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Summary

In cluster state quantum computing, we start with a given fixed entangled state of many

qubits called a cluster state and perform a quantum computation by applying a time-ordered

sequence of single-qubit measurements to designated qubits in designated bases. The choice

of basis for later measurements generally depend on the outcome of earlier measurements and

the final result of the computation is determined from the classical information involving all

measurement outcomes. This is in contrast to the more conventional network gate model of

quantum computing, in which computational steps are unitary transformations. We describe

how the underlying computational model of cluster state is different from the network model,

in particular emphasizing how cluster state computers have no true notion of input and output

registers. Nonetheless, we show that the two quantum computing models are equivalent by

demonstrating how cluster states can be used to simulate quantum circuits efficiently. At the

end, we include a short account on how to produce optical cluster states.
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1 Introduction

A quantum computer promises efficient information processing of some computational tasks that are

believed to be intractable with classical computers. Standard quantum computing models are based on

the paradigm of quantum logic networks, where a sequence of unitary quantum gates form the compu-

tational circuit. The one-way quantum computer proposed by Raussendorf and Briegel [1] provides an

alternative model for scalable quantum computing in which a specific form of a highly entangled multi-

particle state, called a cluster state, plays the pivotal role of being a universal resource for quantum

computation. To perform a quantum algorithm with a cluster state, individual qubits are measured

in a temporal sequence of adaptive single-qubit measurements with classical feed-forward processing of

outcomes. The classical readout for such a quantum computation essentially involves all measurement

outcomes of the cluster qubits.

In this project, we provide some basic details about cluster state quantum computing. Firstly, we

define what cluster states are and how they can be realized from a Hamiltonian. Secondly, we show that

cluster states are resources for universal quantum computing by showing how they can be imprinted

with a simulated quantum circuit using single qubit rotations and CNOT gates. After that, we show

how the random outcomes of individual qubit measurements do not affect the ability of a cluster

state to perform an algorithm efficiently and how any necessary correction of Pauli errors due to these

random outcomes can be delayed until the end of the computation. We follow that with a discussion

on the non-network aspects of cluster state computing and provide a different computational model

for cluster states that involves the temporal ordering of single-qubit measurements and an information

flow vector that tracks the evolution of logical qubits. Lastly, we describe how cluster states can be

created experimentally using polarization of photons and standard linear optical devices.

2 What are cluster states?

A cluster state is a set of qubits arranged in a d-dimensional lattice at sites a ∈ Zd that couple via

some short-range interaction with Hamiltonian

Hint = ~g(t)
∑
a,a′

f(a− a′)1 + Za
2

1− Za′
2

(1)

where

Za|0〉a = |0〉a, Za|1〉a = −|1〉a (2)

defines the Pauli-Z operator. With respect to the entanglement properties of cluster states relevant to

quantum computing, this Hamiltonian is equivalent to the quantum Ising model at low temperatures:

HIsing = −
∑
a,a′

~g(t)f(a− a′)ZaZa′ . (3)

They are equivalent in the sense that the states generated by Hint and HIsing from a given initial state

are identical up to local unitary transformations applied to individual qubits.

In principle, only next-neighbor interactions are needed to generate a cluster state from eq. (1). In

such a case, Hint realizes simultaneous conditional phase gates between qubits at adjacent sites a and

a′. For example, if we have a linear chain of N qubits then we can produce a cluster state using Hint

with f(a− a′) = δa,a′+1.
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Suppose we have a linear chain of qubits all initially in the state

|+〉a =
|0〉a + |1〉a√

2
(4)

then for ϕ =
∫
g(t) dt, the unitary evolution

U(ϕ) = exp

(
−iϕ

∑
a

1 + Za
2

1− Za+1

2

)
(5)

yields a disentangled chain for ϕ = 2(k−1)π and a ‘maximally entangled’ one for ϕ = (2k−1)π, where

k ∈ Z+.

For ϕ = π, the cluster state for a linear chain CN of N qubits can be written in compact notation

as

|φ〉CN
=

1√
2N

N⊗
a=1

(|0〉aZa+1 + |1〉a) (6)

where ZN+1 = 1l by definition, since it is impossible to entangle with an empty site.

