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Abstract An influential line of thought claims that nat-

ural language and arithmetic processing require recursion,

a putative hallmark of human cognitive processing

(Chomsky in Evolution of human language: biolinguistic

perspectives. Cambridge University Press, Cambridge,

pp 45–61, 2010; Fitch et al. in Cognition 97(2):179–210,

2005; Hauser et al. in Science 298(5598):1569–1579,

2002). First, we question the need for recursion in human

cognitive processing by arguing that a generally simpler

and less resource demanding process—iteration—is suffi-

cient to account for human natural language and arithmetic

performance. We argue that the only motivation for

recursion, the infinity in natural language and arithmetic

competence, is equally approachable by iteration and

recursion. Second, we submit that the infinity in natural

language and arithmetic competence reduces to imagining

infinite embedding or concatenation, which is completely

independent from the ability to implement infinite pro-

cessing, and thus, independent from both recursion and

iteration. Furthermore, we claim that a property of natural

language is physically uncountable finity and not discrete

infinity.

Keywords Recursion � Iteration � Language � Brain �
Infinity � Embedding � Arithmetic

Introduction

An influential line of thought claims that a hallmark of

human cognitive processing is recursion (Christiansen

and Chater 2003; Fitch et al. 2005; Hauser et al. 2002;

Hurford 2004; Premack 2007). The proponents of this

view, most famously Noam Chomsky, appeal to the facts

that (a) there is no non-arbitrary upper bound to sentence

length, (b) the set of natural numbers N is infinite, (c)

humans are able to perform arithmetic on N, and to the

conjecture, drawn from Wallace’s paradox, that natural

language and arithmetic processing are mediated by the

same faculty (Chomsky 2010; Fitch et al. 2005; Hauser

et al. 2002). From this, they draw a more general con-

jecture that the faculty of language must include a neu-

rally implemented recursive process to account for these

facts. In this paper, we analyze natural language and

arithmetic performance and conclude that there are no

compelling reasons to posit neurally implemented recur-

sion. We show that since recursion is a process or pro-

cedure, it cannot, in principle, be inferred from structure

alone. When this stance is adopted, several popular

arguments for recursion in natural language and arith-

metic performance are downplayed. In addition, we

emphasize that the infinity in natural language and

arithmetic competence reduces to imagining infinite

embedding or concatenation, which is independent from a

neurally implemented recursive process. Due to a number

of theoretical and practical considerations, we conclude

that neurally implemented recursion might be altogether

impossible to find evidence for.
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Recursion and embedding

Hauser et al. (2002) drew a distinction between the whole

language faculty, including the aspects shared with other

species or faculties (the faculty of language in the broad

sense) and the unique aspects of the language faculty (the

faculty of language in the narrow sense). They hypothe-

sized that the unique aspects of the language faculty

comprise ‘‘only the core computational mechanisms of

recursion as they appear in narrow syntax and the map-

pings to the Sensory-Motor and Conceptual-Intentional

interfaces’’ (Hauser et al. 2002, p. 1573). Lately, this

hypothesis has been vigorously challenged (Jackendoff and

Pinker 2005; Parker 2006; Pinker and Jackendoff 2005).

Interestingly, none of the challenges question the need for

recursion (or infinity) in natural language. Although the

viability of a biologically determined Universal Grammar

(and thus, the faculty of language in the narrow sense) has

been recently challenged from evolutionary (Christiansen

and Chater 2008) and linguistic typological (Evans and

Levinson 2009) viewpoints, recursion is still almost uni-

versally accepted as the explanation to the generativity (i.e.

open-endedness) in language. The only exceptions appear

to be Lieberman (2008, 2010) and Bickerton (2009), both

of whom raise the notion of iteration, contesting recursion

from a neuroscientific and linguistic perspective, respec-

tively. In this section, we suggest that recursion is not

required for natural language. First, we will focus on the

logical contingencies of recursion and embedding. Second,

as the narrower claim of Hauser et al. that recursion is

unique to our species has subsequently been questioned

(Marcus 2006; Okanoya 2007; Watanabe and Huber 2006),

we will argue that recursion in non-human animal com-

munication has so far not been attested.

Recursion

Defining recursion

First, in order to bring the notion of recursiveness into a

more general perspective, we will inspect the definition of

recursion in its original context—mathematical logic.

Rogers Jr. (1987, pp. 5–6) gives the following description

of a Gödelian recursive definition: ‘‘A recursive definition

for a function is, roughly speaking, a definition wherein

values of the function for given arguments are directly

related to values of the same function for ‘‘simpler’’

arguments or to values of ‘‘simpler’’ functions.’’ For

example, in the recursive function for defining Fibonacci

numbers (for integers n [ 1), Fib(n) is directly related to

Fib(n-1) and Fib(n-2): Fib(n) = Fib(n-1) ? Fib(n-2). For a

mathematical definition of primitive recursion, see

Odifreddi (1992, p. 20). For the present discussion, the

most important aspect of recursion lies in its ability to

describe an infinity of (input, output) pairs by a finitely

definable set of operations in an effectively computable

manner (see Odifreddi, 1992, pp. 34–36, for details). Thus,

recursion has a potential to explain the generation of open-

ended symbol combinations in natural language and

arithmetic performance.

