@) = ([ f)(2) [< k™ max | [ () |,
!
O =272 SafrmEo™,

((m/2))?

whereas for m =2k +1, k> 1,

(7.4) max | (@) = (-1 f)@) < 0™ max | 1) |

Tp<T<Tpy2

Um

2v3  (k!)? 2V/3 1
= ~ 2 22 Tn‘.
9 (k+1! " g VT

These estimates are elementary consequences of the error formula (see e.g. [4], [18] or [24])

f(m)

m!(f) (z — 1) (T — ), T € [a,b], € =E&(2) € (a,b)

f(x) = (M f)(z) =
that holds for the interpolation with arbitrary pairwise different knots 1, ..., z,, of [a,b]. Namely,
for points (7.1), the maximum of | (z — z1)...(x — 2,) | on [a,b] is attained at the end points of
the interval, whereas the maximum of | (x — 21)...(x — x2) | on [xg, Zx+1] is attained at the centre
of [zk, zk+1] (which is also the centre of [a,b]). To establish (7.4), we take into account that the
maximum of | (z —zx) (@ — xp41) (T — Tiy2) | On [Tk, Tr12] equals 29—‘/§h3 and elementarily estimate
the remaining product on [z, Tr12].

Comparing estimates (7.2)—(7.4) we observe that in the central parts of [a,b], the estimates
are approximately 2 times preciser than on the whole interval. Surprisingly estimates (7.3) and
(7.4) are for m > 2 preciser even than the error estimate of the Chebyshev interpolant of the same
order on [a, b], see estimate (7.7) below. In the central parts of [a,b], the interpolation process
on the uniform grid has also good stability properties: in contrast to an exponential growth of
| T, —1 Hc[a’b]ﬂc[a,b] as m — oo, it holds

(75) || Hm—l ||C[a,b]—>C[“T+b—rh1/2, QTH)JF”'hl/Q]S Cr(l + log ’I’I’L)
with a constant ¢, which depends only on r > 0. This is the Runck’s theorem (see [4], p. 170).
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7.2. Chebyshev interpolation. For the interpolation of functions on [a,b] by polynomials
of degree m — 1, the best choice of interpolation knots is the Chebyshev knots

b—a 2t —1 a+b .
(7.6) T =— (cos T 7T)+ 5 € (a,b), i=1,...,m.

The Chebyshev interpolant 11, f is a polynomial of degree m — 1 that interpolates f at these knots.
The proof of the following estimate can be found in most of text books on numerical analysis, see
e.g. [4], [18] or [24].

Lemma 7.2 In the case of Chebyshev knots (7.6), for f € C™[a,b], it holds

(b—a)™ (m)
. — (1 ) |1S ——— c) | -
(7.7) Jnax, | f(2) = (U f)(2) | oai = Jnax, | £ () |
The Chebyshev interpolant II,, f occurs to be the best approximation to the function f(z) =
™ with respect to the uniform norm on [a,b], and (7.7) turns into equality for this function.
Computations with Chebyshev interpolant are numerically (relatively) stable, since (see [4])

m

4
(7.8) I T Nt p)~Clap < 8+ —logm, m € N.

It is known that for any projection operator P, : Cla,b] — Pp_1, i.e., for any operator P, :
Cla,b] — Cla,b] such that P2 = P, and the range R(Py,) = Ppm_1, it holds

m
” P, ||C[a,b]—>C[a,b]2 60(1 + logm)v m e Nv

where ¢y > 0 is independent of m. Thus in the case of Chebyshev knots, || IL, ||¢[a,6)—c1a,p) Of is
of minimal possible growth order as m — oc.

7.3. Piecewise polynomial interpolation. Introduce in R the uniform grid R, := {jh :
j € Z} where h = 1/n, n € N. Let m > 2 be fixed. Given a function f € C[—4,14 6], § > 0,
we introduce a piecewise polynomial interpolant IIj ,,, f € C[0, 1] as follows. On every subinterval
[Fh, (j + 1)A], 0 < j <n—1, the function II}, ,,, f is defined independently from other subintervals
as a polynomial of degree < m — 1 that interpolates f at m points [h neighboring jh from two
sides:

(M f)(AR) = f(IR), 1= — % Tl % if m is even,

-1 -1
(T f)(AR) = f(IR), 1 =7 — mT e+ 2 i m s odd.
A unified writing form of these interpolation conditions is
(7.9 (I, m f)(IR) = f(Ih) for | € Z such that | —j € Z,,

where

m m
Ty =3k €Z: —— <k <=1}
To see this, observe that Z,, contains the following m elements (integers):

Lo, = {_% +1, _% + 2, %} if m is even,

m—1 m-—1 m—1
Zm:{_T,_i—f’l’...’T

5 } if m is odd.
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Note that IIj, ,,, f is continuous on [0, 1] since for the “interior” knots jh, 1 < j < n—1, interpolation
conditions (7.9) yield (Il » f)(jh) = f(jh) for IIj, ,, f as a function on [(j — 1)h, jh| as well as a
function on [jh, (j + 1)h]; the one side derivatives of the interpolant IIj .., f at the interior knots
may be different.

Introduce the Lagrange fundamental polynomials Ly, € P,,_1, k € Z,,, satisfying Ly (1) = k1,
k,l € Zy,, where d;,; is the Kronecker symbol, d;; = 0 for k # [ and 0, = 1. An explicit formula
for Ly is given by

t—1
(7.10) Lty= 1] 0 KELm.
1€Zm \{k}
It is easy to see that
(7.11)  (Mpmf)(x) = > f((J +k)h)Li(nz — j) for x € [jh,(j+ 1)h], j=0,..,n—1.

kE€Zm

Indeed, IIj, ., f given by (7.11) is really a polynomial of degree < m — 1 on every interval [jh, (j +
1)h], and it satisfies interpolation conditions (7.9): for | with [ — j € Z,,, we have

(M £)(Ah) = Y F(G+ R LE(l =) = > f((G+F)A)Ski—g = F((G +1—5)h) = f(Ih).

kEZm kE€ZLm

The interpolant ITj, ,, f could be defined on [0, 1] also for m = 1 as a piecewise constant function
with possible jumps at jh, j = 1,...,n — 1. In this case we loose the continuity of the interpolant
at the interior knots jh, j = 1,...,n — 1, but the real reason why we exclude the case m = 1 from
our consideration is that the interpolation points jh, j = 0,...,n — 1, are not properly located; a
natural location of an interpolation point is the centre of the interval [jh, (§ + 1)h) on which the
interpolant is constant. The case m = 1 with interpolation points (j + %)h, j=0,...,n—1, can
be examined independently in an elementary way.

For m = 2, the interpolant II}, ,, f is the usual piecewise linear function joining for 0 < j <n—1
the pair of points (jh, f(jh)) € R? and ((j + 1)h, f((j + 1)h)) € R? by a straight line. For m = 2,
I}, f does not need values of f outside [0, 1], and Il ,, is a projection operator in C0,1], i.e
H%L,’HL = Hh’m'

For m > 3, Il ., f uses values of f outside of [0,1]. For f € C|0,1], I, f obtains a sense
after an extension of f onto [—d,1 4 d]. In the general case, the reflection formulae of the type
(6.2) can be exploited to extend f, then f(kh) for k¥ < 0 and k > n is a linear combination of
f(Gh), 5 = 0,...,n, and the extended function maintains the C™-smoothness of f. We are in a
lucky situation if f € C™[0, 1] satisfies the boundary conditions f)(0) = fU)(1) =0, j =1,....,m
then the simplest extension operator

f(0), —6<t<o0
Es: Cl0,1] = C[=6,1+46], (Esf)(t)=4 f(1), 0<t<1
f(), 1<t<1+49

maintains the smoothness of f. The operator
(7.12) P =1 Es : C[0,1] — C0,1]

is well defined and P,im = P, m, i.e., Py is & projection operator in C[0,1]. The range R(P m,)
is a subspace of dimension n + 1 in C[0,1]. A function wy, € R(Py,,) is uniquely determined by
its knot values wy(jh), j =0, ...,n. Indeed, due to (7.11), for wy, = P mwy, = I, ,, Eswy, we have

(713) wh(t) = Z (anh)((] + k)h)Lk(nt 7‘1) for t € []hv (] + 1)h]7 J = 07 w1 — 13
k€L
with (Eswp)(ih) = wp(ih) for i = 0,...,n, (Eswp)(ih) = w,(0) for i < 0 and (Eswp,) (% ) wp (1)
for ¢ > n. Clearly, for w;, € R(P, ,,L) we have wp, = 0 if and only if wy,(th) =0,7=0,...,n
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For f € C[—0,1+ ¢], the interpolant IIj ,, f is closely related to the “central” part interpolant
of f on the uniform grid treated in Section 7.1. On [jh, (j + 1)h], I f coincides with the
polynomial interpolant II,, f constructed for f on the interval [a;,b;] where a; = (j — ’"T_l)h,
b; = (j + ™)k in the case of even m and a; = (j — Z)h, b; = (i + 2)h in the case of odd
m; moreover, [jh,(j + 1)h] is a “central” part of [a;,b;] on which the interpolation error can be
estimated by (7.3) and (7.4). On this way we obtain the following result.

Lemma 7.3. (i) For f € C™[-4,1+ 4],
_ < m (m)
(7.14) max [ f(t) = (Mnmf)(t) [< Imh™ _ max | f(1) |
with 9., defined in (7.3) and (7.4) respectively for even and odd m.
(ii) For f € V™ .= {v e C™[0,1] : v (0) = v (1) =0, j =1,...,m} , it holds
_ ’ < m (m) )
(7.15) max | f(t) — (Phmf)(t) [< Imh ()Igtagxl | f1(t) |

0<t<1

Proof. The claim (i) is a direct consequence of Lemma 7.1. Further, for f € V(™) we have
Esf € C™[~6,1+ 4],
(m) () = (m) 5 = <t<
smax | (B f) () = max [ ()], (Bsf)(t) = f(1) for 0<t <1,

and (7.14) applied to Esf takes the form (7.15). O
From (7.5) we obtain

| Prom Nlcto,i—cio,n=I Tam loj-s,1+8—clo,< ¢(1 + logm).

Thus the norms of projection operators are uniformly bounded with respect to n. Together with
(7.15), noticing that V(™ is dense in C|0, 1], the Banach-Steinhaus theorem (Theorem 2.2) yields
the following result.

Corollary 7.1. For any f € C|0,1], maxo<i<1 | f(t) = (Pamf)(t) |— 0 as n — oo.

7.4. A piecewise polynomial collocation method: error estimate. Having a weakly
singular integral equation (5.1), u = Tu + f, with K € S™¥, f € C™¥(0,1), m > 2,0 < v < 1,
we rewrite it with the help of a smoothing change of variables in the form (5.15), v = T,v + fi,
and after that approximate (5.15) by the n + 1 dimensional equation

(7.16) v = PhmTpvn + Phon fo-

This is the operator form of the piecewise polynomial collocation method corresponding to the
interpolation projection operator P, ,, which is defined in (7.12). (A collocation method is always
related with a “projection” of a given equation with the help of an interpolation projection operator.
In this sense, collocation methods can be treated as a subclass of Galerkin methods. Galerkin
methods correspond to general class of projection operators, not necessarily interpolation ones.)

Theorem 7.1. Let K € §™", f € C™¥(0,1), m > 2, v < 1, and let ¢ : [0,1] — [0,1]
satisfy the conditions of Theorem 5.3. Further, assume that N(I —T) = {0} (or equivalently,
N(I —T,) ={0}). Then there exists an ng such that for n > ng, the collocation equation (7.16)
has a unique solution v,. The accuracy of vy, can be estimated by

(7.17) o —wvh o< ch™ || 0™ o

where v(t) = uy(t) = u(p(t)) is the solution of (5.15), u(x) is the solution of (5.1). The constant
c in (7.17) is independent of n and f (it depends on K, m and ).
Proof. The following proof argument is typical for Galerkin (including collocation) methods.
By Theorems 5.3, T, : C[0,1] — C10,1] is compact. Since N'(I —T,) = {0}, the bounded
inverse (I —T,)~': C[0,1] — C]0, 1] exists due the Fredholm alternative (Theorem 2.7); denote

k= (I =Tp) " lco,—clo,1] -
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Further, the compactness of T, : C[0,1] — C[0,1] and the pointwise convergence P, ,, to I in
C[0,1] (see Corollary 7.1) imply by Theorem 2.6 the norm convergence

en = PrmTy — T, |lcoa)—cpo1)— 0 asn — oo (as h=1/n — 0).

Hence there is an ng such that ke, < 1 for n > ng. With the help of Theorem 2.4 we conclude
that I — Py, T, is invertible in C[0, 1] for n > ng and

(7.18) kp = (I — Ph,ngo)fl ||C[0,1]—>c[0,1}§

— K as N — OQ.
1— ke

This proves the unique solvability of the collocation equation (7.16) for n > ng.
Let v and vy, be the solutions of (5.15) and (7.16), respectively. Then

(I — Ph,ngo)(U — vh) =V — Ph,mTy,U — Ph,mfy, =V — thv,

v—ovp=(— Pn’ng,)fl(U — P, mv)
and
(7.19) v = loo< Bn || v = Pom |loos ™ > no.

By Theorem 5.2, for the solution u of (5.1) we have u € C"™%(0,1); by Corollary 5.1, for v(t) =
uy(t) = u(p(t)) we have v € C™[0,1] and v (0) = v (1) =0, j = 1,...,m; by Lemma 7.3(ii),

v = Prmv (o< Imh™ || v oo
Now (7.19) yields
[ v—=vn o< KrImh™ || vt lloo

that together with (7.18) implies (7.17). O
Proving the convergence of the method, without the convergence speed, the assumptions of
Theorem 7.1 can be relaxed, see Exercise 16.

7.5. The matrix form of the collocation method. The solution v, of equation (7.16)
belongs to R(Ph.,m ), so the knot values vy (ih), i = 0, ..., n, determine v, uniquely. Equation (7.16)
is equivalent to a system of linear algebraic equation with respect to vy (ih), i = 0,...,n, and our
task is to write down this system.