Examples of the smallest linear cluster states are as follows:

|φ〉C2
=

1√
2

(|0〉|+〉+ |1〉|−〉) , (7)

|φ〉C3
=

1√
2

(|+〉|0〉|+〉+ |−〉|1〉|−〉) , (8)

|φ〉C4
=

1

2
(|+〉|0〉|+〉|0〉+ |+〉|0〉|−〉|1〉+ |−〉|1〉|−〉|0〉+ |−〉|1〉|+〉|1〉) , (9)

which up to local unitary transformations on single qubits are equivalent to

|φ〉C2

l.u.
=

1√
2

(|0〉|0〉+ |1〉|1〉) , (10)

|φ〉C3

l.u.
=

1√
2

(|0〉|0〉|0〉+ |1〉|1〉|1〉) , (11)

|φ〉C4

l.u.
=

1

2
(|0〉|0〉|0〉|0〉+ |0〉|0〉|1〉|1〉+ |1〉|1〉|0〉|0〉 − |1〉|1〉|1〉|1〉) . (12)

Observe that |φ〉C2 is effectively a Bell state, |φ〉C3 is effectively a 3-qubit GHZ state but |φ〉C4 is not

the same as the |GHZ4〉 = 1√
2

(|0000〉+ |1111〉).
So far we have only considered a linear chain of qubits. For higher-dimensional lattices (d ≥ 2),

every lattice site is now specified by a vector of d integers a. Each site a has 2d neighbors. If neighboring

sites are occupied by qubits, those qubits interact with the qubit in a.

Let the set A specify all the lattice sites occupied by qubits. Two sites a and a′ are connected

(topologically) if there exists a sequence of neighboring occupied sites, that is,

{aj}Nj=1 , such that a1 = a, aN = a′. (13)

In this case, a cluster C ⊂ A is a set of connected lattice sites such that the corresponding state of the

cluster qubits is given by

|φ〉C =
⊗
c∈C

(
|0〉c

⊗
x∈Γ

Z(c+x) + |1〉c

)
(14)

where Γ refers to a set of steps {x} needed to move from site a to any adjacent site a′ = a + x (that
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Figure 1: Examples of cluster states: linear, square (or rectangular), and cubic. The yellow dots represent qubits
while the lines represent entanglement between nearest neighbors.

is, the set

ηa = {a+ x| x ∈ Γ} (15)

is the set of neighboring sites of a) and Zc+x = 1l when c+x 6∈ C. Some examples of clusters of different

lattice dimensions is shown in fig. (1).

Two important entanglement properties [2] characterizing cluster states are:

(i) Maximal connectedness: Any two qubits of CN can be projected into a pure Bell state by local

measurements on all the other qubits.

(ii) Persistency: Pent(|ψ〉) denotes the minimum number of local measurement of qubits necessary

to disentangle the state |ψ〉. It turns out that this is equivalent to the Schmidt rank, the fewest

number of terms in the generalized Schmidt decomposition [3]. For cluster states,

Pent(|φ〉CN
) =

⌊
N

2

⌋
. (16)

We note that a convenient, compact way to define a cluster state is via a set of eigenvalue equations

Ka|φ〉C = κa|φ〉C (17)

where

Ka = Xa

⊗
x∈Γ

Za+x, κa = ±1. (18)

It turns out that in the stabilizer formalism [4, 5], the operators Ka are stabilizer generators and cluster

states are their corresponding eigenstates.

3 Universality of cluster-state quantum computing

3.1 Simulating quantum circuits

One can think of using the cluster state as a substrate on which quantum circuits can be imprinted on

[6]. To describe this computational circuit, it is important to distinguish between the physical qubits

that make up the cluster state and the logical qubits on which quantum information processing is to

take place. Due to the entanglement properties of a cluster state, no individual physical qubit carries

information that corresponds to an input state—rather information is contained in correlations between
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qubits. However, for simplicity we first consider the case where an encoded input state is read into the

cluster.

Suppose we start with an array of qubits arranged in a square lattice and whose state is given by

|φ〉C . Then to perform a quantum computation, we do the following:

(a) Remove the subset of qubits not needed for the calculation by measuring these qubits in the Z-

basis. If the calculation uses qubits arranged in some network C ′, then |φ〉C 7→ |S〉C\C′ ⊗ |φ′〉C′ ,

|φ′〉C is local unitarily equivalent to |φ〉C′ , which is just a smaller cluster state.

(b) To perform a specific gate, it suffices to measure the remaining qubits in a particular order and

along bases that depend on the outcome of previous measurements. The last subset of qubits to

be measured corresponds to the output or readout of the computation.

To show that cluster states provide a resource for universal quantum computation, we describe how

any quantum circuit can be simulated efficiently on cluster states.