Recursion differs from iteration (another form of repe-

tition) in two essential respects. First, definitions employing

iteration do not involve self-reference. Second, without

self-reference, every (input, output) pair needs to be defined

explicitly, rendering it impossible to define infinite sets by

finite means other than by a control flow loop. Computa-

tionally, there is a clear difference between a procedure that

invokes another instance of itself (recursion) and a proce-

dure that repeats itself either mechanically or with a control

flow loop (iteration). Recursion and iteration are the only

computational solutions for handling repetition.

As a rule, implementations of recursive functions are

slower than those of iterative because recursive functions

must allocate memory for their multiple instances. In

Abelson et al. (1996), the difference between recursive and

iterative processes is captured as follows. Recursive pro-

cesses are characterized by a chain of deferred operations

and require that the interpreter keep track of the operations

to be performed later on. An iterative process is one whose

state can be summarized by a fixed number of state vari-

ables, together with a fixed rule that describes how the state

variables should be updated as the process moves from

state to state. All this being said, recursive procedures (or

definitions) tend to be formally and notationally more

elegant than iterative ones. The difference between process

and procedure is explained in 2.1.2.

Returning to linguistics, we will first attempt to identify

the essential properties of recursion that have led to the view

that recursion is a component of the language faculty

(Christiansen and Chater 2003; Fitch et al. 2005; Hauser et al.

2002; Hurford 2004; Jackendoff and Pinker 2005; Pinker and

Jackendoff 2005; Premack 2007). For this, we return to the

influential paper by Hauser et al. (2002), which was the first

to explicitly formulate this view (regrettably, no definition of

recursion was given in the article). After reviewing all

statements about recursion in the paper, the following defi-

nition emerges (numbers in brackets refer to the pages in

Hauser et al. (2002) where the statements appear): recursion

is a neurally implemented (p. 1574) computational mecha-

nism (p. 1573) that yields a potentially infinite array of dis-

crete expressions (pp. 1570, 1571, 1574) from a finite set of

elements (p. 1571). Crucially, a computational mechanism

with finite input and potentially infinite output, described

here, does not imply recursion, as it is possible to generate a

potentially infinite output from a finite set of elements

without recursive operation by implementing n ? ?
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operations iteratively. Hence, it is not clear whether the

mechanism described by Hauser et al. (2002) is recursive or,

perhaps, merely iterative (cf. Tomalin 2007). While it is

plausible that the notion of recursion as applied by Hauser

et al. (2002) refers to the ‘recursion’ in the Minimalist Pro-

gram (Chomsky 1995), the latter allows for a range of

interpretations. Tomalin (2007, p. 1797) has, usefully, dis-

tinguished between five different interpretations of ‘recur-

sion’ in formal sciences, with ‘inductive definition’ as the

most broad one (and thus the safest for syntactic theory).

Tomalin’s (2007) theoretic variants and computational

equivalents of recursion (k-definability, Turing comput-

ability et al.) are more or less on the same level of abstraction

but recursion can also be defined in five different levels (in

the order of decreasing abstractness) (Table 1).

We suggest that, for cognitive and neural modeling, the

procedural level (4) is of central importance. For the fol-

lowing discussion, it is crucial that the recursion we are

looking for is implemented in the brain (Hauser et al. 2002,

p. 1574), i.e. it is not something that is posited at the level

of computational theory only (Marr’s (1982) level 1 of his

three levels of information processing). It is also important

to note that levels 4 and 5 in Table 1 correspond to Marr’s

level 2 (algorithm and input/output representation) of

information processing. In the next section, we will

examine whether and how any of the levels in Table 1 can

be connected to Marr’s level 3 (hardware implementation)

in the brain.

Recursion, iteration, and inductive definition

All open-ended sets (e.g. language expressions, N) can be

defined inductively, i.e. recursively in the broadest sense.

For example, one can have the following inductive defi-

nition of ‘bear’: (a) Ted is a bear; (b) All entities that share

at least 98% of Ted’s genome are bears. Observe that,

although the set of potential ‘bears’ is open ended and

inductively defined, no recursion is computationally nec-

essary to determine its contents. An iterative process that

compares Ted’s genome to that of potential ‘bears’ would

do the job. Importantly, the difference between iteration

and recursion pertains to levels 4–5 only. Thus, even if

recursion were used in levels 1–3, the involvement of a

recursive process or procedure would not be implied, as it

can be implemented with a purely iterative computational

process (e.g. on a Turing machine). Thus, at the very least,

one must distinguish between the definition and processing

levels.

In some instances, induction may be necessary (or at

least the optimal way) for defining a set. However, this is

not the case with the outputs of recursive rewrite rules for

which a general rule coupled with iteration gives an

alternative definition. Below is a strip of iterative pseudo-

code that defines the infinite set of finite strings

…[X[X[X[XY]]]] that can be also defined with the recur-

sive rewrite rule Y ? XY:

while true: ==infinite loop ðwith a condition that always holds trueÞ:
Y ¼ concatenate X;Yð Þ ==append Y to X; assign the result to Y

From the viewpoint of effective calculability, general

recursion and Turing computability are equivalent (Kleene

1952, p. 300), and a universal Turing machine can

enumerate any recursively enumerable formal language

(an infinite set of finite strings) as can general recursion

(Sipser 1997). Turing machine is based on iteration,

whereas general recursion is based only on recursion.