Recall that for wy € R(Phm), we have w,, = 0 if and only if wy,(ih) = 0, i = 0,...,n
Since (Pp, mw)(ih) = w(ih), i =0, ...,n, equation (7.16) is equivalent to the (so-called collocation)
conditions

wn(ih) = (Tyvn)(ih) + f(ih), i=0,....n,

ie. vy € R(Ph,m) satisfies equation (5.15) at the knots ¢h, i = 0,...,n. (Actually collocation
methods are usually a priori described by conditions of such type and after that an operator form
of the method is derived; we follow the inverse way.) Using the representation (7.13) for v, we
obtain

~1 .(G+Dh
(Tpup)(th) / K, (th, s)vp(s Z/ K, (th, s)vp(s)ds
=0

nol (G+1)h
= Z / K (ih, s)Li(ns — j)ds (Esvp)((j + k)h)
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vy (0), j+E<LO0

n—1 n
=3 > g on((GHRR), 1<j+k<n —1p=> biwu(lh), i=0,..,n,
§=0 k€Zm vp(1), j+k>n 1=0

where we denoted

(G+1)h

(7.20) Gk = / K,(ih,s)Ly(ns — j)ds, i =0,..,n, j=0,...,n—1, k € Zy,
h
D k€l 2o 0<j <n—1, j1k<0} Viriik » l=0
(721) bi,l = ZkEZm Z{j:OSan—l,j—O—k:l} Q5 5.k = 1,...,TL—1 5 i,l:O,...,n.
k€L 24{j:0<j<n—1, j+k>n} ik > l=n

Thus the matrix form of the collocation method (7.16) is given by

(7.22) on(ih) = En: bion(Ih) + f(ih), i=0,...n,
=0

with b;; defined by (7.20), (7.21). Having determined vy (ih), ¢ = 0,...,n, through solving the
system (7.22), the collocation solution v, (t) at any intermediate point ¢t € [jh, (j + 1)h], j =
0,..,n —1,is given by

vn (0), j+k<0
(7.23) o) = > S w((G+kh), 1<j+k<n—1 p-Li(nt—j)
kEZm, v (1), j+k>n

where Ly, k € Z,,, are the Lagrange fundamental polynomials defined in (7.10).

8. Approximation by splines.

8.1. Cardinal B-splines. We present two equivalent definitions of the father B-spline B,,
of degree m — 1 (or, of order m, in other terminology).
Definition 8.1 (explicit formula):

m

B (z) = ;)!Z(—l)i ( m ) (x -7, veR, meN,

(m— 1= !

where, as usual, 0! = 1, 0° := lim, | p2® = 1,

mY\  m! me1 . [ (=)™l x—i>0
(i)_i!(m—i)!’ (@ =% '_{ 0, z—i<0 [

Definition 8.2 (recursion): for z € R,

1, 0<z<1 (" B
Bl<x)_{ 07 IEGR\[O,l) }a Bm(x)_L_lefl(y)dy? m=23,...

In particular, linear, quadratic and cubic B-splines correspond respectively to m = 2, 3,4 and
are given by the formulae

x, 0<x<1
By(z) =< 2—z, 1<xz<2 3,
0, otherwise
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%xQ 0<zx<l1

1—2x2+éx—3, 1<x<?2
Bs(z) = 2 1 ) -

5(3—96)2, 2<x<3 [’
0, otherwise
523, 0<z<1
Ba() = 23241227 — 12z +4), 1<x<2
By(4 —x), 2<zx<4
0, otherwise

The equivalence of Definitions 8.1 and 8.2 can be easily established checking that both defini-
tions yield the same Bj(z) and imply By, (z) =0 for <0, B}, (z) = Bp—1(2) — Bjy—1(x — 1) for
z>0,m2>2.

The following properties of B,,, m > 2, can be seen using suitable definition:

Bm |[i,i+1] € ,mela 1€ Z, Bm S C(m_2) (R)a

suppB,, = [0,m], Bp(z) > 0for 0 <z <m, / B, (z)dz =1,
R
Bﬁnm_l)(x):(—l)i< m.—l ) fori<z<i+1, i=0,...m—1,

m m
- I) = Bm(? +I)7 z € R, Bm(?) = I:{leaﬁ(Bm(m)

(moreover, By, (x) >0 for 0 <z < % and B,,(x) <0 for 5 <z <m),

Y Bun(w—j)=1, z€R.
JEZ

The first line in this list says that B,, is a spline (=piecewise polynomial function) of degree m — 1
and defect 1 with the “cardinal” knot set Z; the defect of a spline is the difference between its
degree and global smoothness number, in our case (m — 1) — (m — 2) = 1 that is the minimal
possible defect of a spline not degenerated into a polynomial globally.

8.2. The Wiener interpolant. Introduce in R the uniform grid hZ = {ih : i € Z} of the
step size h > 0. Denote by Sj, ., m € N, the space of splines of degree m — 1 and defect 1 with
the knot set hZ. For m =1, Sj 1 consists of piecewise constant functions with possible breaks at
ih, i € Z. For m > 2, Sy, consists of the functions g € C™ 2(R) such that g |ih,(i+1)h] € Pm—1,
i > Z. Clearly the dilated and shifted B-splines B,,(h~'z—j), j € Z, belong to Sj..,,, and the same
is true for ZjeZ d;B,,(h~ 'z — j) with arbitrary coeflicients d;; note that there are no problems
with the convergence of the series since it is locally finite:

Y diBn(h 'z —j)= Y diBn(h'z—j) for x € [ih, (i + 1)h), i € Z.
JEL j=t—m+1

Indeed, supp B, (h~tx—j) = [jh, (j+m)h], and only the terms with (ih, (i+1)R)N(jh, (j+m)h) #
() must be taken into account.
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Given a function f € C(R), we look for its interpolant Q, ym f€ Sh,m in the form

(8.1) (Qumf)(@) =Y d;jBn(h™'z—j), z€R,

JEZ

and determine the coefficients d; from the interpolation conditions

m m
(2) @)U+ DR) = F((k+ Z)h), ke
This leads to the bi-infinite system of linear equations

> Bulk+ 5 =)y = [((k+ 5h), ke,

JEL
or
(8.3) > bijdi=fr, k€L,

jez
where
m m

(84) bk = kk,m = Bm(ki + ?)7 fk = fk,h,m = f((k' + g)h), keZ.
Denote

. m—2)/2, m even
p:lnt((ml)/2){gm_1%2 m odd }
It follows from properties of B,, listed in Section 8.1 that

bp=b_r>0for |k|<p, be=0for |k|>p, > bp=1
[kl<p

Thus (8.3) is a bi-infinite system with the symmetric Toeplitz band matrix B = (bg—,)k,jez of
the band width 2u + 1. For m = 2, system (8.3) reduces to relations dp = f((k + 1)h)), k € Z,
and (Qn2f)(z) = > ez f((j + 1)h))B2(na — j) is the usual piecewise linear interpolant which
can be constructed on every subinterval [ih, (i + 1)h] independently from other subintervals. All
is clear in the cases m = 1, 2 and we focuse our attention to the case m > 3. A delicate problem
appears that the solution of system (8.3) always exists but is nonunique for m > 3 if we allow
an exponential growth of | d; | as | j | — oo. Indeed, we can arbitrarily fix 2y consecutive
unknowns d;, for instance dy, ..., ds,,, and after that (8.3) enables a recursive determination of d;
for j =0,—1,... and for j =2+ 1, 2u 4 2, .... In particular, solutions of the homogenous system
ZjeZ br—jd; = 0, k € Z, constitute in the vector space of all bisequences (d;) a 2y dimensional
subspace; later we describe a basis of this subspace.

Only one of the solutions of system (8.3) is reasonable for an f € BC(R) or an f € C(R) of a
polynomial growth as | x |— oo. This solution is related to the Wiener theorem (see [40]) which
states the following:

if Z|bk\<oo and B(x ZbkelkI#OforallmeR
keZ keZ

then a(z):=1/8(x ZCLke with Z | ak |< oo.

kez keZ
Setting z = el we reformulate the Wiener theorem for Laurent series on the unit circle | z]=1
of the complex plane as follows: if real or complex numbers by, k € Z, are such that
(8.5) Z\bk|<oo b(z Zbkz #0 forall ze Cwith | z|=1,
kEZ keZ
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then also the function a(z) := 1/b(z) has an expansion a(z) = >, ., axz" with a; € C, k € Z,
such that », ., | ax |[< co. (Hence the expansion of a converges uniformly on the circle | z |= 1 of
the complex plane, similarly as the expansion of b does.) It is easy to understand (the argument
is presented in Section 8.3 in more details) that the Toeplitz matrix % = (agp—;),jez is the inverse
to B = (by—;)k jez, 1.6, BA = AW =7T. We call A the Wiener inverse of B. Condition (8.5)
occurs to be fulfilled in our interpolation problem (8.1)—(8.4), so we can use the Wiener inverse 2
of B to compute dy = Zjez ax—jf; and to define the Wiener interpolant Qp m f by

(8.6) Qumf)@) =Y | Y arsf (G +5h) | Bu(h 'z —k), z k.

keZ \jeZ

Only a finite number of by do not vanish in the interpolation system (8.3). As we will see Section
8.3, this enables an elementary construction of the numbers ay, k € Z, and it occurs that ai are
real and decay exponentially as | k |— oo.

Due to the exponential decay of aj, we may truncate the series in (8.6) to O(logn) terms
to compute Qp.mf at a fixed point = with an accuracy O(h™). A further consequence of the
exponential decay of ay is that the series in (8.6) converges not only for bounded but also for
polynomially growing functions f(z) as | x |— oo, and Qp ., f is well defined for such functions f.

8.3. Construction of the Wiener interpolant. Using the values by = bx,;m = B (k+ )
(see (8.4)), introduce the function

(8.7) b(z) =b"(2) := Z brz® = by + i: br(z¥ +27%), 04 2 €C,
k=1

[kl<p
the characteristic polynomial Py, = P3}, € Py, of By, defined by
Pou(z) = 2b(2),
and the function
(8.8) a(z) = a™(z) = 1/b"(2) = 2" /Py, (2), 2€C, z# 2, v=1,..,2p,

where z,, v =1, ..., 2, are the roots of the P», € Po, (called the characteristic roots). From (8.7)
we observe that together with z, also 1/z, is a characteristic root. It occurs that all characteristic
roots are real and simple; then clearly z, <0, v =1,...,2p and z, # —1, v = 1, ..., 2, thus there
is exactly p characteristic roots in the interval (—1,0) and p characteristic roots in (—oo, —1). We
omit a relatively sophisticated proof of this statement and quote to the monograph by Stechkin and
Subbotin [23]. Tt is possible to check the statement when the interpolant (8.1), (8.6) is constructed
in the practice, since the algorithm needs the values of z,, v = 1, ..., 2, so they must be computed
in any case. Let us turn to examples:

1 3 1

m=3: u=1, b,lzblzé, bo:Z’ Pg’(z):§(22+6z+1), 21}2:—3i\/§;
1 2, 1,

m=4: p=1,ba=b=c b=, P(z)=c("+42+1), 210 =—2+3;

1
m=6: p=2, Pf(z):§(z4+2623+66z2+26z+1), wy 9 := —13 £ V105,

wi,2 + ,/wiQ —4
, 21 ~ —0,043096, zo ~ —0,430575,

21,234 = 2
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23 = —, R4 = —;

1
m=10: pu=4, P>%)= a(zs + 50227 + 1460825 + 882342 4 1561902*

1 1 1 1
+882342% + 146082% + 5022 + 1), 25 = —, 26 = —, 27 = —, 28 = —,
z1 z9 zZ3 zZa

2 = —2.121307 - 1073, 25 = —0,043223, z3 = —0,201751, 24 = —0,607997.

All computations of the present Section 8 are performed by Evely Leetma.

For functions a(z) = Y., axz® and b(2) = Y, o, bpz" defined by the absolutely convergent
Laurent series on the unit circle | z [= 1, it is easily seen that a(2)b(z) = >, (Zjez ak_jbj) 2k,
For a and b defined in (8.7), (8.8), this yields EjeZ ak—jb; = k0, k € Z, where di; is the
Kronecker symbol. Replacing here k& by k — [ we rewrite it as ZjeZ ak—1—jb; = 0p—10, k,1 € Z,
or introducing the new summation index j' = j + [, as Zj/eZ ag—jbj—1 = 0p. Finally, writing j
instead j', the equality takes the form

Zak,jbj,l = (5}€717 k,leZ.
JEZ

Similarly (or simply by a symmetry argument),

Zbk_jaj_l = 51@,17 k,leZ.
JEZ

The last two equalities mean that the matrix B = (br—;)r jez of system (8.3) has the inverse
Bl =A = (ak—j)k,jez. Our task takes the form: find the coefficients aj of the Laurent series
a(z) = ez anz® for the function a defined by (8.7), (8.8).

Let us arrange the characteristic roots z1, ..., 22, so that z1,..., 2, are in the interval (—1,0)
and z,4, = 1/2,, v =1, ..., u. Since all roots are simple, the function a(z) := 1/b(z) = #ﬂ(z) has
a representation

Multiplying by Hi“:l(z — 2)) = P5,(2)/b, we rewrite it as

2u 2pu—1

21 2/
zi:Zc,, H (z—zA):qH(z—zA)—i—...—i—CguH(z—zA).
i A=2 A=1

v=1 v#A=1
Setting z = 2, we determine the coefficients c,:

_ 2y &
by HIQJ,;&)\:I(ZV —2)) Péu(zl’)’

cy v=1,..2u.