To propagate information through the cluster, a qubit can be teleported between any two sites by

measuring the chain of qubits that connect them in the X basis. To see this, consider a linear chain of

N qubits in the state

|ψin〉1 ⊗ |+〉2 ⊗ ...⊗ |+〉N . (19)

which are then entangled via the pairwise CPHASE operation, which we denote with S:

S = exp(−iHintt/~) = exp

[
−iπ

∑
a

(
1 + Za

2

)(
1− Za′

2

)]
. (20)

The qubit |ψin〉 can be transferred to site N by a series of X-measurements performed the qubits

at sites j = 1, 2, ..., N − 1. If the outcomes are sj,X ∈ {0, 1} for j = 1, 2, ..., N − 1 then after the

measurements, the chain will be in the state

|s1,X〉1 ⊗ |s2,X〉2 ⊗ ...⊗ |ψout〉N (21)

where

|ψout〉 = UΣ|ψin〉, UΣ ∈ {1l, XN , ZN , XNZN}, (22)

in which case the input state in site 1 is recovered at site N after a suitable Pauli operation. Note that

one does not need to record all the outcomes sj,X since there are only four possible choices for UΣ—it

is enough to perform the X measurements in sequence and update 2 classical bits to keep track of

what Uσ will be. This notion of single-qubit teleportation for a cluster state generalizes to any linear

chain that might be a subset of qubits within a cluster, that is, each qubit in the chain is entangled to

exactly two neighboring sites (except for the endpoints).

As a simple example, let us consider a chain of 3 qubits

|φ〉C3 = CZ(12) ⊗ CZ(23)|ψ〉1|+〉2|+〉3, |ψ〉 = α|0〉+ β|1〉. (23)

After the pairwise CPHASEs we obtain

|φ〉C3
=

α

2
(|+ ++〉+ |+−+〉+ | −++〉+ | − −+〉+ |+ +−〉 − |+−−〉+ | −+−〉 − | − −−〉)

+
β

2
(|+ ++〉+ |+−+〉 − | −++〉 − | − −+〉 − |+ +−〉+ |+−−〉+ | −+−〉 − | − −−〉) .

(24)

Upon measuring X1, X2, then the change in the state |µ〉3 of qubit 3 depends on the outcomes in the
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Figure 2: Simulated arbitary single-qubit rotation in a cluster state. The angles λ, µ, ν refer to the Euler angles of
the rotation implemented by UR(θ). The sequence of measurement bases for the five qubits is described in the main
text.

following way:

|+ +〉12: |µ〉3 = α|0〉+ β|1〉, |+−〉12: |µ〉3 = α|1〉+ β|0〉,
| −+〉12: |µ〉3 = α|0〉 − β|1〉, | − −〉12: |µ〉3 = α|1〉 − β|0〉.

Therefore, by performing some correction UΣ ∈ {1l, Z,X,XZ} on qubit 3, we recover the state |ψ〉 at

the third site. It is worth noting that in the above example, qubit 1 before measurement and qubit 3

after correcting for UΣ is the same logical qubit—that is, no actual quantum computation has taken

place yet.

Now we are ready to demonstrate how quantum gates can be simulated with cluster states. Firstly,

let us show how arbitrary single-qubit rotations UR ∈ SU(2) is achieved with a linear cluster of five

qubits, as shown in fig. (2), by considering the Euler decomposition of the rotation implemented by

UR:

UR(α, β, γ) = UX(γ)UZ(β)UX(α) (25)

where

UX(θ) = exp(−iθX/2), (26)

and similarly for UZ .

To see how this works, suppose site 1 carries the input qubit. Consider the state of the five qubits

after the entangling operation S:

S|φ〉C5 =
1

2

[
|ψin〉1 ⊗ (|0− 0−〉2345 + |0 + 1+〉2345) + |ψ̄in〉1 ⊗ (|1 + 0−〉2345 + |1− 1+〉2345)

]
(27)

where |ψ̄in〉 = Z|ψin〉. The input |ψin〉 can be rotated by measuring qubits 1 to 4 in the basis

Bj(θj) =

{
|0〉+ eiθj |1〉√

2
,
|0〉 − eiθj |1〉√

2

}
(28)

where the outcomes sj = 0, 1 are obtained for j = 1, 2, 3, 4. If sj = 0, |ψin〉 is projected onto the first

state of basis Bj . If sj = 1, it is projected onto the second one. To perform the rotation UR in eq.

(25), we choose the bases B1 – B4 for qubits 1–4 to be

B1(0), B2(−α(−1)s1), B3(−β(−1)s2), B4(−γ(−1)s1+s3). (29)

In this case,

S|φ〉C5 7→ |s1,β1〉1 ⊗ |s2,β2〉2 ⊗ |s3,β3〉3 ⊗ |s4,β4〉4 ⊗ |ψout〉5 (30)

where

|ψout〉 = UΣUR|ψin〉. (31)
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Figure 3: Simulated CNOT gate in a cluster state. (a) Minimal implementation of the CNOT gate using 4 qubits
and (b) Standard CNOT gate where both the logical control qubit and the logical target qubit are teleported to other
sites.