Over finite outputs, recursion and infinite iteration are

computationally equivalent (Turing-equivalent).

We must also distinguish between recursion as a formal

explanation and recursion as something that is imple-

mented in the brain. We cannot rule out recursion as a

parsimonious formal explanation for, example, adjective

left-branching in NPs, i.e. we cannot preclude the rule

NP ? A NP as a formal explanation. It is a completely

different matter; however, whether the rule is somehow

implemented in the brain. Crucially, (a.1) a neurally

implemented procedure (that defines a neurally imple-

mented process) is impossible to find evidence for with

present-day methods. As there are no explicit formulations

as to what a neural description of a recursive procedure

could look like, we are unable to isolate it in the brain and,

accordingly, unable to verify its existence. Thus, an evi-

dence for (b.1) a neurally implemented process which

satisfies (a.1) is ruled out as well. On the other hand,

Lieberman (2008, p. 527) has recently suggested that

‘‘neural circuits linking local operations in the cortex and

Table 1 ‘Recursion’ in five different levels

1. Inductive (or recursive) definition: a definition with a base rule, specifying that certain ‘‘simple’’ objects are in the class, and an inductive

(recursive) rule, stating that if certain objects are in the class, then so are certain other objects formed or derived from them (Minsky 1972)

2. Recursive definition for a function: a definition wherein values of the function for given arguments are directly related to values of the same

function for ‘‘simpler’’ arguments or to values of ‘‘simpler’’ functions (Rogers Jr. 1987)

3. Recursive function: a function that is defined recursively (see level 2)

4. Recursive procedure: a procedure that, when executed, invokes another instance of itself (Abelson et al. 1996)

5. Recursive process: an execution of a recursive procedure (see level 4)
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the basal ganglia confer reiterative capacities, expressed in

seemingly unrelated human traits such as speech, syntax,

adaptive actions to changing circumstances, dancing, and

music’’, thus obviating the need for a neural implementa-

tion of recursion. Of course, the distinction between neu-

rally implemented recursive and iterative processes is

rather opaque for present-day methods, i.e. the possibility

of a neurally implemented recursion cannot be ruled out.

We argue for iteration only as a simpler and equipotent

computational alternative to recursion.

In sum, we have seen that inductive definitions (level 1

in Table 1) are not necessary for defining the outputs of

recursive rewrite rules. Moreover, even if they were nec-

essary, there would be no sense in (and no obvious way of)

implementing level 1 in the brain separately from levels 4

and 5. As for levels 2 and 3, it would be outlandish to

assume that the brain somehow (and apparently redun-

dantly) implements equations of the processes it carries

out. Thus, implementations of these levels can be ruled out

as well. We have also argued that implementations of

levels 4 and 5 would be, even theoretically, extremely

difficult to isolate in the brain with present-day knowledge

and methods.

Recursion and self-embedding: a confusion

Regrettably, the biggest confusion with ‘recursion’ is yet to

be described. In computer science, on the procedural level,

recursion denotes the syntactic property that a procedure

definition refers to the procedure itself (Abelson et al. 1996).

In Chomsky’s (1956, 1964 [1957], 1975) phrase structure

grammar, recursion is a property of rewrite rules (all that is

on the left side of the rewrite arrow repeats on the right side

of the arrow, e.g. A ? AB). For some other theorists,

recursion is a structural property: a situation where an

instance of an item is embedded in another instance of the

same item (Heine and Kuteva 2007; Jackendoff and Pinker

2005; Parker 2006; Premack 2004). For clarity, let us call the

former recursion and the latter self-embedding.1 Recursion

and self-embedding are logically independent for the fol-

lowing reasons. First, a self-embedded structure (an NP

within an NP, a box within a box etc.) does not have to be

recursively generated. Jackendoff and Pinker (2005) submit

a picture of a rectangular form within another rectangular

form as an example of ‘recursion in visual grouping’.

Obviously, this has no bearing whatever on recursion. It

would be outlandish to assume that recursion is necessary to

put a box in a box, or for understanding that a box is in a box.

Yet, for conspicuous (but nonetheless insufficient) reasons,

this assumption is held with syntactic categories like sen-

tence and NP. The reasons are, of course, the recursive

rewrite rules of generative grammar (e.g. NP ? A NP), and

they are insufficient as there are at least three mathematically

explicit alternatives to generative grammar (for details, see

Pullum and Stolz 2010). Moreover, even if generative

grammar with its recursive rewrite rules is the best theory

around, the output of recursive rewrite rules can be generated

iteratively as well (see ‘‘Recursion, iteration, and inductive

definition’’). Furthermore, iteration is defined as the repeated

application of a transformation (Chang and Sederberg 1998;

Weisstein 2003), which is something that Chomsky’s (1956,

p. 113) description of his early transformational version of

generative grammar explicitly incoporates: ‘‘/—/phrase

structure is limited to a kernel of simple sentences from

which all other sentences are constructed by repeated

transformations’’. The confusion with recursion can be

traced back to Chomsky (1971 [1957], p. 24; 1956, p. 115),

who refers to loops as ‘recursive devices’. The source that

the formalism is taken from refers to the loops as ‘circuits’

(‘‘a closed series of lines in the graph with all arrows on the

lines pointing in the same orientation’’—Shannon and

Weaver 1964 [1949], p. 47). The circuits pertain to a graphic

representation of finite-state Markov chains, and to call them

‘recursive’ is jumping to the conclusion, as Markov chains

do not prescribe an algorithmic realization for the circuits. In

Chomsky (1959, p. 143), ‘recursive function’ is used as a

synonym for ‘Turing computable function’. Again, this is

confusing, as computational equivalence does not imply

algorithmic equivalence (which is absent in this case).