Thus




It follows from (8.7) that Pa,(27!) = 272£ Py, (2). Differentiating this equality and setting then

z =z, we find that —Py,(z, ")z, = 2, %P}, (2,), or Pf"(z

. Now we can rewrite

- - H -1 -1
Zh=1 zy 2zt zH Zu% 1
a(z) = — = + .
(2) ZPQ/H(ZV) <z—z,, 22—zt ;PQIH(ZV) 1—2z,z70  1—2,2

v=1
Expanding

2uZ >

1_VZ 2_1 :ZZl]fZ k fOI‘ |Z‘>|Zl/ |7 V713 s Ky
v k=1
1 oo

l_ZZ:szfzk for |z|<|z 7Y v=1,..,pu,
v k=0

we arrive at the desired expansion
-1

a(z) = %y 3 2k 3 2k = apz”
() ZP/(Z)<kZ_1V +kzoy> Zk

v=1 " 2u\V keZ

which converges for 6,, <| 2 |< 0.} where

0 = max |z, |< 1.
1<v<p

Thus

z”l

p 1
| 2, |*
(8.9) ar = zlk‘ =a_k, |ap|< cmg‘k‘ keZ, ¢,= _
,,2:1 P, (z) " Z | P3,,(z0) |

As we see, ai decays exponentially. Moreover,
(8.10) Zak—l Z\ak _)) ak:(—l)k \ak ‘75 0, ke 7.
kEZ kEZ

Indeed, (8.7), (8.8) immediately yield the first of the claims:

> ar=a(l) =1/b(1 —1/Zbk_1

kEZ k=—p

Next we prove the third one of claims (8.10). We start from equalities

" 4

o
Pou(z) by Hiil(z—z,\) B bMHiil(z—&— | 2x \)
Setting —z into the place of z, we have
(—2)" (—2)»
a(—z) = b, 24 Y T 1
[T (=24 aa ) bullhoi (=24 [ DITAZ (=24 2y )

zH 2t

a(z) = 1/b(z) =

_ ZH(=1)H
bu ITA_1 (2= [ aa DITAZ (5= [ 257 )

1

b Iz (= [ 2aa [ =D I (23 [ —2)
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_ Hf\i=1 | 2x |
b [TA2 i (I= [ x| 2D T2 (1= | 2a | 2)

I3 s o i >
—1 12 2: - |I E
:HA_2||||< |Z,\k2k> ( |Z,\|kzk>: at, |z]=1,
= A=1 \k=0 k=0

A=1 kEZ

with some ¢; > 0, k € Z. Returning to z instead of —z, we obtain a(z) = >, ., (—1)"cxz*. The
Laurent expansion a(z) = Y., o, axz" is unique, therefore aj, = (—1)k¢cy = (=1)* | ai, |, k € Z, as
asserted in (8.10). Equivalently, it holds | ay | = (—1)*ax, k € Z. Now the second one of claims
(8.10) follows by the same argument as the first one:

o lan =) an(-1)F = a(=1) = 1/b(=1) = (=1)"/ Poy(-1).

kEZ kezZ

Let us summarise the main results and present some further comments.

Theorem 8.1. For a bounded or polynomially growing f € C(R), the Wiener interpolant
Qn,mf is well defined by formula (8.6) with ar = akm given in (8.9) where z, = 2y m, v =1, .4,
are the roots of the characteristic polynomial P, = Py, in the interval (=1,0); further properties
of ay are listed in (8.9) and (8.10).

Together with considerations of Section 8.2, it is easily seen that the null space N (B) of the
matrix B = (by—;)k,jez in the vector space X of all bi-infinite vectors (d;);jez is of dimension
24 and is spanned by bisequences (z7);ez, v = 1,...,2u. For v = 1,...p, it holds | 2J | — oo as
j — —oo, whereas for v = p +1,...,2u, it holds | 2J | — oo as j — oo. Hence any nontrivial
element of A/(B) is a bisequence which grows exponentially either as j — oo or as j — —oo.

Clearly, || Qn.m || Bo®)—Bo®) < Y kez | @k,m |=: am but this estimate is be coarse; in Section
8.7 we present an exact formula for || Qn m ||Bo®)—BC®R)-

The numerical values of oy, = >,y | akm |= 1/ | P (=1) | for m = 2,...,10 are presented
in the following table.

m Um a7rz+1/a'm
2 1 2

3 2 1.5

4 3 1.6

5} 4.8 1.5625

6 7.5 1.5738
7 11.803279 1.5699
8 18.529412 1.5711
9 29.111913 1.5707
10 45.725806 1.5708
20 4181.841275 1.570796327

We can observe that a1/, — /2 = 1.5707963268... as m — oo. It is challenging to confirm
this empiric guess analytically.
Finally, let us mention that for any bisequence d;, j € Z, such that sup; | dj |< o0, it holds

sup, | d;
M < sup | Zij(iflx —J)|Ssup|d;|.
Qo z€R iez j
8.4. Euler splines. A spline £ € S}, ,, is called perfect if
EMm N (z) = (=1)¢ for ih <z < (i+1)h, i€ Z.

If £ € Sh p, is perfect then so is ' + g with any g € Pp,—o.
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For m = 1, the Euler perfect spline E} 1 € Sy1 is defined by the formula

o 4 X sin(2k + 1)h 'z
8.11 E,q(z) = hlne ==
(8.11) h1(x) =sign sinh™ 7wz - kZ:O ST
Here, as usual,
-1, z2<0
signz = 0, z=0 3, zeR;
1, z2z>0

the series in (8.11) is the Fourier expansion of the 2h-periodic piecewise constant function y =
sign sin h~'mz. For m > 2, the Euler perfect spline Ehm € Shm is determined recursively as a
special integral function of Ej, ,,_1, namely,

Enm_1(y)d =2l
Eh7m(m) _ { fhéz h, 1(1/) Y, m } =12,
Jo Enm—1(y)dy, m=2l+1

the lower bound of integration is chosen so that the zero mean value of K} ,,,—1 over a period
remains to be zero also for E}, ,,. Starting from (8.11) we recursively find that

aey

4 (—1)'pm 1t COS(2k+1)h " rx
(8 12) E), (I) _ { ?( 77)";—1 ) ZI;“;O . ((2k+1))m1 y m = 2l }
. e 4 (=1)'h™™ oo SIN(2k+1)h 'm
;( Tr)m—l Ek:O ((2k+1))7n 3:, m = 2] +1

where [ = 1,2, .... For instance, Fj 2 € Sj 2 is continuous piecewise linear function with the knot
values Ej 5(ih) = (—1)"F'%, i € Z; a consequence is that

Eh72(iL'1) — E}L’Q(ZL'Q) = (71)7'(‘21 — 122’2), for x1,To € (Lh, (Z + ].)h), i€ 7.

Clearly, Ej, ,,, = Epm-1 for m > 2. Further, from (8.12) we observe that z = (i + %)h, 1€ 7,
are the zeroes of Ej, ,,, for even m, and = = ih, ¢ € Z, are the zeroes of Ej, ,,, for odd m. A unified
formulation is that = (i 4+ 251)h, i € Z, are the zeroes of Ej,,, and © = (i+ 2 )h, i € Z, are the
local extremums of Ej, ,, (the zeroes of E,’Lm = Ej, m—1). There are no other zeroes and extrema
of E} mm — this can be easily seen by recursion, since by Rolle’s theorem an additional zero of Ej,
gives rise to an additional zero of E;Lm = Epm—1. It is clear also that the roots of Ej ,, are
simple. Further, for m = 2,

4 pm—1t & 1

—m—1 m
s = (2k+1)

H Eh-,m ”oo :| Eh,m(o) ‘:

(the absolute value of Ej, ., at other local extremum points * = ¢h is same). Similarly, for
m=2l+1,
hy 4hmt o~ sin(2k +1)% 4 pmt = (—1)F

ELm oo — ELm 5 - - :
|| h, || | h, (2) | T m—1 prt (2k+ 1)m T am—1 (2k+ 1)m

k=0
Unifying these two formulae, we can write
(8.13) | Enm oo = ®pmr M DRm=1 m e N,
where

4 [ Xito @i m =2l 4. (Z1)km
(8.14) ®,, = { o B = )i

00 —1)* - _ m
Zk:oﬁ’ m=20+1 7rk:0(2k+1)
is for m € N known as the Favard constant. In particular,
Py =1, Oy =7/2, B3 =77/8, By =7>/24,

™

and it holds

4 4
P <P3<P5<... < —<..<Pg <Py <Py, lim &, =—
™ ™

m—00
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8.5. Error bounds for the Wiener interpolant. Introduce the vector space V'™ (R),
m € N, consisting of functions f € C™ '(R) such that f™ € L*®°(R) (the derivatives are
understood in the sense of distributions). A function f € V™*°(R) may grow as | z |— oo; with
the help of the Taylor formula

m—1 (1) T
fay =31 “(O)xhr (mil)!/o (x— )" L F M ($)dt, @ € R,
=0

we observe that

|z |™ +0(z™ ') as |z |— .

@11 e o

Hence, Qp m f is well defined for f € V™ (R), see Sections 8.2, 8.3. Clearly, W™ >(R) + P,, C
V™20 (R); this inclusion is strict.
For f € V™>(R), f("=1) is Lipschitz continuous:

(8.15) | £ (@) = SO (@) | SN floo | 21 — 22|, 21,72 €R.
This immediately follows from the equality

FO D (@g) = f0 D () = / f™ (@)dz, z1,35 €R.

Theorem 8.2. For f € V™>®(R), m € N, there hold the pointwise estimate

(8.16) | f(@) = (@ /) @) [ £ Moo | Brmia(2) |, @ €R,
and the uniform estimate
(8~17) ” f - Qh,mf Hoo < ‘I)m+1777mhm || f(m) Hoc

For f = Ep my1 € W™™(R) C V™>(R), inequalities (8.16) and (8.17) turn into equalities.

In the proof Theorem 8.2 we repeatedly exploit the following auxiliary result.

Lemma 8.1. Suppose that for gs € C(R) , § > 0, the pointwise convergence gs(x) — 0,
x € R, takes place as § — 0, and let | gs(x) |< e¢(1+ | 2 |"), x € R, where ¢ > 0 and r > 0 are
independent of 6. Then also (Qp.mys)(x) — 0 for any x € R as § — 0.

Proof. Fix an arbitrary « € R and take ¢ € Z such that « € [ih, (¢ + 1)h). Then

%

@umgs)@) = D | D asgs((k =+ ) | Bu(h™'a = k),

k=i—m+1 \j€Z

Since By, (h~'z — k) > 0 and Y, By, (h~'z — k) = 1, we obtain

| (@nmgs)(@) | < max Z\%Hga (k=j+3)h)|.

m+1<k<q

To complete the proof of the Lemma, it is sufficient to show that 3=, | a; || gs((k—j+5)h) [0
as § — 0 for any fixed k € Z. Fixing an arbitrary small £ > 0, represent } .7 = >/, i<n T 2>~
with N = N(e, k) so large that

> Lo U+ (1= k [ +5)h) <
l71>N

such N exists since a; decays exponentially as | j | — co. Using the conditions of the Lemma we
obtain

> lallgs((k—j+ ) |<CZ|%|1+(|]*]€|+ )h") < ce
l71>N l51>N
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and, for sufficiently small § > 0,

S e llgsl—i+ ) [<e D lasl1g5((i—j+Fh) < (e+ De.
l7I<N JEZ

This completes the proof of Lemma 8.1 . [J

Proof of Theorem 8.2. (i) Proof scheme. First of all we note that the claim about the
sharpness of estimates (8.16) and (8.17) is elementary. Indeed, recall that FEj 41 vanishes at
(i + % )h, i € Z, which are the interpolation points for Qp ,, hence Qpu m Ep m+1 = 0; moreover,

| E}(::?)Hrl loo =1l En,1 |loc= 1.

Thus for f = Epm4+1 (8.16) turns into equality | Epm+1(z) | = | Enm+1(z) |, whereas (8.17)
turns into equality || Ep m+1 |Joo = Pmy17m~ "h"™ which holds due to (8.13).

Estimate (8.17) immediately follows from (8.16) and (8.13). So it remains to establish (8.16)
only. For m = 1 and m = 2, usual local estimates of piecewise constant and piecewise linear
interpolant can be presented in the form (8.16) remembering that ®; = /2, ®3 = 72/8; the
details are left as an exercise. In the sequel we assume that m > 3 and we prove (8.16) during
four stages: in (ii) for periodic f € W™ (R), in (iii) for compactly supported f € W™ >(R), in
(iv) for f € V"™ (R) of a special growth estimate, and in (v) for arbitrary f € V™ (R).

(ii) Periodic case. Here we prove (8.16) for f € W™ (R) which is periodic with a period
p = 2nh, n € N. Then also Q.. f is p-periodic, and so is Ej 41 (recall that Ej, 41 has the
period 2h). We show that the violation of (8.16) for such f involves a contradiction. Let & € [0, p)
be a point where the inverse to (8.16) holds: | f(¢) — (Qumf)(E) 1>l f™ lloo | Enmi1(€) |;
clearly & # (i + % )h, i € Z, since f — Qp,n f vanishes at those points. Take 6 € R, | 6 |< 1, such
that 0(f(€) — (Qu.mf) () =l £ |loo Enmi1(€), and introduce the p-periodic function

9= " lloc Enms+1—0(f — Qumf) € C"2(R).

In the period interval [0,p), g has at least 2n + 1 zeroes, namely £ and 2n interpolation points
(i+F)h, 0 <i+ % < 2n. It is easily seen that if a continuous p-periodic function u has | zeroes
in [0,p) then it has at least 1 local extreme points in [0,p) (claim 1); of course, those are zeroes
of u if u is continously differentiable. Applying claim 1 recursively to g and its derivatives we
conclude that v := g(™=2) € C(R) has at least 2n + 1 (local) extreme points in [0,p). But next
we show that actually v may have at most 2n extreme points in [0, p) (claim 2) and thus we have
the desired contradiction. Indeed, for x1,z2 € (ih, (i + 1)h),

V(@) = ' (@2) = [ F oo (Bua(@r) = Epa(2)) = 0(F" (21) = f 7V (a2))

since (Qpmf)™ Y (x) is a constant for = € (ih, (i + 1)h). Further (see Section 8.4), Ej (1) —
Epa(z2) = (=1)%(z1 — 22), and together with (8.15) we obtain that

V(1) — v (22) = (A= [ 0 || F7 |loo (z1 — x2) for z1, 25 € (ih, (i + 1)) if i is even,

V(1) — v (m2) < (=1+|0]) || £ | (@1 — xo) for z1,x2 € (ih, (i + 1)h) if 4 is odd.