If we measure the basis in eq. (29) then

UΣ = Xs2+s4Zs1+s3 , UR = UR
[
(−1)s1+1α, (−1)s2β, (−1)s1+s3γ

]
(32)

where UZ encodes the Pauli errors to be corrected at the end of the computation. Observe that the

Hadamard and π/2-phase gates can be realized as special cases of UR for suitable choice of Euler angles.

To get a universal set of gates for a quantum circuit, we will need at least one entangling two-qubit

gate. In this case, we choose the CNOT gate. To perform a CNOT operation on two qubits, we may

use the minimal implementation involving four qubits, as shown in fig. (3a). It is a cluster composed

of three qubits in a chain with the control qubit attached as a fourth qubit, with state given by

|φCNOT 〉C4 = S|i1,Z〉1 ⊗ |i4,Z〉4 ⊗ |+〉2 ⊗ |+〉3. (33)

We then measure qubits 1 and 2 in the X-basis, which projects them onto |s1,X〉1⊗|s2,X〉2, for outcomes

sj,X , j = 1, 2, that is

|φCNOT 〉C4 7→ |s1,X〉1 ⊗ |s2,X〉2 ⊗ U (34)
Σ (|i4,Z〉4 ⊗ |i1 ⊕ i4〉3) (34)

where

U
(34)
Σ = Zs1+1

3 Xs2
3 Zs14 (35)

Thus, the input |ψ14〉 has the qubit 1 teleported to qubit 3, where it is acted upon by a CNOT followed

by Pauli rotations in U
(34)
Σ , which depend on the outcomes s1, s2.

In practice, it will be more convenient to have a CNOT gate such that the control qubit is also

transferred to some other site, similar to how the target qubit is moved in the minimal implementa-

tion. In this case, the preferred CNOT gate is the one with 15 qubits and involves only X and Y

measurements, as shown in fig. (3b).

The set {CNOT,UR(α, β, γ)} form a universal set of quantum gates in the network model. To

simulate a multi-gated quantum circuit in a cluster state, one simply combines simulated gates such

that the qubits carrying the output register of the preceeding gate becomes the input register of the

succeeding gate. An example of such gate concatenation is shown in fig. (4). Since these gates can be

simulated and combined together using cluster states, the cluster state is indeed a universal resource

for quantum computation.

For a cluster-state quantum computer designed to simulate a quantum circuit, the output of every
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Figure 4: Concatenating simulated gates in a cluster state. For a sequence of gates in a quantum circuit, we
simply concatenate gates such that the output qubit of the first gate is the input qubit of the next one, and so on.

gate becomes the input qubits for the subsequent gate in the series of gates. Note that gates in parallel

in the network model can be performed in parallel, too, with cluster states.

Given a quantum circuit implemented by a network N of cluster state qubits then if we suppose

that N1 is the subset of cluster qubits that form gate 1 and N2 is the subset of cluster qubits that form

gate 2 of circuit N = N1 ∪N2 with two gates in series then there is an overlap O = N1 ∩N2 6= ∅ such

that

O = output qubits of gate 1 = input qubits of gate 2. (36)

There are two strategies for simulating quantum networks with cluster states:

(a) Approach 1: Write input into select qubits and entangle N . Measure subset of qubits N\R.

Measure readout R.

(b) Approach 2: Write input into select qubits. Entangle N1, Measure qubits N1\O, with output

registered in O. Use O as input for N2. Entangle N2. Measure qubits N2\R. Measure readout

R.

Approaches 1 and 2 are equivalent since the measurements of N1\O commute with the entangling

operation on N2 because they act on disjoint subsets of the cluster qubits. Note that the readout qubits

R are typically measured in the Z-basis.

We end this section with a few remarks:

(i) Quantum circuits can be implemented on irregularly shaped clusters with various entanglement

patterns—one can generalize to different types of graph states. The universality of any irregularly-

shaped cluster state is related to percolation properties of the lattice (connectedness of sites) and

depends on some critical value for the site occupancy probability.

(ii) Note that writing the input as described above is introduced only for pedagogical reasons. For any

set of N entangled qubits in a cluster state, one can always find a suitable set of measurements

on N − 1 qubits such that the remaining qubit is prepared in any desired quantum state, which

can then be subsequently treated as input of a circuit. Thus, a cluster state is a genuine resource

for quantum computation.

(iii) It is always possible to split the computation into segments that require only a small number

of qubits, in which case the cluster is repeatedly re-entangled after every measurement segment,

except for the qubits that hold the intermediate output information.
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3.2 Random measurement outcomes

Here we will illustrate that the cluster state computer works with unit efficiency despite the random

nature of measurement outcomes. We will see that the byproduct operator UΣ acting after the final

unitary gate doesn’t jeopardize the scheme. Its only effect is to change how the readout must be

interpreted.