Fitch (2010) claims that iterative functions are inade-

quate for generating center- and/or self-embedding. As an

example of the superiority of recursion over iteration, he

presents a recursive center-embedding program generating

AnBn. Below is an iterative pseudocode that does the same:

C ¼ ‘‘‘‘ ==evaluate C to the empty string

for i ¼ 0 to n do : ==loop n times

C ¼ concatenateð‘‘A’’;C; ‘‘B’’Þ ==concatenate ‘‘A’’;C and ‘‘B’’;
==and assign the result to C

This is center-embedding: the program embeds

C between ‘‘A’’ and ‘‘B’’ n times, with i indicating the

depth of embedding in each cycle of the loop. It is true that

‘‘recursive functions take their own past output as their

next input’’ (Fitch 2010, p. 75) but this feature is not unique

to recursion—in our above examples, concatenate()

coupled with iteration does the same, and so does the

addition function in the sequence a1 ? a2 = a3,

a3 ? a4 = a5, a5 ? a6 = a7….

1 Observe that, in Chomsky’s (1959) phrase structure grammar, self-

embedding has a different, precise technical meaning. In phrase

structure grammar, self-embedding entails recursion but not vice

versa. A grammar is self-embedding if it contains a derivation

A ) xAy, where A is a single non-terminal and {x,y} are non-empty

strings (Chomsky 1959, p. 148). For example, S ? ASB and

{S ? ASB, S ? AB} are self-embedding grammars that generate

…AASBB… and …AABB…, respectively.
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Recursion and self-embedding are already in principle

very different. Recursion pertains to a process or proce-

dure, self-embedding pertains to a structure. A recursive

process or procedure is something that, more often than

not, cannot be directly observed. Self-embedding, on the

other hand, is usually salient and an offshoot of a cognitive

phenomenon we term ‘parallel interpretation’. Parallel

interpretation is the interpretation of elements of a single

communication system and modality at multiple levels2

(e.g. perceiving a rectangle within a rectangle, detecting a

noun phrase within a noun phrase). A crucial difference

between parallel interpretation and non-parallel interpre-

tation is that only parallel interpretation allows the same

element to be interpreted simultaneously as a type (i.e.

category) and as a token (i.e. instance), hence implying

additional interpretative correlates not present in the input.

The type/token distinction is a precondition for self-

embedding, where tokens are embedded under the same

type (e.g. NP or clause). An example of parallel interpre-

tation is natural language. Linguistic interpretation is

sequential and compounding, merging smaller units that

are per se meaningful in the code (Chomsky 1995; Hauser

et al. 2002; Studdert-Kennedy 1998). As far as we know,

linguistic code is unique among natural communication

systems in stipulating semantic compositionality, whereby

meaningful units are combined into diversely meaningful

higher-order units (e.g. words into phrases, sentences and

compound words, phrases into sentences, and higher-order

phrases).

As an illustration that self-embedding is possible in

parallel interpretation only, consider the following exam-

ple: the recursive center-embedding rule AB ? AABB

generates the strings AABB, AAABBB etc. It is impossible

to tell by looking at these strings whether their generation

procedure (or process) was recursion, iteration, or neither

(cf. Corballis 2007a; Fitch 2010, and the example above).

Furthermore, it is impossible to tell whether the strings

exhibit self-embedding. The definition of self-embedding

was ‘‘an instance of an item is embedded in another

instance of the same item’’. In other words, ‘‘an instance of

a type (i.e. a token) is embedded in another instance of the

same type (i.e. in another token)’’. Without any a priori

assumptions about the generative mechanism (e.g. stipula-

tion of a certain phrase structure grammar), it is undecidable

whether a string …AABB… is embedded, concatenated, or

elementary (assuming that different generative mechanisms

may allow for different elementary strings).

Embedding

Embedding is a situation where an item is embedded in any

item (with infinity not implied). Embedding is logically

independent from recursion (i.e. there can be one without

the other). First, embedding does not have to be generated

by a recursive rule. It can be created iteratively or by any

other function with relevant output. Second, a recursive

process or procedure does not have to yield (relevant)

output. Assuming that we cannot witness a recursive pro-

cess or procedure in situ (e.g. in the brain), two conditions

must be met for attesting it: (1) it must generate output, and

(2) there must be a one-to-one correspondence between the

values of the recursive procedure and its output. Logically,

self-embedding is a situation where an instance of an item

is embedded in another instance of the same item (with

infinity not implied); thus, self-embedding is a proper

subset of embedding. The fact that embedding is hierar-

chical has frequently raised speculations about a putative

underlying recursive process or procedure (or more

unfortunately, resulted in confusing embedding with

recursion). By definition, self-embedding does not imply

recursively generated embedded output. As explained

above, a hierarchical or embedded structure is insufficient

to decide on its generative mechanism. Hence, self-

embedding can be unambiguously equated with recursion

only in the context of recursive rules, the output of which

can be organized into a containment hierarchy. As Suzuki

et al. correctly remark in discussing humpback whale song,

‘‘Hierarchical grammars may be efficiently represented

using recursion, although recursion is not necessarily

implied by hierarchy’’ (Suzuki et al. 2006, p. 1863).