We may assume that f is not identically constant since for a constant function f (8.16) holds
trivially. Then due to periodicity, || f(™) || > 0, and v’ is strictly increasing in (ih, (i + 1)h) for
even ¢ and strictly decreasing in (ih, (¢ + 1)h) for odd i. Hence, inside an interval (ih, (i + 1)h),
v may have at most one extreme point (claim 3). This leads us to an idea that perhaps different
extreme points of v in the period interval [0,p) can be removed into into different subintervals
(ih, (i + 1)h) of [0,p). This hypothesis occurs to be true. To show this, observe that v has the
following further properties (claim 4):

x if ih, 1 € Z, is a minimum (respectively, maximum) point of v then this one of the adjacent
intervals ((¢ — 1)h,ih) and (ih, (i + 1)h) on which o’ increases (respectively, decreases), is free of
extreme points of v;
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* for an interval (jh, (j + 1)h), i € Z, on which v’ increases (respectively, decreases), at least
one of the end points jh and (j + 1)k is not a minimum (respectively, a maximum) point of v.

Denote by € the set of the extreme points of v in the period interval [0, p) and by G the set of
the intervals (ih, (i + 1)h), i = 0,...,2n — 1. Define a “removing” map p: & — G as follows:

if x € € belongs to an interval (ih, (i + 1)h) then u(z) = (ih, (i + 1)h);

ifr=ihe& 1<i<2n-—1,and z is a minimum (respectively, maximum) point for v then
wu(x) is one of the adjacent intervals ((i — 1)h,ih) and (ih, (i + 1)h), namely, this one on which v’
is increasing (respectively, decreasing); if 0 € £ (then by periodicity, 2nh = p ¢ £ is an extreme
point of the same type for v as 0), the choice is made by the same rule between the intervals
((2n — 1)h, 2nh) and (0, h).

Due to claims 3 and 4, the “removing” map p : € — G is injective: for z, 2’ € &€, x # x’, there
holds u(x) # u(z’). Hence, for the cardinalities of sets £ and G we have card(£) < card(G) = 2n.
This completes the proof of claim 2 and the proof of (8.16) for periodic f.

(iii) Case of compactly supported f. Next we prove (8.16) for functions f € W™ (R) having
a compact support. Assume that f(x) = 0 for > r where r > 0. Take a number p = 2nh with
sufficiently large n € N such that p > 27, and introduce the p-periodization f, of f,

fol) =Y f(z+kp)

kEZ

(for a fixed x, this series contains maximally one nonzero term). The function f, is p-periodic and
still f, € W (R), | 5™ oo =] £ 0. We have

f - Qh,mf = fp - Qh,mfp + (I - Qh,m)(f - fp)
As proved in (ii), (8.16) holds true for f, : for any = € R,

| fo(@) = @uan o) (@) | <L SE™ oo | Bnmar (@) =11 f™ lloo | Bpmsr(2) | -

To establish (8.16) for f, it now suffices to show that for any fixed = € R,

(I - Qh,m)(f - fp))(x) — 0 as p — oo.

Clearly, gp(x) := f(z) — fp(z) = 0 for fixed = and sufficiently large p, so it remains to observe that
for any fixed z € R,

(Qh,mgp)(x) — 0 as p — oc.

This follows by Lemma 8.1 (with § = 1/p), since || gp [loo = f |loo < 00.
(iv) Case of f € V™>(R) of restricted growth. Now we extend estimate (8.16) to f €
Voo(R) satisfying the growth condition

(8.18) f® () /z™ % -0 as |z|—o00, k=0,..,m—1.
Condition (8.18) elementarily implies that

(8.19) o™ % sup | fMz)|=0as 0<d—0, k=0,..,m— 1.
|2|<1/6

Take a “cutting” function e € C™(R) such that 0 < e(z) < 1lforallz € R, e(x) =1for | z | < 1/2,
e(r) =0 for |z | > 1. Denote fs5(x) = e(dx)f(x) and represent

(8.20) f(@) = (Qumf) (@) = f5(x) = (QumSfs)(@) + (I = Qnm)(f — f5))(x).

Clearly fs € V™(R) and f5 has a compact support suppfs C [—1/6,1/8]; as we proved in (iii),
inequality (8.16) holds for fs:

| f5(2) = Qunf5) (@) [ <N 1T lloo] Brmsr (@) |, z €R.
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Denoting ¢, = maxgeg | e®)(z) |, we have due to (8.19)

1157 lloo = sup | (d/do)"™ [e(02) ()] |

- m m—k (m—k) (k)
< 1) sup | e ox T
k§=0<k) xeRI () || f*(x) |

m—1

m m m—K C m
SF )oo+Z( k )Cm-k5 Eosup | fO(@) =] 1 oo as 5 0.
k=0 lz|<1/6

Concerning the second term in the r.h.s. of (8.20), we have gs(z) := f(z) — fs(z) = 0 for a fixed
z € R and sufficiently small § > 0; further, | gs(z) | < c(14 | z |™), = € R, due to condition (8.18).
By Lemma 8.1, (Qnm(f — f5))(z) — 0 as 6 — 0 for any z € R. With these considerations, (8.16)
for f follows from (8.20) as 6 — 0.

(v) Case of arbitrary f € V™>°(R). Finally, we show that (8.16) holds for any f € V"™ (R).
Represent by the Taylor formula

m—1 (1) z
f(z) = lz_% ! “<O)xl + (mi 1)!/0 (x —t)™ LM (H)dt, = eR,

and introduce the approximations

m=l () x
fs(x) = ZZ; ! “(O) a4 (mi 1)!/0 (x —t)™Lo0t) f™ (t)dt, = €R, §>0,

where 6(x) = 1 for | x |< 1 and 6(x) = 0 for | « | > 1. Clearly, fs € V"™>°(R) and f5 satisfies
(8.18) for any § > 0. Further, and f5(x) = f(z) for a fixed € R if 6 > 0 is sufficiently small, and
[ fém) oo < || £U™ ||oo for § > 0. With this f5, we have the equality (8.20) in which, due to (iv),

| £5(2) = @nm ) @) |< IS Nlool Brmia @) [ £ lloo| Brmsa(@) |, @ € R,

Clearly,| f(z) | + | fo(z) | < (14 | = |™) for z € R. Using Lemma 8.1 we obtain that (Qnm(f —
f5))(z) — 0 as & — 0, and (8.16) for f follows from (8.20) as § — 0.
The proof of Theorem 8.2 is complete. [J

Let us comment on Theorem 8.2.

Remark 8.1. A direct corollary of estimate (8.17) is that Qp mf = f for f € Pp_1.

Remark 8.2. Using Banach—-Steinhaus theorem and Theorem 8.2, it is easily seen that for
any f € BUC(R) (for any bounded uniformly continuous function f on R), || f — Qnmf |leo— 0
as h — 0.

Let us discuss optimality properties of the spline interpolation compared with other
methods that use the same information about values f on the uniform grid A, = {(j + %)h: j €
Z}. Such a method can be identified with a mapping M}, : C(Ap) — C(R) where C(A},) is the
vector space of grid functions defined on A, and having values in R or C.

Remark 8.3. For given v > 0, we have in accordance to Theorem 8.2

sup || f - Qh,mf ||oo - ‘I’m+17r_mh7”%
fevm=(R), [|f(™ o<y

whereas for any mapping Mj, : C(Ap) — C(R) (linear or nonlinear, continuous or discontinuous),
it holds

sup H = Mh(f |Ah,) HooZ Q1 "Ry
fevmoo(R), || Fm)||o <y
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Indeed, introduce two functions fy = £yEp my1 € W™P(R) C V™>(R). They satisfy
I £ Nloo= 7, Enams1 |a,= 0. If M,(0) ¢ BC(R), the claim is trivial, whereas in case M} (0) €
BC(R) we have

sup | f—=Mn(f|a,) lloo
fevme(R), M) <vy

> max{|| f+ = Mn(f+ |a,) lloos | = = Mn(f~ |ay) lloo}

= max{|| f4 = Mn(0) [loo, [| f- = Mn(0) [lc}

2 S f+ = Mu(0) Jloo + || f~ — Mn(0) [|oo)

DN =

m

> || fr—f- Hoo:” Enmy1 ”oo ¥ =Ppmprm Ay,

N | =

Remark 8.4. Let n € N be even and h = 1/n. Consider the subspace Cper(R) of C(R)
consisting of 1-periodic continuous functions on R, and denote Wper™ (R) = Cper(R) N W™ (R);
denote by Cper(Ap) the space of 1-periodic (grid) functions on the grid A, i.e., fr(ih) = frn(14ih),
i € Z, for fi, € Cper(Ap). Then for any mapping M}, : Cper(An) — Cper(R), it holds

sup | f—=Mn(flan) lloo> @rgam™ ™h™y.
fewper (®), [1f ) ]loo <

The proof is same as in the case of Remark 8.3, we only need to observe that Ej, 11 €
Wher (R) for even n.

Remark 8.5. For functions with compact supports, a similar result as in Remark 8.3 holds
asymptotically as h — 0. Denote by W (R) the subspace of W™ (R) consisting of functions
f € W™ (R) with support in [0,1]. Modifying the argument presented in the proof of Remark
8.2, it can be easily seen that for any mapping Mp, : C(A,) — C(R), it holds

lim inf sup | f—Mn(f|an) lloo /(Prmgrm™™h™y) > 1.
h=0" rewym=(®), £ |0 <v

Namely, instead of fo = £vE} my1, introduce fi = £veFp 41 where e € C™(R) is sup-
ported in (0,1), 0 < e(z) < 1 for all z € R and e(z) = 1 for 3+ < x <2. Then for sufficiently small
h >0, it still holds || eEp m+1 lloo =l Enm+1 oo = P17~ "h™, and the Leibniz differentiation
rule yields || (eEp m+1)™ |loo — 1 as b — 0. The details are left as an exercise.

8.6. Further error estimates. (A) Error estimates for the derivatives of the interpolant.
First we establish some estimates for the derivatives of the interpolant.
Lemma 8.2. For m > 2, f € VE®([R), 1 =1,....,m — 1, it holds

1 @rn S llos < ctm | FP Jloc

|| (Qh,mf)(l) ||oo < dm—10m,l || f(l) Hoo

where

Qo = § ‘ Ak m |7 Qm,l = § E ak—j,mbj,m—l < O,

kez REZ[|j|<int{(m—-1-1)/2}
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Gm—1 = Qnm—1 | Bc®)—BC®)> bj;m—1 = Bm—1(j + mT71) (cf (84)), and ax = akm are defined in
(8.9).
Proof. By Definition 8.2, B! () = Bp—1(z) — Bpm—1(z — 1), and (8.1), (8.6) yield

(@nmf)( }:dB ()
jEZ
=h™"Y dj[Bmoa(h e —j) = Bpoa(h e —j - 1)]
JEL

=01y (dj —dj1)Bpa (b e — )
JEZ

= h_1 Z (Z(a‘jk,m - ajlk:,m)fk) Bmfl(h_ll‘ — j)

JEZ \k€Z

=h! Z (Z aj—t,m(fr — fk_1)> Bp_1(h 71z — j)

JEZ \kEZ

=> <Z ajk,mh_lAhfk:> By-i(h™lx =)

JEZ \k€Z

where Ay fi := fr — fe—1 = f((k+ 5 )h) — f((k— 1+ % )h) is the backward difference of function
f- Repeating the differentiations we obtain the formula

(821) (Qh rrLf Z (Z A5k, ’mh A ) m— [(hill' — ]), r € R.

JEZ \k€Z

Since By—i(z) >0, 3 _.cy Bpi(h 'z —j) =1,and | h'AL £, |<]| Y ||oo, the first claim of the

Lemma now follows:

| (Qnm WH@wZ%man

k€EZ

<sup2\aj &, | sup|h AL fi |
k€EZ

<5 T arm 1O floo= am | FO oo

keZ
According to (8.21), the spline g := (Qpmf)" € Sh.m_; has the knot values

9((i+5I) = Qun DNV (i +5I) =Y (Z ajk‘mh-lAm) bijm

JEZ \k€Z

ZZ Zajfk,mbifj,mfl h_lAlhkaZ Zaifjfk,mbj,mfl h™ A, i,

k€Z \jEZ kEZ \jJEL
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and

., m .
90+ M) 12 3| D asmsbjan-i| [ 19 s i € 2.
keZ |jez
With the change of summation variable k — k' = i — k we rewrite
S i kmbima| =YD aw—jmbim-t| = > | ak—jmbjm-i|-
k€Z |jEL k'€Z |jET keZ |jez

Since bjm—; =0 for | j |> int((m —1—1)/2), we get

| O oo -

. m
sup | (i + 50 1€ 321> axsmbimet| | FO lloo= am,
ez kez |jez

Noticing that Qp,m—19 = g, we arrive at the second claim of the Lemma:

. m
1 (@nm N oo =11 9 oo = | Qum—19 [loo < Gm-—1 51D | 9((i +5)h) |
S dm—10m,l || f(l) ”oo .

Clearly,

i =D >k jmbim—1 < D>k jm | jm1 =YY | ak—jm | bjm—
kg ko Jj ok

= E E | Gk m | bj,mfl = 0m § bj,mfl = Qm
Jj ok J

since ax,, are of alternating sign (see (8.10)) whereas bj ., >0 and » - bjm— =1. O
Theorem 8.3. For f € V™™(R), m >2,1=1,...m — 1, it holds

| f(l) - (Qh,mf)(l) lloo < (I)mfl+17r_(m_l)hm_l (1 +am) | f(m) lloo>

H f(l) - (Qh,mf)(l) ”ooé q)m—l+1777(m7l)hm7l (1 + %n—lam,l) H f(m) ||oo

with constants oy, and oy, ; defined in Lemma 8.2.

Proof. Introduce the operator Py, := 0'Qp mK; where 8' = (d/dx)! whereas K, : C(R) —
C(R) is defined by

1 x
(Kyu)(z) = 7/ (@ — ) lu(t)dt, z€R.
(I=1Jo

Since f — K;0'f is a polynomial of degree I — 1 (it is the Taylor polynomial of f), we have
Qum(f —Ki0'f) = f— Ki0'f, 0'Qunm(f — K, 0'f) =0 and

O = @QumHY = fO =8 Qpmf = O = 8' QK1 fV = (I = Prmy) fV.