The byproduct operator UΣ is such that it acts on n logical output qubits with a product of Pauli

operators

U
(n)
Σ =

n∏
i=1

Xxi
i Z

zi
i . (37)

Suppose that the output qubits in the cluster, just before doing readout measurements, are in the state

|Φ〉 = UΣ|ψout〉. (38)

Typically, these qubits are measured in the Z-basis to obtain the classical readout, yielding a set of

outcomes {si}.
However, what we really want for the output of the algorithm are the outcomes {s′i} obtained if we

first correct for the accumulated Pauli errors in the byproduct operator. Thus, we have two situations

|ψout〉 7→ {s′i}, and UΣ|ψout〉 7→ {si}. (39)

In terms of the outcomes si, the readout qubits are projected onto the state |M〉 given by

|M〉 =

n∏
i=1

[
1 + (−1)siZi

2

]
UΣ|ψout〉 (40)

= UΣ

(
U†Σ

n∏
i=1

[
1 + (−1)siZi

2

]
UΣ

)
|ψout〉

= UΣ

(
n∏
i=1

[
1 + (−1)s

′
iZi

2

])
|ψout〉,

where s′i = si ⊕ xi are the desired results of the computation and the values xi are determined by the

byproduct operator UΣ.

Thus, the performance of quantum circuit is uninhibited by random measurement outcomes since

outcomes before and after correcting for Pauli errors just correspond to different rotations in UΣ, which

can always be tracked and corrected at the last step. Next, we describe how the byproduct operations

can be propagated to the end of any quantum computation.

3.3 Sequence of simulated quantum gates

For a sequence of simulated quantum gates, we can describe the state of the cluster as

|ψout〉 =

|N |∏
i=1

UΣ,giUgi

 |ψin〉 (41)

where the gates gi are listed from right to left according to their temporal order in a circuit. In Ref.

[6], this is actually Theorem 1, and its proof can be found there. Eq. (41) is actually an important

result concerning the relationship between the network model and the cluster-state model because it

relates unitary transformations in the network model that turn input qubits into an output register to
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quantum correlations exhibited by cluster states used to simulate quantum gates.

Randomness of measurement outcomes can be propagated forward through subsequent gates such

that they always act on the subset of cluster qubits that represent the output register of the corre-

sponding network model. The propagation rules are

CNOTc,tXt = XtCNOTc,t, CNOTc,tXc = XcXtCNOTc,t,

CNOTc,tZc = ZcCNOTc,t CNOTc,tZt = ZcZtCNOTc,t
(42)

for the CNOT gate with control qubit c and target qubit t, and

UR(α, β, γ)X = XUR(α,−β, γ), UR(α, β, γ)Z = ZUR(−α, β,−γ) (43)

for arbitrary single qubit rotations, which has special cases

HX = ZH, HZ = XH (44)

for the Hadamard gate and

UZ(π/2)X = Y UZ(π/2), UZ(π/2)Z = ZUZ(π/2) (45)

for the π/2-phase gate.

Observe that Pauli operators get mapped to Pauli operators under the propagation of the byproduct

operator so UΣ is indeed still composed exclusively of Pauli operators. However, we notice that for

CNOT, Hadamard and the π/2-phase gate, UΣ changes without changing the gate, unlike in the case

of other arbitrary rotations UR.

In fact, for all gates Ug ∈ C that belong to the Clifford group C

UgUΣ =
(
UgUΣU

−1
g

)
Ug = UΣ′Ug (46)

since the Clifford group is the normalizer of the Pauli group under conjugation. Because Clifford

gates are unaffected by propagating UΣ, it implies that all Clifford gates Ug ∈ C can be measured

simultaneously in the first measurement round. This fact about quantum circuits in the Clifford group

was not previously known in the network model.

We remark that according to the Gottesman-Knill theorem [4], if the quantum circuit is such that it

involves only Hadamard gates, CNOT gates, and Pauli gates, these Clifford circuits (stabilizer circuits)

can be simulated efficiently classically. However, our point here is that the entire Clifford part of any

quantum circuit can in fact be performed in a single time step. In terms of temporal complexity of a

cluster state algorithm, it means that Clifford gates do not contribute (since they merely add a logical

depth of 1).

3.4 Efficiency of simulating quantum gates

Although we have seen how a cluster state is used to simulate a universal set of gates, we are still left

with the question of whether it does so in an efficient way. To determine this, we compare the cluster-

state resources needed in simulating a quantum network and show that there is at most a polynomial

overhead. To run a specific algorithm, we need a cluster of a certain size. Hence, the spatial resources

S needed for cluster state computing is just |C|, the number of qubits in the cluster C.