Recursion in non-human communication?

Following the widely cited paper by Hauser et al. (2002),

there have been some claims as to the possibility of

recursion in non-human communication (Marcus 2006;

Okanoya 2007; Watanabe and Huber 2006). However, the

study that the claims refer to does not imply recursion in

non-humans. In the experiments by Gentner et al. (2006),

European starlings learned to classify the sequences from

the recursive, center-embedding grammar AB ? AABB

with respect to finite-state grammar and agrammatical

sequences (with A corresponding to ‘rattle’ and B to

‘warble’ motif from their song repertoire). As explained in

‘‘Recursion and self-embedding: a confusion’’, although

the grammar AB ? AABB is recursive, its output strings,

when judged by themselves (as in the experiment), exhibit

neither recursion nor self-embedding. The starlings learned

to differentiate the AB ? AABB sequences AABB,

AAABBB etc. from the others like AAAA, BBBB, ABBA,

BAAB, ABABAB, and ABABABAB We argue that this

2 Parallel interpretation may be closely related to multitasking

(consciously managing two or more operations)—an ability admit-

tedly unique to humans (Donald 1998).
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distinction could have been made by pattern recognition

mechanisms capable of subitizing the number of identical

adjacent symbols up to 4 and rejecting all strings where the

numbers for A and B differ.3 Given the complexity of their

song and the fact that they are excellent mimics (Chaiken

et al. 1994), it is axiomatic that European starlings have a

capacity for auditory pattern memorization and recognition

(after all, they would have to recognize the song of their

conspecifics from all others). Since the number of con-

secutive As or Bs never exceeded 4, the starlings probably

relied on their ‘‘counting’’ ability (Corballis 2007b). As

Köhler’s classic experiments have shown, pigeons and

jackdaws can ‘‘count’’ a simultaneously or successively

presented set up to 6, and ravens and parrots up to 7 ele-

ments (Köhler 1956). Thus, there are two plausible cues

that the birds could have used: rhythm and number. Given

this, it would be surprising if nine out of eleven birds would

not have learned to reliably discriminate AABB, AAABBB

etc. from other sequences after 10,000–50,000 trials. As the

birds were only trained on AABB vs. ABAB, we need an

explanation why their response to the novel sequence

AAABBB was different from that to AABBBB. We sug-

gest that pattern recognition and/or counting are more

simple and plausible explanations than learning a recursive

rule. While it is true that a more generalized pattern or

rhythm recognizer will have trouble rejecting A*B*, an

exact one will reject all except AnBn. In addition, though a

sufficient degree of exactness is not very high for strings

of up to 4 As and 4 Bs, the birds still made mistakes

(albeit their classification was significantly better than

chance performance). If the birds had learned the recursive

rule, there would have been only chance mistakes, if any.

After all, learning a rule can be differentiated from pattern

recognition only by extremely stable and nearly perfect

performance in situations where new patterns are

introduced.

We submit two general points about attesting self-

embedding and recursion in communication. First, it is

easier to attest self-embedding than recursion. Second, as

described in ‘‘Recursion and self-embedding: a confu-

sion’’, self-embedding subsumes parallel interpretation.

To our knowledge, neither recursion nor self-embedding

has been attested in non-human animal communication.

This is in concordance with the observations that no non-

human animal communication system known shows evi-

dence of syntactic recursion (Fitch et al. 2005; Hurford

2004).

Infinity in natural language and arithmetic competence

The central claim of Hauser et al. (2002) and Chomsky

(2010) is that a neurally implemented recursive process

introduces infinity to natural language and arithmetic. An

example of (potential) infinity in natural language and

arithmetic competence is the knowledge that one can add 1

to n, append a natural language expression to text or embed

clauses indefinitely. Of course, we are incapable of per-

forming infinitely in any of these tasks (hence the famous

competence/performance distinction—Chomsky 1975,

1995).

In the Minimalist framework (Chomsky 1995), it is not

hard to show that if the lexicon is reduced to a single

element, then unbounded Merge (an operation that takes a

pair of syntactic objects and replaces them with a new

combined syntactic object) will yield arithmetic (Chomsky

2010). Chomsky’s derivation of neurally implemented

recursion for operating on N is as follows. A) Any formal

definition of the set of natural numbers N = {0, 1, 2, 3,…}

incorporates recursion by means of the successor function,

where 1 = S(0); 2 = S(S(0)) etc. B) We have knowledge of

the properties of N (i.e. given enough time and space, we

can compute the sum of two numbers and distinguish the

right from the wrong answer). From premises A and B, he

conjectures that neurally implemented recursion is required

for operating on N (e.g. for adding 4555 to 7884). Thus, we

have the following: (1) infinity in natural language and

arithmetic competence (to motivate neurally implemented

recursive process in the first place), (2) neurally imple-

mented recursion is required to operate on N, and (3) N is

an offshoot of the language faculty. From these premises, it

follows that (4) neurally implemented recursion underlies

both N and natural language.