Further, since Qp mg = ¢ for g € Sj, p, it holds Py 19 = g for g € Spm—; (hence Py, is a
projetor onto S, ). Indeed, g € Sp, p—; implies K;9 € Sp.m and Pp, 19 = 81Qh7mKlg =0'K,;g =
g. Now we can continue

f(l) - (Qh,mf)(l) = (I - Ph,m,l)f(l) = (I - Ph,'m,l)(.f(l) - Qh,m—lf(l))-
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Estimating with the help of Theorem 8.2 we obtain
1O = (@nn )" lloo

< (14 || Pumt HBC(R)—»BC(R))(melJer_(m_l)hm_l | £ oo -

For g € BC(R), it holds K;g € VE=(R), (K;9)!) = g, and Lemma 8.2 implies

| Promit |Be®)—Bo®) < @ms || Prmi [l Be®y—Bo®) < am.i

that completes the proof of the Theorem. [

Remark 8.6. Using Remark 8.2 we obtain that for f € V4*°(R) with f©) € BUC(R),
0 <1< m,itholds || O — (Qnmf)P ||eo— 0 as h — 0.

(B) Interpolation of modestly smooth functions. Lemma 8.2 is crucial also in the proof of the
following estimates.

Theorem 8.4. For m > 2, f € VL(R), [ =1,...,m — 1, it holds

I f = Qumf lloo < Prpam A (14 ) | fO oo,

H f - Qh,mf ||oo S (I)lJrlﬂ-_lhl (1 + melarml) H f(l) ||oo

with constants o, and o, defined in Lemma 8.2. If, in addition, f(l) € BUC(R) then

|| f - Qh,m.f ||oo: O(hl) as h — 0.

Proof. Let f € VE°°(R), 0 < I < m. Since (Qn,mf)((i + B)h) = f((i + Z)h), i € Z, we have
QniQnmf = Qnuf,

f - Qh,mf = (I - Qh,l)(f - Qh,mf)-
By Theorem 8.2,

I f = Qhmf lloo < @iam ™ B Y oo + | (Quinf)? o),

and Lemma 8.2 completes the proof of the error estimates formulated in the Theorem.
Assume in addition that f() € BUC(R) and estimate again by Theorem 8.2

|| f - Qh,mf Hoo < (pl—l-l’]rilhl || f(l) - (Qh,mf)(l) Hoo .

By Remark 8.6, | £O — (Qpmf)® [lo— 0, hence | f — Qunf llo= o(h!) as h — 0. [}

(C) Interpolation of functions g € V;""°°(R). Theorem 8.2 admits an extension to a slightly
wider class of functions than V"*°(R). Introduce the vector space V;""*°(R), m > 2, which
consists of functions g € C™2(R) such that g™~ |(in,(i+1)n) € C((ih, (i4+1)h)), g(m |(in,(i+1)h) €
L>((ih, (i + 1)h)) for all i € Z, and

oh,m(g) == sup sup | g(m)(ac) |< 0.
1€Z ih<x<(i+1)h)
Clearly, V™>=(R) C V;™°(R) and || f™ ||oo = op,m(f) for f € V™°(R).
Lemma 8.3. For m > 2, it holds V" (R) = V"™°(R) + Sp,m, i.e., every g € V" (R) has
a representation

(8'22) 9= f + Gh, f € Vm,oo(R)’ gnh € Sh,m-

In particular, (8.22) holds with

(8.23) flx)= L )!Az(a:—t)mle(t)dt, z €R,

(m—1
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where G, € L= (R) is defined by G, (x) = g (x) for x € (ih, (i+1)h), i € Z (and other f differ
from (8.23) by an additive polynomial of degree m — 1).

Proof. Let g € V;""°(R) and let f be defined by (8.23). Then f(™ = G,, € L=(R), hence
feVm™>e(R)and f/,..., f™=1 are continuous in R. Together with g, also g, := g— f € C" 2(R).
Further, since g™~ |, i11yn) € C((ih, (i + 1)R)), 9 |, (i+1)0)= Gm € L°((ih, (i 4+ 1)h)), we
have

g](lmfl) (.1?) _ g(m—l) ($> _ f(nL—l) (l’)

_ e, L : [
g™ (G + 2)h)+/( G (t)dt /0 G (t)dt

i+3)h

1 (i+3)h
= "D+ )h) - / Glt)dt, € (ih, (i + 1)h), i € Z.
0

Thus g,(lm_l)(x) is constant on the intervals (ih, (i + 1)h), i € Z, i.e., gn |(in,i4+1)h) € Pm—-1, i € 7Z,
and gy, € Sh,m- O
Theorem 8.5. Let m > 2. Assume that g € V" (R) satisfies the inequality

(8.24) [g@) |< et |2 |), = €R,
where r > 0 and ¢ > 0. Then

(8.25) [ 9(2) = (@nm9)(2) [ < onm(9) | Enmir(z) ], z€R,

(8.26) |l 9= Qnmd |loo < Prgrm A" o,m(9)-
Proof. Let f € V™>(R) and gj, € Sj,m be defined by (8.22), (8.23). Then
| F(@) [ <[ G o] 2 [™ /m), w € R,
that together with (8.24) imply
| gn(@) | < (14 | @ [tz e R,

Hence Qnmf, Qnmg and Qpmgn are well defined and Qpmgn = gn. Equality (8.22) yields
(I —Qnm)g = I —Qnm)f. According to Theorem 8.2, (I — Qpm)f is estimated by (8.16), (8.17)
which take the form (8.25), (8.26) since || f(™ ||oo = || G |loo = Th.m(g). O

8.7. Stability of interpolation. Take a function f € C'(R) which is either bounded or of a
polynomial growth as | z |— 0o, and converse the formula of the Wiener interpolant starting from
(8.1), (8.6), (8.9)):

(@uan ) @) =Y | Yo an-gf (G + 5h) | Bulh™ 'z — )

keZ \jez

= Z f((.] + %)h) <Z ak—ij(hilx — k))

JEZ keZ

=Y F G+ (Z ay By (W e —k — j)) :
JEZ keZ
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Denoting
x) = Z axBm(x — k),
kez
we obtain the representation
(8.27) (@nm)(@) = f(( Fn(h™ 'z —j).
JEL

The function F,, is called the fundamental spline of order m, since it satisfies the condition
Fo (i + §) = 60, i € Z, where §; ; is the Kronecker symbol. Indeed,

. m .
—) = ZakBm(z + 5" k) = Zakbifk =00, 1 €L
kEZ kEZ
(see Section 8.3). Note that supp F;,, = R and this restricts the utility of representation (8.27) in
the practice although F,,, decays exponentially as | x | — oo.
Denote ¢y, () := 3 ;c7 | Fin(2 — ) |- This is an 1-periodic continuous function, and ¢, (
r) = @m(% + ), z € R. For any f € BC(R), (8.27) implies that

| Qn.m f ||oo§||f\|oosupZ|F ) IfllfllmsupZ\F (z—7|

jEZ jEZ

m
2

= f lloo sup @m(z) =1 f [loo max om(T).
z€R x€[, =]

Take zg € [0,1] such that @, () = MaXp p mit ©m(x). For a function f € BC(R) such that
| £ lloo=1and £(( + 2)h) = signFm<xo 9, 4 € Z, we have

(Qnmf)(hao) = > f(( J+ m(zo— ) =Y | Fulwo—j)|= max on(2),

m mt1
jEL jEZ e

| Qumf lloo = (Qn.mf)(hxo) = f Hoo max |, ¢m(x).

p< AL
Hence

Gm =l @nm | Bo@®—Bo® = I’I'}az“]z | Fon(x = j)
JEZ

Numerical values of ¢, for 3 < m < 10 are presented in the following table; we recall also the
values of Y, | ak,m |.

m 3 4 5 6 7 8 9 10 20
Im 1414 1.549 1.706 1.816 1.916 2.000 2.075 2.142 2.583
S | akm | 2000 3.000 4.800 7.500 11.80 18.53 29.11 45.73 4182

For 4 < m < 20, g, fits into a provisional model ¢,, < § + 2logm and it seems that ¢, — (i +
2logm) — 0 as m — oo; for m = 20 this difference is of order 0.003. It is challenging to examine
qm analytically.

The quantity g¢,, characterises the stability of the interpolation process: to errors ¢; of f((j+

$)h)), j € Z, there corresponds the error £(x) of (Qn,m f)(z) having the bound sup,cp | £(2) | <
qm SUDj ez, | £; |- We see that the interpolation process is rather stable with respect to the errors
in the function f.
N Similarly, .Zk | akm |.characterises t.he stability of the coefficients d, = >_,c, .ak_.jf((j +
F)h)), k € Z, in the B-spline representation (8.1) of the interpolant Qp ., f. A qualitative con-
sequence of the table above is that the uniform error of Qp ., f may be significantly smaller than
the supremum over k of the absolute values of the errors in dy.

44



8.8. Expressions for the coefficients of the Wiener interpolant. As we know, for
m > 3 the Wiener interpolant @, ., f has the representation

(Quanf)@) = S diBua(h ™ w = k), di =3 azfey, fi = [((k+ ), ke

kEZ jEZ

In this Section we give new expressions for the coefficients dy, k € Z.
Introduce the vector space s(Z) of bisequences a = (a;);ez such that

Vr>03de, <oo: |aj|<ec |j|™", 0#7 €L,
and the subspace

ssym(Z) ={a €s5(Z): a_j =a;, j € L} C s(Z).
Consider the difference operators

D" : s(Z) — s(Z), (D%a); =aji1—a;, j €Z (forward difference),

D™ :s(Z) —s(Z), (D"a); =a; —aj_1, j € Z (backward difference)

and their one side inverses J* : 5(Z) — s(Z),

k—1 k
S i, k<0 _ > G k<0
(Frap={ gz RSO gy, o I Ny
) 7Zj=k aj, k>0 ( ) 7Zj=k+1 aj, E>0

Namely, denoting
e=(d;0)jez = (...,0,0,1,0,0...),
it is easy to check that
(8.28) JtD*a=qa, D*Jta=a— Zaj e for a € s(2).
JEZ
Our main tool will be the second order central difference operator
D=D"D" =D D" :s(Z)—s(Z), (Da); =aj_1—2a; +aj1, j € Z,
with its one side inverse
J=JYJ" : s(Z) — s(Z).
Formulae (8.28) imply for a € s(Z)

JDa = (J*J7) (DD )a = J*(J"D")D*a = J*D¥a=a,

DJa=(D*D7)(J"J )a=D (DY J")(J a)=D" | Ja— > (J a),

[



note that Zjez(J:tQ)j = 0 for a € ssym(Z), and the expression of D.Ja simplifies to

(8.29) DJa=a— Zaj e € sgym(Z) for a € ssym(Z).
JEz

It is also easy to check that Ja € ssym(Z) for a € ssym(Z). By induction over p € N we next
prove that

p—1
(8.30) DPJPa=a—Y y,D% with v, =Y (J%); for a € ssym(Z).
q=0 JEZ

For p = 1, (8.30) coincides with (8.29). Assuming that for a p € N, (8.30) holds, we check that
(8.30) holds also for p + 1. Indeed, due to the induction assumption and (8.29),

p—1
Dp+1‘]p+1Q:D(DpJp)(JQ):D JQ—Z Z(Jng)j Die
q=0 \j€Z
p—1 p
=a— D aj|e-> | D (J T a); | DT e=a~ > (J%a); | D%
JEL q=0 \ j€EZ q=0 \ jEZ

as expected.
Formula (8.30) can be interpreted as follows: a € ssym(Z) has the representations

(8.31) a= vgDle+ DPJPa, ~4 = Z(qu)j, peN.
q=0 JEZ
Applying this result to the Wiener sequence a = (ag)rez € Ssym(Z) defined in (8.9) we get the

following result.
Theorem 8.6. For g = (ar)rez defined in (8.9), formula (8.31) holds with

I
(8.32) %=1 Y =TYam =

v=1

(1 + ZV)Z#+(1_1
(1—2,)%1 P (z,)

> 1.

The coefficients di, = ez a;fe—; of the interpolant (Qnm[)(x) =3 1z dp B (h~tx — k) can be
expressed in the form

p—1
q=1 [7]<p—1
where
(8.34) 5P =3 "(JPa)i—;DP f;, k€L,
JEZL
p—1 9
(835) a§p) = a;{?n = Z (—]_)J""q ( j_|_qq ) Yq,ms | J |§ p— 1.
q=|jl

Proof. According to (8.9) and (8.10),

[ n—1

- v gl s - -
a]_ZPQ’H(zy)z” , JEZ, 'yo—Za]—l.

v=1 JEZ
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Let us establish (8.32) for ¢ > 1. For the sequence 2(*) := (z le)jez we have

~ W 1 2k k<0
= { b k>0}’

1-— 2y —Zy )

1 Z7F k<0 2
(v) _ + 77— (v) = v 5 > _ v k|
(J2V" ) = (7T 2" (1_211)72 { Zl]j+1’ E>0 } 7(1—,21,)22” , k€.
Thus
H n—1
(Ja) = “ A6 ke z.