The calculation is driven by single-qubit measurements exclusively. Thus, these measurements form
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Figure 5: General CNOT for non-neighboring qubits. Squares in light brown denote cluster qubits measured in the
X-basis, in dark brown for the Y -basis. Pattern (a) is for the case of qubits separated by an odd number of logical
qubits. Pattern (b) is for the even numbered separation. The pattern can be adapted to any scenario by repeating
the section enclosed in dashed lines. Note that the width of the pattern remains the same no matter how far apart
the logical qubits are.

the operational resources O, given by their total number. It is certainly the case that

O ≤ S (47)

since each cluster qubit is measured at most once.

The temporal resources T have to do with the minimum number of measurements that can be

performed in parallel, which we will compare with the number of layers of gates or logical depth in the

network model.

We have seen the universality of cluster state computing in terms of its ability to simulate CNOT

and single-qubit rotations, which form a universal set of quantum gates. Now we look for the upper

bounds in resources used for the cluster state simulation and compare it with their network model

counterparts.

Concerning temporal resources T , for general qubit rotations—assuming this can be done in one

step in a quantum gate circuit—we will need at most three time step for every such single-qubit unitary

due to the Euler decomposition angles. Thus,

T ≤ 3Tn (48)

Concerning spatial resources S, we first have to note that for the CNOT, there might be an issue

with regard to logical qubits that are far apart. What we have considered previously is only the

case where the control and target qubits are effectively nearest neighbor. However, we might want to

perform a CNOT between two cluster qubits that are much farther apart and there is a question of

how the necessary swapping or teleportation of qubits scales with the distance of the qubits.

However, it turns out that it is possible to use a different measurement pattern indicated in fig.

(5), what we call a general CNOT gate. The advantage of this general CNOT is that there is a fixed
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cluster size added in between the pair of qubits on which the CNOT is performed, so that the spatial

complexity scale only linearly with the distance of the two qubits. Also with this general CNOT, the

logical qubits are at most 4 cluster qubits apart and the width from input to output can be made to

be at most 6.

With that in mind, we can calculate the upper bound on S = hw to be

S ≤ 24S2
nTn (49)

since the height h ≤ 4Sn is bounded by the distance of logical qubits for the possible instance of CNOT

gates and the width w ≤ 6SnTn is bounded by the width of the general CNOT and the fact that the

corresponding simulated quantum network would have at most SnTn gates.

The main purpose of this section was to show that gate simulation by cluster states is at most

polynomial in resources compared to the associated quantum circuit. It must be mentioned that the

classical processing for determining the adaptive measurement bases just adds a marginal overhead to

the algorithm (it adds complexity O(log n), where n is the number of logical qubits in the computation).

4 Computational model for the cluster-state quantum com-

puter

4.1 Non-network character of cluster state computing

In the quantum network model, one prepares the input state in a quantum register and processes the

quantum information through a sequence of quantum gates that apply suitable unitary transformations

to the state, yielding an output state that is measured to obtain a classical readout.

Although we have demonstrated how quantum circuits may be simulated using cluster states, the

notions of quantum input and output have no genuine meaning if one considers an algorithm for which

the input state is known. For instance, Shor’s algorithm always starts with the input in the state

|Ψ〉 =

N⊗
j=1

|0〉j + |1〉j√
2

= |+〉⊗N (50)

In fact, without loss of generality, we may assume that the input state |Ψ〉 is read onto a subset of

some cluster C. Reading in the input |Ψ〉 means preparing

S
(
|+〉⊗M ⊗ |+〉⊗(N−M)

)
= |φ〉C , (51)

that is, preparing a cluster state in the usual way. Thus, a cluster state |φ〉C is a universal resource

that does not depend on any input information. It is in this sense that cluster states have no quantum

input.

The cluster state also has no true notion of a quantum output because unlike a quantum network

where the output register has a distinguished role before the readout measurements are performed,

the cluster qubits that carry the readout information are no different from other cluster qubits in that

they are to be measured in some particular order or basis. In fact, it is not uncommon to have the

the readout qubits to be among the first qubits to be measured—since typically, these readout qubits

are measured in the Z-basis—making it somewhat inappropriate to treat them as output qubits in the

sense of the network model.

Measurement outcomes from all cluster qubits contribute to the computation. Suppose we consider
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Figure 6: Computational model for cluster state computing. The cluster is divided into disjoint subsets labeled
according to temporal order, where the bases of adaptive measurements are determined using an information flow
vector ~I(t) that is updated at each time step.

a cluster C that is divided into disjoint subsets of qubits O ∪ I ∪M = C, then

(a) O simulates the output register from which the readout will be obtained;

(b) I simulates the fiducial input state and contributes to the calculation via the accumulated byprod-

uct operator UΣ, which carries the information for correcting Pauli errors;

(c) M simulates the unitary gate operations via the initial quantum correlations present in the cluster

state and adapative single-qubit measurements.