On the face of it, the above argumentation for neurally

implemented recursion is consistent and logically sound.

However, the points (1)–(4) themselves are rather shaky,

and in ‘‘Arithmetic performance’’ we argue in more detail

that neurally implemented recursion is not necessary to

operate on N. Here, we make only some general observa-

tions. (4) is the only feasible conjecture from premises

{(1), (2), (3)} only insofar as we assume that an inputting

brain function can be formally and straightforwardly

derived from its final output (in this case, supposedly,

infinity in natural language and arithmetic competence).

For separate reasons, this assumption seems erroneous both

in this particular case and in principle. Firstly, as will be

explained below, infinity in natural language and arith-

metic competence reduces to imagining infinite embedding

or concatenation and thus does not qualify as an output of a

recursive process or procedure (as there is no reason to

assume that conceptualizing infinity requires recursion).

Secondly, it is not clear whether or to what extent some

3 In a well-known experiment, pigeons were trained to reliably

discriminate between novel paintings by Picasso and Monet (Watan-

abe et al. 1995).
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fractions or levels of the universe comply with the laws of

classical logic. These laws are derived from empirical

evidence. Thus, they do not necessarily hold for the

domains that we have had very limited or no access to—for

example, it has been shown that the distributive law breaks

down in quantum mechanics (Birkhoff and von Neumann

1936; Putnam 1975). Thirdly, as recursive processes

assume serial processing (the product of a recursive func-

tion with a certain argument value depends on its product

for the previous argument value, except in the base case),

their mappability to a neurobiological interface is prob-

lematic since the brain integrates information via massively

parallel circuits (Felleman and Van Essen 1991).4 The

evidence available on brain function so far indicates that,

while it may be a computer in a very loose sense, it is

radically different from those that we have built (rather

analog than digital, with predominantly parallel processing,

not computationally equivalent to a universal Turing

machine etc.), and vastly more complex (Douglas and

Martin 2007; Leng and Ludwig 2006). We suspect that, in

the brain, there are too many mediating layers between the

final output and the input procedure for the latter to be

derived from the former with any certainty. Thus, it is not

clear whether it is correct to derive a neurally implemented

recursive process from premises A and B above. In par-

ticular, we suggest that it is not clear whether monotonicity

of entailment holds in deriving a neurally implemented

recursive process from A and B above—i.e. it is not clear

that if neurally implemented recursive process infers from

A,B, it would infer from A,B,X, where X is an additional

premise stipulated by brain function. A and B yield the

assertion that exact arithmetic (premise B) stems from

conceptualizing the set of natural numbers as defined by

the successor function (premise A). However, premise A is

not necessary for arithmetic. Computers implement arith-

metic by dedicated logic circuits that combine bits from

two binary inputs to yield the result (von Neumann 1948).

Children, on the other hand, do arithmetic initially by using

their limited ability to count and later acquire rules for

reducing calculations with large decimal numbers to

intermediate steps involving smaller ones. Ultimately, all

efforts to verify our calculations must resort to counting

which is, in principle, rather an iterative than a recursive

process (see ‘‘Defining recursion’’).

The concept of neurally implemented recursion is lar-

gely motivated by the ‘discrete infinity’ property of natural

language (Chomsky 1995; Hauser et al. 2002). In fact, the

whole distinction between the broad and the narrow lan-

guage faculties, as originally proposed by Hauser et al.

(2002), can be derived from this property. However, the

maximum possible natural language ‘‘corpus’’—everything

that has ever been and will be processed—is not infinite but

a finite, just physically uncountable set. We propose that

this is precisely the nature of language as it should be

accounted for. This substantial correction (physically

uncountable finity instead of infinity) is suggested for the

sake of unambiguity and exactitude. Physically uncount-

able sets can be finite or infinite. Set-theoretically, potential

and actual infinity (Moore 1990) are proper subsets of

physical uncountability. The evidence that Hauser et al.

(2002, p. 1571) submit for discrete infinity covers also

physically uncountable finity: ‘‘There is no longest sen-

tence (any candidate sentence can be trumped by/—/

embedding it in ‘‘Mary thinks that …’’). It would be a

contradiction to assume that the size of a finite, physically

uncountable array can be compared to the size of all others,

or that such array can be embedded (the mere fact that we

can imagine embedding such an array does not account for

its capacity of being embedded). ‘‘There is no non-arbitrary

upper bound to sentence length.’’ This is as true for an

infinite as it is for a finite, physically uncountable array.

We conclude with the following points. 1. There is no

data available on brain function that would implicate

neurally implemented recursion. 2. It is not at all clear that

an input procedure in the brain can be formally and

straightforwardly derived from its final output with any

certainty (much less by the laws of classical logic, as in the

Chomskyan derivation of neurally implemented recursion).