(1— 22 P,(a)

v=1

By repeated application of this formula we find that

24 i1
(8.36) (Jia), = z ¥ ¥ kez, geN.
; (1—2)% Py, (z)

Since } ;o 2w 2 = 1tz (8.32) follows.
To establish (8 33) we need some formulae of summation by parts. For a € s(Z) and a
bounded or polynomially growing sequence f, an elementary check confirms that

> fiDtaj == (D" fiaz, Y fiD"a; =~ (D*f;)a
JEZ JEL JEL JEL

For D = DT D~ these formulae imply

(8.37) > fiDa; =Y (Dfj)a;, Y fiDPa; =Y (DPf;)a;, p€N.

jez JET JET JET

Recalling that e = (e;) = (d;,0), we obtain with the help of (8.31) and (8.37)

p—1
dk—zak Jf] ka ja5 = ka*j(z’quqQ"_DpJpQ)j

JEZ JEZ JEZ q=0

—quZka]eﬁZ DP f,_;)(JPa) quDwaZ JPa)y,_;DP f;.

q=0 JEZL JEZL JEZ

We took into account that D;fi—; = Dy fr—; where the designations D; fi—; and Dy, fr,—; mean
that the second central difference D f;_; is taken with respect to j or k, respectively; due to the
equality of these differences, we may omit the indexes j or k by D. Thus the first expression form
(8.33) for dy, is established. To obtain the second representation form (8.33) for dy, it remains to
observe that

p—1
A+d 9D = > aPfiy.

g=1 l71<p—1

This proof detail is left as an exercise. [
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8.9. Quasi-interpolation. Let m > 3. For the coefficients dj of the Wiener interpolant
(Qnmf) (@) = ez dxBm(h™ 'z — k) we derived the expressions (8.33). Dropping the “rest” term

5,?7) =2 jez(JPa)k—;DP f; in (8.33), we arrive at the quasi-interpolants

(838) (10) Zd(p)B /f), dggp) _ Z ag*p)fk—j, p€EN,

h, m
kez l7l<p—1

with al”’ = a'?) defined in (4.35) and f, = f((k + 2)h), k € Z.
Lemma 8.4. Assume that f € C(R) is bounded or polynomially growing as | x |— oo. Then
for i € Z, p € N, there hold the representations

. m . m
(8.39) G+ 5)m) = @ NG+ 5)h)
S i 2 S bzl
= v by 2P| DP i
_ 2 / J
j=—p+1 \r=1 (1 —z)% P2u( v) |k|<p
© © P
-2 X (1—: 2 P/ Z b Dyl | DV fi
j=—p \v=1 2 \k\<u

H 2”71

n n
2y b _ i ,
Z Z (1_2 )2p P2/ (Z ) Z bk(z‘uk Jl _lejk J 1|) DP 1D+fi+j
14 n v

j=—p+1 \v=1 k=—p

where p = int ((m —1)/2), by are defined in (8.4), and z,, v = 1,...,u, are the characteristic

roots (the roots of the characteristic polynomial Ps,) in (—1,0) whereas the index j in D; Pl

indicates that the difference D = DT D~ is applied to z,‘, —I with respect to j.

Proof. Due to (8.33)—(8.34),
@namH)(@) = @) 1) @) =3 6 By (h™'w — k) with 6 =" (JPa)e—; D f;;

keZ JET

due to (8.4) and (8.36),

I = (@0 + %)h) = (@nm )+ ) = (@, D+ F)h)

Fli+5

_ Z (5](;0)3,”@ Jr Z b ka(p) Z b 5(1)) Z bk(g(l))

kEZ kEZ kEZ kEZ

Zbk ZJakzj 1 Zbk Zka7DfZ+]

|k|<p JEL [k|<p JEL

:Z Zbk(JpQ)k—j DPfiy;

JEZ \|k|<p

m

Z Z 1—zy2PP’( )Zbkz‘k ) D firj.

v=1 k[ <p
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Representing DPf;1; = D - DP~'f; s = D=DP7'DT f;. . and using the summation formulae, in
particular, >, a; D™ fj = =3 c,(D%a;) fj = 30 ;c4(a; — aj41) f; we obtain also

F((+5m) = (@, )G+ 5)h)

1

zP zh=
:Z Z(l—z)QPPQ =) Zkaz\k il'} pr— i
. — v 17

[k|<p

H -1
zy 2y [k—j| |k7'71| -1+
= S > bi(al 7=ty | DPIDY fiy.
— 2 \2p P! J
a\= (1—2,)% Py, (2) e

These formulae take the form (8.39) since for the characteristic values z, we have Z\k|<u by 2 =

0for | j|>

for j < —p, Z by, 2kl = Z b2k =277 Z by, 2k =

[k|<p |k|<p |kl<p
for j > u, g by, 2kl = E bzl 7F =2J E bz, =
|k <p [kI<p [k|<p

Recall that together with z,, also 2, ! is a characteristic value. [

It holds Qp,mg = g for g € Shm, and Qpmf — Q0 f = Qnn(f — Q). f). Together with the
first one of representations (8.39) we obtain for f € V2P:°°(R)

(5.40) | @ = QU7 S 1< dnstp | £+ 50) = (@I PG+ 5)m)|

< Grne B || £ ||

where ¢, =[] Qn,m || Bo®)—BC®) (see Section 8.7 for its numerical values) and

p—1 Iz e
W= Y S g Yol

j=—p+1|v=1 |k|<,u

Differently from || f — Qpmf ||cc Which is saturated at the accuracy O(h™), there is no saturation
in the error || Qpmf — Qgp;qf o — according to (8.40), the accuracy order O(h%P) grows with p
if f is sufficiently regular. Tt is reasonable to quasi-interpolate with the smallest p € N for which
2p > m; denote it by p’, i.e

! int m+2\ %—i—l m even
r= 2 )71 ™ modd f°

Denote also Q}, ,, := Qh oy Qg 1= a§p) As we see from Theorem 8.7 below, || f — @, ,,f [l
asymptotically mamtalns the accuracy of || f — Qnmf || for C™-smooth f.
Note that a quasi-interpolant can be determined from local values of f since for x € [ih, (i +

1)h], i € Z, the sum in (8.38) is restricted to the following terms:

@V n@= S | 3 a?f ;| Bulh 'z k).
k=i—m+1 \|j|<p-1
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In this expression, index k — j varies between (i—m+1)—(p—1) and i+ (p—1), and fr—; = f((k—
j+™)h) exploits values of f from the interval [(i — % —p-+2)h, (i+ 2 +p—1)h]. Thus (Q{) f)()
is well defined for = € [ih, (i + 1)h] if f is given on the interval [(i — 5 —p+2)h, (i+ 5 +p—1)h].
Also the total error f(z)—( gfznf)(x) can be estimated locally for any p € N. Taking into account
our later interests we restrict ourselves to the case p = p’ and z € [0, 1]. The quasi-interpolant

n—1

(Q;v,mf)(x) = Z Z a;,mfk—j Bm(hilx - k), 0 <z< 17

k=—m+1 \|j|<p'—1

is well defined for f € C'(—mh,1+ mh).
Theorem 8.7. For f € W™>(=§,1+6), 6 > mh, it holds

®41)  max | f(2) = (@ f)@) | @7 " Famc)H" sup | f () |,
—6<w<1+6

where ¢ = Qnm ||Bo®)—BC(®) and the constant ¢, is defined by

2 I3 z”_l -
Z Z (1-2,) 2p P’ ( ) Z bpDjz, Il for even m,
j==p V:1 k=—p
In " o L1 w sl _ lk ;
/ _ l/ L
Cmi.z Zl—zy% P (z )Zbk( J 77 for odd m.
Jj=—p+ 1 M k=—p
Moreover, for any compact subset M of C™[—6,1 + 4], it holds
42 /
(842) sup ma | £(2) = (@) (@)

<® 7 ™h™ max (m) ( h™e € —0as h— 0.
<Dy _pmmax | fU"(x) | +h™" e m My Ehym M

Proof. Let us extend f € W™>®(—§,1+6) C C™'[—4,1 + 6] up to function f € V"™>(R)
setting

f*(x)a < —0
fl)=3 flz), —0<x<1446
f+(2), r>1+6

where f+ are the Taylor polynomials of f of degree m — 1 with expansion centers —¢ and 1 + 9,
respectively. For 0 <z <1 we have f(z) — (Q),,,f)(z) = f(z) — (@}, ,,f)(¥), and together with
the equality

? - Q,h,m? = ? - QhA,m? + Qh,m (Qh,m? - Q%,m?)

we obtain

max | f(x) = (Qh mf) (@) |

0<z<1

<7 = Qo lloe +amsup | F(1+ ny = @I+
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By Theorem 8.2, | F — Qumf lloo < ®mprr™h™ || 7

representation (8.39) respectively for even and odd m, we get

|l Using the second and third

2)) <c’{ supjez | DY ~Vf; |, m even }

sup | ((L+ 5)h) = (@i D)+ <\ supyon | DYDY, |, m odd

I€Z

Further,

17 m/27F m ) F(m) m m
| D | = DPE IS | P s =R || £ oo for even m,

| DYDY, | =] (D D2DHF < B T o= B 7 e for odd m
where || £ [l == sup syt g | £ () | Thus

(8.43) I Quin(Qunf = QL) lloo < amclh™  sup | f™(2) |
—i<x<1+6

and (8.41) follows.
To prove (8.42), introduce the operator

Ah m - Cm[_(sy 1 + 6] i C[O, 1]7 Ah,mf = h_mQhﬁn(Qh,m? - Q;L,m?)

where the extension f of f now is built using the Taylor polynomials of f of degree m. For
f € C™T—6,1+ 4], we then have f € V™mTL(R), and similarly as (8.43) we obtain (cf. also
(8.40)) an estimate of order || Qpn.m(Qnmf — ngpgj) oo = O(R™F1). Thus || Apmf llco,— 0
as h — 0 for f from C™*1[—4,1 + §] which is a dense set in C™[—6,1 + 6]. According to (8.43),
| Anm lomi=s5146—cl0,1] < GmCy, for all sufficiently small i (for h < §/m). By Banach-Steinhaus
theorem, the convergence || Apm f [[clo,1) — 0 as h — 0 takes place for all f € C™[~0,1 + 0]; the
convergence is uniform with respect to f € M where M C C™[—6,1 + ¢] is a compact set. This
proves (8.42) with e o = = SUDsenr | Anmf llcpo,)— 0as h — 0. O

The weights a’ ,, (p) =a?) =g

Sim = s =

0,...,p" — 1, of the quasi-interpolant

@umh@ =Y D & k=i+ ) | Bulh™ 'z k)

keZ \|jl<p'—1
can be computed by (8.35) once for ever. For m = 3,...,10 they are as follows:

& n i=0 j=1 j=2 j=3 j=4 j=5
m'=3 1.2500000 —0.1250000

m=4 15000000 —0.2777778 0.0277778

m=>5 1.6614583 —0.3715278 0.0407986

m=6 2.0541667 —0.6385417 0.1229167 —0.0114583

m=7 23113137 —0.8030165 0.1629774 —0.0156178

m=8 29285825 —1.2534083 0.3430732 —0.0587258 0.0047696

m=9 33532232 —1.5474118 0.4418932 —0.0774754 0.0063823

m =10 4.3468295 —2.3113639 0.8030947 —0.1918579 0.0287522 —0.0020398

The value of ¢, =| @}, ,, |Bc®) —Bc®) can be computed according to the formula (cf.
Section 8.7)

(8.44) ¢ = Q). | pom—pom  (hax D Fnplz=3) |,

3 m+l]
JEZ
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x) = Z agszan(x —k), peN.
[k|<p—1

For m = 3,...,10, the numerical values of ¢/, (see (8.41)) and ¢, are presented in the following
table; we recall also the values of ¢ =| Qn.m || Bo®)—BO®)-

m 3 4 5 6 7 8 9 10 20
¢, 0016 0.019 0.015 0.0085 0.0060 0.0030 0.0022 0.0010 6.5-10-¢
q, 1250 1.354 1.329 1.403 1.356 1.413 1.378 1.419 1.514
qm 1414 1549 1.706 1.816 1.916 2.000 2.075 2.142 2.583

~

We see that the quasi-interpolation is even more stable than the interpolation. Nevertheless, it
can be guessed that also ¢/, grows logarithmically as m — oo.
The interpolation operator Q. is a projector (Q7 m = Qnm) with the range Sj, ;. The

range of a quasi-interpolation operator Q%p ) i also in Sh,m but Qh is not a projector. For
instance, for m > 3 the support of @}, ,, By (nz — k) is wider than [kh, (k +m)h], the support of
B, (nz — k), hence functions Q;L)mBm(nx — k) and B,,(nx — k) are different.

8.10. Approximation of periodic functions. Introduce the space Cper(R) of continuous
1-periodic functions equipped with the norm

[ f o= max | f(z) |=sup | f(z) |

0<z<1 2R
Denote also
per(R) = C™(R) N Cper(R), Wper (R) = W™>(R) N Cper(R), m € N.

In that follows we specify the algorithms to find the spline interpolant of a function f € Cper(R).
We also compare the accuracy-complexity intercourse for interpolation and quasi-interpolation.
Set h =1/n, n € N. Then for f € Cper(R), the Wiener interpolant

(Qh mf Z dkBm TLJZ - )

keZ

is 1-periodic and the bisequence of its coefficients dy = ZJEZ ap—; f((j + %5 )h) is n-periodic (i.e.,
dktn = di, k € Z), so it is sufficient to compute dy, ...,d,—1. Representing j € Z as j =i + ln
0<i<n-—1,1€Z, we have

dk—zzak i— lnf Zak ’Lf Z+ ) ) :Ov“'vn_]w

=0 l€Z

where

ap = Zak—zm | k|<n-—1.
leZ

Thus the computation of dy,...d,_1 is reduced to the application of the Toeplitz n x n-matrix
(’dk_i)};;io to the n-vector (f(h),...,f((n — 14 F)h)). The complexity of this application is
n? flops in the usual matrix algebra and O(nlogn) flops if the fast Fourier transform (FFT) is
involved. A further reduction of the complexity can be achieved using the periodised version of
B-splines as discussed below.

Introduce the dilated-shifted B-splines By, y, 1 (2) = B (nx —k), k € Z, and their 1-periodised
version

Brmi() =Y Bumu(z+1) =Y Bn(nz+In—k), keL.

leZ lez
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Clearly, En,m_k = Emm.ﬂm, k € Z, and Emm_k, k = 0,..n — 1, constitute a basis of the n-
dimensional space gh’m = Sp,m N Cper(R) of 1-periodic splines. The interpolation operator Qp m
defined in Section 8.2 maps Cper(R) into §h’m; representing j € Zas j=k+1In,0 <k <n—1,
| € Z, we have for f € Cper(R)

n—1 n—1
Qh,mf = E ijn,m,j = E § dk+lan,m,k+ln = § dan,m.k~
jez k=0 lEZ k=0

Due to periodicity, it is sufficient to pose the interpolation conditions (8.2) only for i = 0,...,n—1.
Thus, for f € Cper(R), the interpolant Qp m f = ZZ‘;& di By .1 is determined by conditions
m

(Quanf)((i+ ) = F((i+ ZIh), i =0,m — 1,

that lead to the n x n-system of linear algebraic equations
gy m m
(8.45) ;me,k((i + )k = F((i+ )h), i=0,n—1,

with respect to the expansion coefficients d, &k = 0,...,n — 1. From the presented considerations
we can conclude that (@,—;)} 2, is the inverse matrix to the matrix of system (8.45). There is not
much use of this fact for a fast solving of system (8.45). For n > m, the matrix of system (8.45)
preserves the band structure with a band width 241 but, in addition, p nonzero diagonals appear
in the left lower and right upper corners of the matrix. The solving of system (8.45) by the Gauss
elimination method without pivoting costs approximately N ~ im?n flops and N ~ 3m?n flops in
case of pivoting along columns of the lower triangle part of the matrix. A method of complexity mn
or perhaps cmn flops were of great interest but, unfortunately, the construction and justification
of so fast stable (possibly iterative) methods is complicated if possible at all. Note that already
one application of the matrix of system (8.45) to an n-vector costs (2u+1)n = mn flops. Actually
there is a method of complexity 2mn flops but it is hopelessly unstable: theoretically, in infinite
precise arithmetics, we could find do, ..., d2;,—1 by the application of the matrix (ak—i)}i;io to the
r.h.s. of (8.45) and after that determine dy,, ..., d,,—1 recursively from (8.45).
According to Theorem 8.2, for f € Wper” (R),

(8.46) I f = Qnmf lloo < Copam ™™ || ™ |l .