4.2 A cluster-state computational model

Single-qubit measurements form the basic building blocks of cluster-state computing, not quantum

gates [7]. The most efficient temporal order does not follow from temporal order of simulating quantum

circuits but instead follows a set of rules that determine efficient conditional processing of the adaptive

measurements. Central to the conditional processing paradigm (and thus, the computational model)

is an object called the information flow vector ~I(t), which tracks the classical information needed for

carrying out subsequent measurements based on the outcome of previous ones.

Cluster state computing works by measuring correlations encoded in the massively entangled initial

state of the cluster and processing these via a sequence of adaptive measurements tailored to do a

particular algorithm. Because these quantum correlations are available at the onset of the computation,

there is no quantum information processing during the cluster state computation itself.

From the conceptual point of view—and also useful to the practical realizability of the scheme—it is

important to realize that the correlations in the cluster state can be measured one qubit at a time. This

corresponds to classical conditional processing once the temporal order of single-qubit measurements

is established.

From this we may view the cluster state computation in the following way: The cluster C is divided

into temporally-ordered disjoint subset of qubits Qt ⊂ C, 0 ≤ t ≤ τ , that is,

τ⋃
t=0

Qt = C, Qs ∩Qt = ∅ ∀s 6= t. (52)
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Figure 7: Knill CZ gate. Beamsplitter are at an-
gles θ = 54.74◦ and φ = 17.63◦ yielding transition
amplitudes cos θ and cosφ, respectively.

Cluster qubits within each subset Qt can be measured simultaneously. The set Q0 corresponds to

those qubits whose measurement bases are fixed, i.e., they do not depend on the outcome of other

measurements. These measurements will be those corresponding to Pauli bases, which is also called

the Clifford part of the circuit.

For t > 0, Qt involves only measurement operators of the form

cosϕX ± sinϕY, 0 < |ϕ| < π

2
. (53)

where the ± depend on some of the previous measurement outcomes.

The sequence is such that Q1 depends on outcomes of Q0, Q2 depends on outcomes of Q0 and Q1,

and so on. The result of the computation is calculated from outcomes of all measurement rounds (using

information encoded in the readout qubits and the accumulated byproduct operator UΣ).

Thus, the computational model of cluster state computing [7] can be characterized by the following:

(i) temporal order of single-qubit measurements divides the cluster into disjoint subsets;

(ii) spatial pattern of measurements corresponds to particular manipulations of correlations among

cluster qubits—simulating the effect of quantum gates;

(iii) the information flow vector ~I(t) carries the classical information needed to steer the computation

forward, since it specifies the adaptive bases required at each time step.

A schematic of the computational model is illustrated in fig. (6).

5 Optical implementation of cluster states

5.1 Cluster states and the Knill-Laflamme-Milburn (KLM) proposal

An attractive approach to practical implementations of quantum computing would be the use of linear

optical devices because photons have long decohorence times and are relatively easy to manipulate in

the lab. The scheme introduced by Knill, Laflamme and Milburn in 2001, called the KLM proposal [9]

demonstrated that and fully optical quantum computer using just beamsplitters, phase shifters, single

photon sources and photodetectors is possible, in principle. The biggest challenge with photons was per-

forming a two-qubit entangling quantum gate, which was shown to be achievable near-deterministically

if one combines the probabilistic nonlinear gates of KLM with teleportation. In this case, one obtains

a near-deterministic CZ gate, which we will denote as CZn2/(n+1)2 , to indicate that the gate has suc-

cess probability n2/(n + 1)2. One can then increase the probability of success by using techniques of

quantum error correction.

The problem with combining all of these elements together is that it makes the implementation very

complicated very quickly, requiring thousands of optical devices for a marginally larger success rate.

Nielsen then improved on the KLM analysis by combining the non-deterministic CZ gates with the
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Figure 8: Adding sites to an optical cluster state. [1] Two ways to add a qubit to the cluster with CZ4/9 gates:
(a)with a single bond and (b) with a double bond. [2] One can also form smaller clusters with dangling nodes that
are attached together using CZ1/4 gates.

cluster state model, greatly reducing the overhead for additional success. We briefly describe Nielsen’s

scheme here.

Fig. (7) shows the Knill CZ gate, a simplification of the original CZ gate in the KLM proposal.

It takes two logical qubits as input and with probability 2/27 applies a phase gate, or else fails,

destroying the two qubits. It uses 2 phase shifters, 4 beamsplitters and 2 photodetectors for measuring

the ancillas–these must distinguish 1 photon signal from that of 0 or 2 photons.