3. The fact that natural language and arithmetic processing

is by definition finite (although potentially physically

uncountable) downplays the motivation for neurally

implemented recursive process. 4. As recursion is primarily

used for defining infinite sets, the only motivation for

neurally implemented recursion is infinity in natural lan-

guage and arithmetic competence. As explained above,

infinity in natural language and arithmetic competence

reduces to imagining, not processing infinite embedding or

concatenation. A recursive process or procedure is not

needed to account for this. In fact, there is no compelling

evidence that the brain behaves in any recognizable way

like the models of computation we use in formal logic.

Embedding depth in natural language

In this section, we focus on the parameter of syntactic

embedding that is most relevant to the present discussion,

viz., the depth of the embedding. On the face of it, the

depth of syntactic (and, correspondingly, conceptual)

embedding in natural language can be physically

uncountable. Although there are no such examples in

normal usage, we can artificially create one, e.g.

[[[[[John’s] mother’s] dog’s] parents’] ears’]… Language-

specific differences exist, however. Everett (2005), for4 The same problem applies to iterative processes as well.
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example, has hypothesized that Pirahã lacks self-embed-

ding altogether.

It is well known that embedding depth in normal natural

language usage is very limited, with the exact limit

depending on the language and construction. For English,

Finnish, French, German, Latin, Swedish, and Danish, the

maximal depth of initial clausal embedding is two, and the

maximal depth of center-embedding is three5 (Karlsson

2007a,b). Note that these are ‘soft constraints’ exhibited in

the corpora of the respective languages. It has been argued

that a variety of center-embedding, ‘double object relativ-

ization’, exemplified by the sentence [the mouse [the cat

[the dog chased] caught] squealed], though OK in theory,

is frequently judged as unacceptable beyond the first level

of embedding (Christiansen and Chater 2003; Corballis

2007a; Johansson 2006; Karlsson 2007a). However, double

object relativizations with first-/second-person pronouns in

the innermost subject position are less complex than the

same sentences with other NPs in that position (Warren and

Gibson 2002, p. 85). While the depth of left- and right-

embedding6 is sometimes thought to be constrained by

performance considerations only (time, communicative

payoff etc.), there is psycholinguistic evidence that from a

certain depth onward the parsing algorithm for such sen-

tences is not embedding but concatenation, i.e. though the

logical structure of the sentence presumes embedding, it is

processed like concatenation (Christiansen 1992; Karlsson

2007a).

In sum, it is sensible to conclude that embedding in

natural language processing is restricted to a maximum of

3–7 levels at a time. The reason why embedding appears to

be restricted to 3–7 levels at a time could be related to

constraints imposed upon the primary memory. According

to Unsworth and Engle (2007), primary memory is defined

as the part of working memory which serves to maintain a

distinct number of separate representations active for

ongoing processing by means of continued allocation of

attention. Primary memory is thought to have an upper

bound of approximately four items (Cowan 2001; Uns-

worth and Engle 2007).

Arithmetic performance

The set of natural numbers can be given a primitive

recursive definition by a recurring application of the suc-

cessor function S, where S(n) = n?1 (‘primitive recursive’

means recursive with respect to a single variable). Thus,

the recursive definition of natural numbers presupposes the

capacity to perform arithmetic operations. But in order to

perform arithmetic operations in the first place, one needs

to conceptualize the properties of numbers. These proper-

ties are given, e.g. in the definition of natural numbers.

Accordingly, we find ourselves in a situation where we are

able to conceptualize numbers, as evidenced by our

capacity to do arithmetic, and we are able to give numbers

a recursive definition, but it is not clear whether the con-

cept of number depends on a recursive definition of num-

bers (on the other hand, a recursive definition of numbers

uncontroversially depends on the concept of number).

If recursion were involved in conceptualizing numbers,

our brain would execute something like a successor func-

tion …S(S(S(S(0))))… for natural numbers and maybe also

n*n*n*n… for base-n integer exponents (since we nor-

mally use base-10 numeral system, n would normally equal

10). While n*n*n*n… can be coded and implemented

recursively as well as iteratively, it is unlikely that anything

approximating …S(S(S(S(0))))… or n*n*n*n… would be

run in our brains for conceptualizing numbers and per-

forming arithmetic on them. If it were, our arithmetic

performance should be significantly better than it tends to

be. If, on the other hand, our inferior arithmetic skills are

down to general performance limitations and/or penalties

for (other) arithmetic operations, there would be no

apparent use for running these procedures for our mathe-

matical capacity. The only remaining justification for

…S(S(S(S(0))))… and n*n*n*n… would be recursion in

the language faculty. However, for this concession to make

sense, there would first have to be some evidence for

recursion in the language faculty. As we have argued at

length above, at present we have merely conjectures built

on invalid premises (cf. ‘‘Infinity in natural language and

arithmetic competence’’).

How is arithmetic performed, then? The set of natural

numbers exhibits regularities by which a complex arith-

metic task can be reduced to a number of simpler tasks

involving small numbers. When calculating 54 ? 68,

people can rely on the following strategy: they add 5 to 6,

append 0 to the sum, memorize the result (110), add 4 to 8,

and add the sum (12) to the memorized result (e.g. by

adding 1 to 11, appending 0 to the sum, and adding 2 to

5 An example of initial clausal embedding: [[If [when I’m 38]

Metallica ends] I don’t think…] (Karlsson 2007b, p. 112). An

example of center-embedding: [A person [who, [when riding a cycle,
[not being a motor vehicle,] on a road or other public place,] is unfit
to ride through drinks or drugs,] shall be guilty of an offence.]