This is a remarkable estimate also in the sense that (see [8]) the Kolmogorov n-width of the set
{f € Wper'(R) :|| f0™ [lo< 1} in Cper(R) equals to @y, 17 ™0™ for even n. Hence, for
arbitrary n-dimensional subspace E, C Cper(R) with even n, no mapping M, : Wper™ (R) — E,
(linear or nonlinear!) and no e, < ®,, 17~ "n~™ exist such that || f — My f [eo< &n | fT™ |loo
for all f € Wper™ (R).

With respect to the complexity N = %m
system (8.45), estimate (8.46) takes the form

(847) H f - Qh,mf ||oo S (I)m,+1(27r)7mm2mN7m H f(m) ||oo .

2n corresponding to the Gauss elimination to solve

Let us turn to quasi-interpolation. For f € Cper(R), the quasi-interpolant @, f is still
defined by

(Qhmf)(@) =Y diBunz k), dy= Y ), f((k—j+)h), ke,

) 2
keZ [71<p’' =1

but now dj, = dj_,, k € Z, so we have to compute only d; for k& = 0,...,n — 1 that costs

approximately N = mn flops. By Theorem 8.7,

| f- Q/h,mf lloo < (Pr1m ™™ + gmcp, 2™ || f(m) locs f € Ir)ner(R)-
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With respect to the complexity N = mn, this estimate takes the form

(848) H f - Q;L,mf HOO S (‘I)”L+1ﬂ'7m + qmcin)mmem H f(m) ||:>O

that is better than (8.47): the factors m*™ and m™ dominate in (8.47) and (8.48), respectively;
for great m, the constant ¢/, seems to be of the order o(2~™/2). For an individual f € Cper(R),
the asymptotic estimate (8.42) even more strongly inclines us to prefer the quasi-interpolation.

9. Spline collocation and quasi-collocation for weakly singular integral equations

9.1. Operator form of the quasi-collocation method. Let us return to the weakly
singular integral equation (5.1) , u = Tu + f, with K € ™", f € C™¥(0,1), m>2,0<v < 1.
Using the smoothing change of variables we rewrite (5.1) in the form (5.15), v = T v + f,, in the
inteval 0 <t < 1. Introduce the extension operator (already expoloited in Section 7)

f(0)7 —0<t<0
Es:C[0,1] — C[-6,140], (Esf)(t)=4 f(t), 0<t<1
fa), 1<t<1+496

For h = 1/n, n € N, introduce the spline quasi-interpolation operator (see Section 4.9) Q;Lm :
C[-6,1+ 0] — C0,1],

n—1

(@) = D DA (. %)h) B(nt —i), 0<t<1.

i=—m+1 \|j|<p'-1
We approximate equation (5.15) by the finite dimensional equation

(91) Vp = Q;Lﬂn,EéTtpUh + Q;L,mEéﬁp'

In analogy to the collocation method, we call this method spline quasicollocation method. Note
that @}, ,,,Es : C[0,1] — C[0,1] is not a projection operator but this is no obstacle to obtain an
effective method.

Theorem 9.1. Let K € §™", f € C™¥(0,1), m > 3, v < 1, and let ¢ : [0,1] — [0,1]
satisfy the conditions of Theorem 5.3. Further, assume that N (I —T) = {0} (or equivalently,
N(I —T,) = {0}). Then there exists an ng, such that for n > ng the quasicollocation equation
(9.1) has a unique solution v,. The error of vy, can be estimated by

(9-2) o —vh o< ch™ [| 0™ oo

where v(t) = u,(t) = u(p(t)) is the solution of (5.15), u(z) is the solution of (5.1). The constant
cin (9.2) is independent of n and f (it depends on K, m and ).

Proof. This formulation is almost identical to that of Theorem 7.1 but now the claims concern
the spline quasicollocation method (9.1). The proof of the theorem repeats the argument in the
proof of Theorem 7.1. There is no need to reproduce all the details of the proof again. We
comment only on details that are different from those in the proof of Theorem 7.1.

First of all, we have to justify the pointwise convergence of @), , Es to I in C[0,1]. This
follows by Banach—Steinhaus theorem (Theorem 2.2): (i) clearly

| Qo Es lcioj—c0,1 </ Q@hm llor—s,145—cl0,1< const, n €N;
(ii) the set

yvm) .= {veCd™0,1]: v(j)(O) = 1)(j)(1) =0, j=1,..,m}
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is dense in C[0,1], EsV(™ c C™[~6,1 + §] and by (8.41) hmBsv — v for v € Vi as n — oo
with the estimate

(9-3) v = Qb Esv lloo< ch™ | 0™ o .

Now similarly as estimate (7.19) in the proof of Theorem 7.1, we obtain for the solution v of
equation (5.15) and the solution vy, of equation (9.1)

(9-4) [0 =vn [loo< ki | 0 = Q) Esv [loc

where

Kh ::H (I — Q;hmE(;Tg,)_l HC[O,l]HC[O,l]S — K as n — o9,

17%6]1

en =l T, - QZ,mEéTw HC[O,l]—»C[O,l]_’ 0 asn — oco.

By Corollary 5.1, v € V(™ for the solution of (5.15), thus estimate (9.4), (9.3) holds for the
solution of (5.15) and (9.1) implying (9.2). O

9.2. Matrix form of the spline quasicollocation method. The solution v, of the quasi-
collocation equation (9.1) has the form

n—1

(9.5) on(t) = Y ¢iBp_1(nt—i)
1=—m-+1
in which we have to determine the n +m — 1 unknown parameters ¢;, i = —m +1,...,n — 1. The

two terms in the r.h.s. of (9.1) are

n—1

@hmBsf)O = Y | D ahulBsf) (i =i+ 5)h) | Bulnt =i,

i=—m+1 \[j|<p'~1

and
n—1 m
(th,'rnElsTtPUh)(t) = Z Z a;',7rL(E5T<PUh)((i _j + g)h) Bm(nt - Z)
i=—mt1 \Jj<p—1
Here
fol K (0, s)vp(s)ds, t<0
(EsT,up)(t) = fol K,(t, s)vp(s)ds, 0<t<1
fol K, (1, s)vp(s)ds, t>1
n—1 fql K,(0,8)By,(ns — k)ds, t<0
= Y g Kot;)Br(ns — jk)ds,  0<t<1 ger,
h=—mt1 | [P K,(1,8)By(ns — jk)ds, t>1
thus
. ..m
(BsTpun) (G — 5 + )
n—1 fol K, (0, s)By,(ns — k)ds, (i—j+%)h<0
= > [TE((i+ ), 8)Bo(ns —k)ds, 0<(i—j+2)h<1 pe
k=—m+1 | (VK (1,8)Bm_i(ns — k)ds, (i—j+2)h>1
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From equality of coefficients by B,,—1(nt—i), i = —m+1,...,n—1, in the Lh.s and r.h.s. of equation
(9.1) we obtain the following system of linear equations for the determining of the parameters ¢;,
i=—-m+1,...n—1, of vp:

n—1
(9.6) = Z aipck+ B, i=-m+1,..,n—1,
k=—m+1

where

/ / .
pi = Z @jmOi—j, Cik = E @ mTimjks Lk=-m+1,..,n—1,

lil<p'—1 l71<p’—1

f(0), (i—|—%)h<0

oi=9 folli+%)h), 0<(i+5)h<1 5,
fo(1), (i+F)h>1

Jy Kp(0,8)Bp—i(ns — k)ds, (i+2)h <0

Tik =14 Jo Ko((i + 2)h, 8)Bpi(ns — k)ds, 0<(i+2)h<1
[ Ky (1,8)Bm—1(ns — k)ds, (i+2)h>1
Having found ¢;, i = —m + 1, ...,n — 1, by solving the system (9.6), the quasi-collocation solution

vy, is given by (9.5).
9.3. Periodization of the integral equation and the spline collocation method.
Introduce the one dimensional projection operator
II: Clo,1] — C0,1], (Iv)(z) = [v(1) —v(0)]x
(clearly I1? = II). Equation (5.15), v = T,,v + f,, is equivalent to the system of two equations
v = IT, Ilv + 1T, (I — v + 11 f,,

(I — Ty = (I — M)T,(Iv) + (I — T, (I — Myv + (I — D) f,
with unknowns ITv and (I — IT)v =: v. With respect to the unknowns « := v(1) — v(0) € R and
v € C[0,1], this system can be written as
1 1 B
(9.7 a=0a+ / o(s)v(s)ds + B, v(t) =a7(t)+ | K,(t, s)v(s)ds + f,(¢)
0 0

where

B = fsa(l) - fs@(o)a fv(t) = fw(t) - B,

1
o(s) =K,(1,s) — Ks(0,s), 6= /0 o(s)sds,

T(t) = /0 K,(t,s)sds — 0t, K,(t,s) = Ky(t,s) —to(s).

If (o, v) is a solution to system (9.7) then v(t) = at+v(¢) is a solution of equation (5.15). Observe
that

7(0) =7(1), K,(0,5) = K,(1,5);
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we extend 7(t) and IN(w(t, s) into 1-periodic functions of ¢ maintaining the same designations for
the extensions. For v = (I — II)v, v € C[0,1], we also have ¥(0) = ©(1), and the may treat

v and ﬁa as 1-periodic functions. So we can consider system (9.7) as an equation in the space
X =R x Cper(R),

o ()= 2)(5)-(7)

where

1
DI Cper(R) —>R, Ei?:/o O'(S)F'J(S)ds,

T, : Cper(R) — Cper(R), (T,7)(t) = /0 R, (t, 5)5(s)ds.

We build the collocation solution of (9.8) with the help of the interpolation projection operator
Qh,m Which maps Cper(R) into Sy, := Sh,m N Cper(R), see Section 8.10:

Qap _ 0 )Y . ap B _
(9.9) < Up, ) N < QnrmT  QnmT, > ( Unh ) + ( Qh,mfo >

This is a system with repect to ( %h ) e R x §h,’m; the approximate solution v; to equation

h
(5.15) is given by
(910) U}L(t) = apt + 5}L(t), 0<t<1.

Recall from Section 8.10 the designations By, m k(2) = By, (nz — k),

Emm,k(x) = Z By mi(x+1)= Z Bn(nz+1In—k), keZ.
leZ leZ

Recall also that Emm’k, k = 0,..n — 1, constitute a basis of the n-dimensional space §;,_ym =
Sh,m N Cper (R) of 1-periodic splines. Representing vy, = EZ;S ¢k Bn,m.k » (9.9) yields with respect
to n + 1 unknowns «j, and cg, ..., ¢,—1 the system of n + 1 linear algebraic equations

n—1 1
(9.11) ap, = 0ap + Z/ 0(8)Bn,m.k(s)ds e, + 0,
k=0"0
n—1 N m m n—1 1 m _
Z Bnmx((i + =)h)er = apT((i + =)h) + Z / [Ky((i 4+ = )h, s)Bn,m,k(s)ds ci
2 2 o 2
k=0 k=0
+ol(i+ ), i=0,n—1

Here 7(t), I?Sa(t, s) and f;(t) are understood as 1-periodic functions of t.
Theorem 9.2. Assume the conditions of Theorem 9.1. Then there exists an ng, such that for

n > ng the collocation system (9.11) has a unique solution ap, co,...,cn—1. The accuracy of vy
defined by (9.10) can be estimated by

(9.12) v = vn lloo< ch™ | 0™ o
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where the constant c is independent of n (of h=1/n).
Proof. X := R x Cper(R) is a Banach space with the norm || (o, ?) ||=[ & | + || ¥ ||oc. The

identity operator in X is given by Ix = ( (1) (I) > where [ is the identity operator in Cper(R).
Denote
0 X 0 by
T=( - = X - X, T, = ~ ~ X — X,
< T TAD ) 4 ( Qh,mT Q}L,mTLp )

The operator 7 : X — X is compact that easily follows from the compactness of the operator

T, : Cper(R) — Cper(R). If
(:)-(7 2)(%)

for some (o, v) € X then v := at + v is the solution of the homogenous equation v = T,v, and
by the assumption of the Theorem, v = 0 that implies « = 0, v = 0. Hence Ix —7 : X — X
has a bounded inverse (Ix —7)~' : X — X. Further, since T, : Cper(R) — Cper(R) is
compact and || U — Qum? [cc— O for every v € Cper(R), we have by Theorem 2.6 || (I —

Qhﬂn)ﬁ, ”Cper(R)—*Cper(]R)H 0 that implies | T — 75, ||x—x— 0 as n — oo. For n such that
H (IX — T)_l ||X—>XH T — 7;L “Xﬁx< 1, also Iy — 7;1 is invertible and

Cho=Il Ix —Tn) 7" [Ix—x
< | Ux —T)7" Ix—x
Tl Ux —T)  x=x| T —Th lx—x

as n — oo. In particular, collocation system (9.11) is uniquely solvable for all sufficiently large n.
For the solution («,v) of (9.8) and the solution (o, vp) of (9.9) we have

(Ix — Tn){(, D) — (on, W)} = (Ix — Tu)(0, ) — (B, Qnm )

= (Ix =T) " xox=:¢

= (Ix = T)(@, %) + (T = Tu)(,®) = (B, Qnm fy)

= (8, ) + (0, (I = Qnm)T + (I = Qnm)T,0) = (B, Qnm fy)
where for simplicity we wrote («,v) instead of ( % ) This implies

[ a—an [+ |0 =0n [o=l (a,0) = (an, o) [x < Cu | (I = Qn.m )V [loo -

By (8.46), | (I — Qhm)V |loo< @prrm ™A™ || 9™ ||. For the solution v(t) = at + v(t)
of equation (5.15) and the collocation solution vy, (t) = apnt + Ux(t), these estimate yield (9.12)
completing the proof of the Theorem. O

Exercises and problems.