The Knill CZ gate can be improved by combining it with gate teleportation, which increases the

success rate to n2/(n+ 1)2. When the gate fails, it performs a Z-measurement on the control qubit of

the operation.

The basic CZn2/(n+1)2 gate involves two teleportation steps in parallel, each with independent

success probabilities n/(n + 1). It is possible to do the teleportations in sequence rather than in

parallel so that one can simply abort the gate if the first teleportation process fails. It is the sequential

method that is advantageous to use in the cluster state model. The idea is to create a cluster state by

non-deterministically adding extra qubits using CZ4/9 or CZ1/4 gates.

The cluster is built up from two types of operations that add a site or qubit, either with a single or

a double bond, as shown in fig. (8.1). The procedure to add a single-bonded site is to use the CZ4/9

gate, which succeeds in adding a cluster site with probability 2/3. When it fails, it measures a qubit

in the Z-basis and effectively removes it from the cluster. Thus, the average number of sites it adds to

the cluster is given by 2/3− 1/3 = 1/3. Similarly, the procedure to add a double bonded-site is to use

two CZ4/9 gates, which can be done in sequence so that one aborts the procedure when the first one

fails. In this case the average number of sites added is (2/3)(2/3) − 1/3 − (1/3)(2/3) = −1/9. If the

single and double bonded procedures are used equally, then the expected number of sites added to the

cluster is at least 1/3 − 1/9 = 2/9. Thus, a cluster of size N can be grown using approximately 9N

attempts to add a single site.

One can also grow the cluster state by first preparing smaller clusters or micro-clusters with many

dangling nodes, as shown in fig. (8.2). These micro-clusters are then glued together at some of the

nodes using parallel CZ1/4 gates. By increasing the number of dangling nodes, we can increase the

probability of successful gluing.
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Figure 9: Experimental setup for creating cluster states. Two entangled pairs of photons are created by two passes
of a frequency doubled laser pulse through a nonlinear crystal. Using half-wave plates and compensation crystals,
the entangled pairs can be prepared in any Bell state. They are then combined using polarizing beamsplitters into a
four-qubit cluster state in the polarization.

5.2 Practical optical cluster state

The earliest practical realization of an optical cluster state was achieved in an experiment by Walther

et. al [10], where they created a four-qubit cluster state encoded in the polarizations of four photons.

We describe the methods here briefly.

The experimental setup is shown in figure (9). Entangled photons are created using parametric

down-conversion. Using a frequency doubled laser pulse at 395 nm that is made to pass twice through

a nonlinear crystal (BBO), two highly entangled photon pairs are produced in modes a-d.

After correcting for birefringence due to the BBO crystal, half-wave plates and compensation crys-

tals are used to produce any Bell state for each entangled pair. The photon pairs are finally combined

in a coherent way using a polarizing beamsplitter, where the four photons end up in the cluster state

|φC4〉 =
1

2
(|HHHH〉+ |HHV V 〉+ |V V HH〉 − |V V V V 〉) , (54)

where H,V refer to horizontal and vertical polarizations, respectively. This cluster state is local

unitarily equivalent to a linear cluster under the unitary

Ulinear = H1 ⊗ 1l2 ⊗ 1l3 ⊗H4 (55)

on the polarization qubits and to a box cluster state of four qubits under the unitary

Ubox = SWAP2,3 (H1 ⊗H2 ⊗H3 ⊗H4) . (56)

In the experiment, the cluster state was verified by performing quantum state tomography, which ex-

tracts the density operator for the system from a discrete set of measurements—in this case it was
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reconstructed using linear combinations of 256 linearly independent four-photon polarization projec-

tions.

6 Concluding remarks

In a seminal paper in 2001, Briegel and Raussendorf proposed an alternative model for quantum

computing based on single-qubit measurements of a highly entangled multi-qubit system called a cluster

state. In this project, we showed how cluster state computing can be regarded as a simulator of

quantum networks by showing how it can efficiently simulate {CNOT,UR(α, β, γ)}, which forms a

universal set of quantum gates. This perspective of cluster states clarifies the connection between

the conventional network model of quantum computation with the cluster state computational model,

which is characterized by the absence of input and output registers, a temporal ordering of single-

qubit measurements, and an information flow vector that tracks the adaptive bases at each time step.

Thus, it provides us with a different paradigm for quantum computing, which instead of entangling

two-qubit gates has entanglement built into the resource state at the beginning and where the quantum

computation proceeds through adaptive measurements. Finally, we saw how the original KLM proposal

for optical quantum computing can be adopted to perform quantum computation using cluster states,

and how a four-qubit cluster state in the photon polarizations was first realized experimentally.
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