(British Road Traffic Act, 1972; Karlsson 2007a, p. 372). Gibson

(1998, 2000) has shown that the acceptability of such constructions

depends not only on embedding depth but also on the locality and

characteristics of the discourse events and participants introduced in

the constructions.
6 An example of left-embedding (initial-embedding or left-branch-

ing): [[[[[[[John’s] mother’s] dog’s] parents’] ears’] hairs’] follicles.].

An example of right-embedding (final-embedding or right-branch-

ing): [This is [to confirm [that I would like [to enquire [whether it
would be possible [to apply this technique on humans [as we have run
out of animals.]]]]]]].
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120). Theoretically, it is still possible that 2, 4, 5, 6, and 8

are generated recursively, but the upshot is the following:

the power of recursion, required to generate a potentially

infinite set, is redundant in accounting for human arith-

metic performance.

It is easy to demonstrate that conceptualizing a principle

(recursion) for producing a pattern of output (self-embed-

ding) does not entail (1) that the principle is necessary for

producing the pattern (as self-embedding can be also pro-

duced iteratively or by any other function with relevant

output—see ‘‘Embedding’’) and (2) that the principle itself

must be neurally implemented for us to be able to con-

ceptualize it. For example, we can conceive that all natural

numbers are derived from the number 23098 by ±1 oper-

ations, i.e. each time we conceptualize a natural number

x that is less than 23098, we subtract 1 from 23098 until we

get x, and each time we conceptualize a natural number y

that is greater than 23098, we add 1 from 23098 until we

get y. We can conceive this principle. Does it follow that

the ‘‘23098 ±1’’ principle must be neurally implemented

for us to be able to conceive it in the first place? Surely not.

Observe that the situation with the ‘‘23098 ±1’’ principle is

similar to the recursive one: we can conceptualize the

principles but both are at odds with human arithmetic

performance. To circumvent the latter problem in the

neurally implemented recursion hypothesis, the compe-

tence/performance distinction has been called into effect.

Unquestionably, the competence/performance distinction

raises a non-parsimonious psychological duality as to the

conceptualization of relevant syntactic and arithmetic

properties—we can conceptualize that the properties are

given to us by a recursive principle, but we do not seem to

follow the principle neither in linguistic nor arithmetic

processing/performance. Furthermore, it seems dubious to

explain the apparent discontinuity between competence

and performance in arithmetic and language by limitations

in primary memory—what potential advantage could a

neurally implemented recursive principle bestow if its

effects are subject to so severe constraints?

Conclusion

We conclude with the following points. Computationally,

both recursion and iteration allow for finite definitions of

infinite sets. Moreover, iterative solutions are frequently

less resource demanding than recursive ones (cf. ‘‘Defining

recursion’’). Second, there are two logically independent

notions of recursiveness in linguistics: (A) a recursive

procedure or rule (Chomsky 1956, 1964 [1957], 1975), and

(B) an instance of an item embedded in another instance of

the same item (Jackendoff and Pinker 2005; Parker 2006;

Premack 2004). As only (A) is compatible with recursion

in mathematical logic, (B) is comparatively recent and

synonymous with self-embedding, and (A) and (B) are

logically independent, we conclude that (B) is an instance

of conflating and confusing self-embedding with recursion.

Third, since recursion is a property of certain phrase

structure rules and not of terminal strings generated by

them, Gentner et al.’s (2006) study does not attest recursion

in non-human communication. Furthermore, the technical

preciseness of the notion of recursion makes it next to

impossible to find evidence for it in the brain by the

present-day methods, and there is no reason to assume

neurally implemented recursion by default (cf. below).

Fourth, contrary to Chomsky and colleagues (Chomsky

1995; Hauser et al. 2002), we argue that a property of

natural language is not discrete infinity but physically

uncountable finity. Fifth, we reject the received opinion,

articulated by Chomsky et al. (Chomsky 2010; Fitch et al.

2005; Hauser et al. 2002), that neurally implemented

recursion is necessary to explain natural language and

arithmetic competence and performance. The only moti-

vation for neurally implemented recursion is infinity in

natural language and arithmetic competence (e.g. the

knowledge that one can add 1 to n, append a natural lan-

guage expression to text or embed clauses indefinitely). We

claim that infinity in natural language and arithmetic

competence reduces to imagining infinite embedding or

concatenation, which is completely independent from an

algorithmic capacity for infinite processing, and hence,

completely independent from neurally implemented

recursion or iteration. As the only purported motivators for

recursion in human cognitive processing are natural lan-

guage and arithmetic, the need for recursion in human

cognitive processing is effectively downplayed. Crucially,

as recursive and iterative processes cannot be distinguished

by their input/output, neurally implemented recursive

processes cannot be discerned from the iterative ones with

present-day methods. Moreover, with all evidence for

neurally implemented recursive and/or iterative processing,

the more parsimonious (i.e. the default) assumption should

be iteration, which is a generally simpler and less resource

demanding process than recursion. In sum, there is no

infinity in natural language and arithmetic processing, but

even if there were, iteration would be sufficient for gen-

erating it.
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