1. Prove the compactness in C[0, 1] of the Fredholm and Volterra integral operators with a
continuous kernel, see Section 2.4.

2. Prove the Faa di Bruno differentiation formula (2.1). Hint: induction.

l
3. Establish the Leibnitz rule for (8% + 8%) :

(2 + aay)] [a(z, )b(z, )] = zlj (5) [((,fx ¥ jy) a(x,y)] (2+ fy)l_j b(a,v).

Jj=0
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4. Show that the kernel (3.1) with 0 < v < 1 belongs to S™" if a € C™ ([0, 1] x [0, 1]) or, more
generally, if a € S™7%, § > 0.

5. Show that the kernel K(x,y) = a(z,y)log | ¢ —y | with a € C™([0,1] x [0, 1]) belongs to
S™0 or, more generally, if a € S™ 9, § > 0.

6. Prove the claims of Lemma 3.1.

7. Prove Lemma 4.1.

8. Present a detailed proof of Theorem 4.3.

9. Prove the compactness of the imbedding C™*(0,1) C C[0,1], m > 1, v < 1.

10. Prove (5.4) and the compactness of the imbedding operator.

11. Prove that the spaces C"™¥(0,1) and C"¥(0, 1] are complete.

12. Prove that uwv € C™"(0,1) for u,v € C™¥(0,1) and

[ uv |

Cm,,,(071)§ C || u HC””T”(O,I)H v ||Cm,1/(0’1)

with a constant ¢ that is independent of v and v.

13. Prove that || v’ [[cm—1.v+1(0,1)<|| © [|gmov(0,1) for w € C™¥(0,1), m > 1, v < 0.

14. Prove that equation (6.1) with K € S™"(A), m > 0, v < 1, f € C[0,1] has a unique
solution u € C[0, 1].

15. Present a detailed proof of Lemma 7.1.

16. Assume the conditions of Theorem 7.1 but purely f, € C[0,1]. Prove that || v —v; [|oo— 0
as n — oo. Relax the condition also for K assuming that K € % v < 1.

17*. Present and prove a counterpart of Theorem 7.1 in case m = 1 using piecewise constant
interpolants with the central dislocation of the interpolation points, cf. Section 7.3. Examine
the superconvergence of the collocation solution at the collocation points, i.e., the convergence
with a speed exceeding the global convergence speed || v — v, ||oo< ¢h || V' ||oo. Examine full
discretizations of the method and two grid iteration schemes of complexity O(n?) flops to solve
the discretized collocation system . Solve numerical examples and comment on them.

18. Present the proof of the equivalence of Definitions 8.1 and 8.2.

19. Prove the properties of B,, listed in Section 8.1.

20. Show that for m > 2, By, is strictly increasing on [0, %] and strictly decreasing on [%,m].

21. Prove that, with By given in Definition 8.2, B,, satisfy the recursion

Bﬂmzﬁéiw%ﬂuyum—mgwgmqm m=23,..

22. Establish for by, = Bp(k + 3), | k |< p = int((m —1/2), m > 3, the recursion formula

1

— 26V 2b 11 + 2(m2 — 2m — 4k by 25)2bjr 1 mo1) -
Mm—mm—m«m J Pty - 2m " o1 + (M + 20) b4 1,m-1)

bk,m =

23. Prove the inequality || Qn.m || Bo®)—Be®) < D opez | Okml-

24. Show that for m > 3, the null space N(B) of the matrix B = (by_jm )k jez in the
vector space X of all bi-infinite vectors (d;);jez is of the dimension 2u being spanned by (27);ez,
v=1,...,2u, where z,, v =1, ..., 2u, are the characteristic roots.

25. Present a detailed proof of (8.11).

26. Prove estimate (8.16) for m = 1 and for m = 2.

27. Prove that the inclusion W™ (R) + P, C V"™ >(R) is strict for m = 2.

28. Let f be periodic with a period p = nh, n € N. Prove that then Qp ,,, f is also p-periodic.
Further, prove that Qp, . f = f for f(z) = 1; this claim was exploited in the proof of estimate
(8.16), so use the formula for @y, ,, f and do not use (8.16) or (8.17).

29. Prove claims 1 and 4 formulated in the part (ii) of the proof of Theorem 8.2.

30. Prove that condition (8.18) implies (8.19).

31. Present a detailed proof of Remark 8.5.

32. Let h = 1/n where n € N is even. Determine || Ep ., |12(0,1) and use (8.16) in order to
estimate H f - Qh,mf HL2(0,1) for f € WSC()EI"m(R)
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33. By Definition 8.1, the functions B; ,(z) := By, (z —j), j = 0,...,m — 1, are polynomials
of degree m — 1 on [m — 1,m]. Prove that span{B;,, : j = 0,..,m — 1} = P,,_1 and hence
{Bjm : j =0,..,m — 1} are linearly independent on [m — 1,m]. Observe a consequence: if
djez djBn,(h~'z —j) =0 on [ih, (i + 1)h] then d; =0 for j =i —m+1,...,i. Hint: Remark 8.1.

34. Let h = 1/n, n € N. Prove that the functions By, (nz — i), i = —m + 1,...,n — 1, are
linearly independent on the interval [0, 1]. Nevertheless, already for moderate and especially for
great m, one must be careful using this basis: compare the maximums of B,,(nxz — i) on [0, 1] for
extreme ¢ = —m+1 and ¢ = n— 1 with the maximum of B,,(nz —i) for central i = 0,....,n—m—1.

35. Prove that

(1/am)sup | ¢; | < sup | Y e;B(h™ e —j) [<sup | ¢; |,
JEZ z€R jez JEZL

1
2 2 2
B [ BY e P | < / D B e —j) Pdr| < |hY |e P
JEL R jez JEL
where oy, = >, o | Gk,m | and By, is a positive constant depending only on m; estimate it.
36. Prove that B, satisfies the relation B,,(x) = ZT:O BimBm(2x — j), * € R, where
Bim =Dk aj_k_ymBm(%(k' + ). Hints: B, = Q%Jan; Exercise 33.
37. Present a detailed proof of (8.28).
3&. Prove that ZjeZ(‘]ig)j =0 and Ja € Ssym(Z) for a € §sym(Z)
—1 N
39. Prove that fi, + 32071 7D fx = 20 j1<p1 a§p)fk,j, see (8.32), (8.35).
40.Establish for m = 3 (quadratic splines), x € [ih, (i + 1)h], i € Z, the formula

1) er oy o 1 1 5 3 1, 5
@ =3 (=57 + 30+ S1Ch+ ) = 31+ Db Balue =)
41. Establish for m = 4 (cubic splines), ith < x < (i + 1)h, i € Z, the formula
(Qh.af)(2)
(3, 5 o . I .
= 30 {36+ D)~ UG + DR+ G+ 3] 43507 + £ + a1}
j=i—3
‘By(h™ 'z — j)-

42. Prove (8.44).
43*. Establish the counterpart of Theorem 9.1 for the collocation method

Un = Qh,mE5TLpUn + Qh,mEéfga-

Present the matrix form of the method. Examine suitable full discretizations of the collocation and
quasi-collocation methods and present two grid iterations to solve the systems trying to restrict
all the computations to O(n?) flops; of course, the accuracy O(h™) should be maintained by the
approximate solution. Solve numerical examples an comment on them.

44*. Establish a counterpart of Theorem 9.2 for the the quasi-collocation method and present
the matrix form of the method. Examine suitable full discretizations of the collocation and quasi-
collocation methods for the periodised problem and present two grid iterations to solve the systems
trying to restrict all the computations to O(n?) flops; the accuracy O(h™) should be maintained
by the approximate solution. Solve numerical examples and comment on them.

Exercises labelled by * propose possible topics for master or doctor theses.
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Comments and bibliographical remarks.

With proofs, the results of Sections 2.1-2.4, except Theorem 2.8, can be found in any text
book on functional analysis, see e.g. in [7], [10] or [13]. The proof of Theorem 2.8, in its full extent,
is based on the Fredholm theory for compact operators, see [37] for details. Strange enought, the
Faa di Bruno’s differentiation formula (Theorem 2.9) is not included into standard text books on
calculus although its proof by induction is instructive and simple.

The study of the singularities of a solution of weakly singular integral equations has a long
history, see e.g. [1-3], [16], [17], [28] [36,37] and the literature quoted there; the results of Section
5 can be extended to multidimensional weakly singular integral equations, see [17], [28]. In the
last time, the smoothness/singularity results have been extended to integral equations of the type

u(r) = /0 K(z,y)y (1 — ) u(y)dy + f(x)

where K € S™Y, m>1,v <1, v+ A <1, v+ p < 1. It occurs that the boundary singularities
y~ (1 — y)~* by the kernel shift the solutions from C™"(0, 1) into the space C™*+ *+1(0, 1) of
functions that have the singularities of the type C"™ ¥+ in a vicinity of 0 and of the type C™¥ T+
in a vicinity of 1. See [16] for precise (and more general) formulations.

There is a varity of literature on the numerical solution of integral equations, including weakly
singular ones, see in particular, [1-3], [6], [7], [9], [19], [23], [26-28]. In the practice, large discretised
problems can be effectively solved by iteration methods such as two grid iterations, GMRES and
conjugate gradients. For the algorithms and justificatin of those, see, in addition to previous items,
also [12], [18], [25], [29] -

Piecewise polynomial collocation method can be applied to integral equation (5.1) directly,
without a smoothing transformation. The optimal convergence order O(n~"™) can be achieved by
using a suitable graded grid of the type

L\ T
1 /4 . )
i =< |- , 1=0,...,m, Tn+s = l—zp—y, 1=1,..,m,

where r > 1 is the grading parameter. For r = 1 the grid is uniform; for greater r the grid
points x; are more densely located near the end points of the interval [0, 1]. On every subinterval
[, xix1], ¢ =0, ..., 2n — 1, take m interpolation points & ; = z; + b;(z;41 — x;), | = 1, ..., m, where
0<b <..<by <1 are parameters that are independent of ¢ and n. Using these interpolation
points we can build a polynomial interpolant of degree m—1 of a given function f € C]0, 1] on every
interval [x;, z;y1], i = 0,...,2n — 1, independently and compose from those partial interpolants a
piecewise polynomial function on [0, 1] that we denote by @, f. It occurs that for f € C™¥(0,1)
and sufficiently large r = r(m, v) described in [28],[37], | f — Qnf o< ™™ || Winsw 1™ |00 -
Assuming that f € C™"(0,1), K € ™" and N(I — T) = {0}, the collocation method

applied to equation (5.1) converges with the optimal accuracy order
| u—up o< en™™ | wmﬁLVflu(m) lloo -

In [14,15], this method is combined with the smoothing change of variables to reduce the restriction
on the grading parameter r. In particular, the uniform grid (r = 1) can be used setting suitable
conditions on . The collocation method introdoced and examined in Section 7 of the present
lecture notes is different. This method similarly as the two methods of Section 9 seem to be new.
The periodization of the problem allows to use not only periodic splines (as in Section 9.3) but
also trigonometric or wavelet trial functions, cf. [19].

The spline interpolation problem has been found much attention in the literature, see, in
particular, the monographs [5], [§], [21-23], [39]. Usually the interpolation problem is formulated
for an interval, say, for [0, 1], but we followed [23] where the treatment of interpolation starts
from R. For us the interpolation on R is comfortable since, due to boundary conditions (5.20)
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satisfied by the solution of the transformed integral equation (5.15) on [0, 1], we have a simple
way to extend the solution onto R maintaining the C™-smoothness. Our idea to use the Wiener
theorem for the construction of the (Wiener) interpolant is equivalent to the idea of constructing
the interpolant with a bounded derivative of order m — 1 exploited in [23]. The central result of
Section 8 — Theorem 8.2 — has been established for 1-periodic functions and h = 1/n with even
n by Korneychuk [8] in 1984 and recently extended by Vainikko [31,33] to the full extent in the
process of lecturing in Helsinki and Tartu; consequences for the quasi-interpolation are published
in [11]. In the literature, the spline quasi-interpolants have been usually introduced through the
condition that they reproduce the polynomials of degree < m — 1, without any connection to the
real interpolant, see [5], [22], [39]. In [22], the quasi-interpolants are systematically exploited to
estimate, in a varity of norms, the distance of a given function from the subspace of splines. This
approach leads to optimal convergence orders but the constants in estimates remain undetermined
or are rather coarse, for instance, the estimate || @}, ,, c—~c< (2m)™ is established for the
quasi-interpolation operators described in [22]. Our treatment of quasi-interpolants based on the
difference representation of the Wiener solution is different and has the advantage that we obtain
simple closed formulae for the quasi-interpolants of any approximation degree, and at least for
m < 20 the norms of the interpolation and quasi-interpolation operators are quite acceptable to
be sure that the numerical schemes are stable with respect to truncation and rounding errors.

The problem of a full discretization of the collocation schemes and of a fast solution of the
collocation systems remained untouched in these lectures. In the section Exercises and Problems
we formulated some problems to construnt fully discrete schemes of the optimal accuracy order
and complexity O(n?) flops for their implementation. Similarly as in [30,32,34,35,38] for the
case of smooth kernels without singularities, it is a challenging problem how to reduce the
arithmetical work to O(n) flops maintaining the optimal accuracy || v — vy, [|eo< ¢h™ || 0™ || oo
of the approximate solution under the assumptions that f € C™"(0,1), K € S*™", m>1,v <1
and N(I —T) = {0}. Actually a radical open complexity problem is whether (or under which
additional conditions on the kernel) this is possible at all; in analogy to the case of smooth kernels,
we already strengthened the condition K € S™" up to K € S?™¥ but it is not clear whether this
is enought.

Fast solution is supremely important in the case of multidimensinal integral equations.
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