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�

Introduction
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im
plem
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ash
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e
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im
plem

entation.

�
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E
xtensive

gam
es

Let’s
firstrecallsom

e
concepts

from
extensive

gam
es.

H
ere,an

extensive
gam

e
w

ill

alw
ays

be
an

extensive
gam

e
w

ith
perfectinform

ation.

D
efinition

1.
A

n
extensive

gam
e

(w
ith

perfectinform
ation)���

���
���
��	 

��

consists
of

�

A
nonem

pty
finite

set �

(the
players).

�

A
set�

of(finite
or

infinite)
sequences

satisfying
the

follow
ing

properties.

–
T

he
em

pty
sequence� �

.

–
If�����

� � �

,every
proper

prefix
of� � �

�
belongs

to�
.

–
Ifan

infinite
sequence�����

����
��

satisfies��� �
����
�� � �

for
each �

� �
�

then� � �
����
�� � �

.
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E
ach

m
em

ber
of�

is
a

history
;each

com
ponentofa

history
is

an
action

taken

by
a

player.
A

history��� �
� � �

is
term

inalifitis
infinite,or

ifitis
finite

and

there
is

no�
such

that� � �
� �� � �

.
T

he
setofterm

inalhistories
is

denoted

by �

.

�

A
player

function �
��
� �
 �

( �
��!�

is
the

player
w

ho
takes

an
action

after
the

history!

).

�

F
or

each
player"� �

,a
preference

relation	 


on�

.

Ifeach
m

em
ber

of�

is
finite,the

gam
e

is
said

to
have

finite
horizon.

A
fter

each
nonterm

inalhistory!

,player�
��!�

chooses
an

action
from

the
set

#��!�%$
& �
' ��!� �� � �
(*)

T
here

is
a

straightforw
ard

generalization
thatallow

s
chance

m
oves.
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S
trategies

D
efinition

2.
A

strategy
ofplayer"� �

in
an

extensive
gam

e���
� �
� �
��	 

��

is

a
function

thatassign
to

each!
� �
� �

for
w

hich �
��!� $
"

an
action

in #� !� .
F

or
each

strategy
profile+ $

� +
� 
, -
,the

outcom
e.� +�

of+

is
the

term
inal

history
thatresults

w
hen

each
player

follow
s

its
strategy+


.

D
efinition

3.
A

N
ash

equilibrium
ofthe

extensive
gam

e� �
���
���
��	 

��

is
a

strategy
profile+0/

such
thatfor

each
player"� �

,

.� +1/2
 � +1/

�	 

.� +1/2
 � +
�

for
every

strategy+


of" .
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S
ubgam

e
perfect

equilibrium

D
efinition

4.
T

he
subgam

e
ofthe

extensive
gam

e3 $
���
���
���
��	 

��

that

follow
s!

is
the

extensive
gam

e3��!� $
� �
���
' 4� �
' 4��	 

' 4��

,w
here

��
' 4 $
& !05
'� !� !05
� � �
( ,

��
' 4� ! 5
� $
�
��!� !05
�

for
all!05

� �
' 4

,and

�!65
	 

' 4 !655
78
� !� !65
�	 

��!� ! 55
� .

A
strategy+


for3

induces
a

strategy+
' 4

for3��!� :+
' 4��!95
� $
+
��!� !95
� .

F
inally,

w
e

let.4

denote
the

outcom
e

function
of 3��!� .
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D
efinition

5.
A

subgam
e

perfectequilibrium
ofan

extensive
gam

e

3 $
���
� �
� �
��	 

��

is
a

strategy
profile+0/

such
thatfor

each
player"� �

and

every!
� �
� �

for
w

hich�
��!� $
" ,w

e
have

.4� + /2

' 4� + /

' 4�	 

' 4
.4� + /2
' 4� +
�

for
every

strategy+


ofplayer"

in
the

subgam
e 3��!� .

T
hatis,+6/

' 4

is
a

N
ash

equilibrium
ofthe

subgam
e3��!�

for
each!

� �
� �

.
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T
he

follow
ing

resultw
illbe

needed
later.

Lem
m

a
6

(T
he

one
deviation

property).
Let3

be
a

finite
horizon

extensive
gam

e

w
ith

or
w

ithoutchance
m

oves.
T

he
strategy

profile+0/

is
a

subgam
e

perfect

equilibrium
of 3

ifand
only

iffor
every

player"� �

and
history!

� �

for
w

hich

�
� !� $
"

w
e

have

.4� + /2

' 4� + /

' 4�	 

' 4
.4� + /2
 ' 4� +
�

for
every

strategy+


ofplayer"

in 3��!�

thatdiffers
from+:/


' 4

only
in

the
action

it

prescribes
after

the
initialhistory

of 3� !� .
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Im
plem

entation
theory

In
im

plem
entation

theory,w
e

fix
a

setofoutcom
es

and
look

for
a

gam
e

thatyields

thatsetofoutcom
es

as
equilibria.

T
he

m
odelw

e
consider

is
the

follow
ing.

A
planner

starts
w

ith
a

description
ofthe

outcom
es

she
w

ants
to

associate
w

ith
each

possible
preference

profile,and
looks

for
a

gam
e

that“im
plem

ents”
this

correspondence.

A
s

an
exam

ple,consider
a

planner
thatw

ants
to

assign
an

objectto
one

oftw
o

individuals.
A

ssum
e

thatshe
w

ishes
to

give
the

objectto
the

individualthatvalues
it

the
m

ost,butshe
doesn’tknow

w
hich

one
this

is.

H
er

problem
is

then
to

design
a

gam
e

form
such

thatfor
each

pair
ofvaluations,the

outcom
e

according
to

som
e

solution
conceptis

thatthe
objectis

given
to

the

individualw
ho

value
itthe

m
ost.
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Im
plem

entation
theory

m
ore

form
ally

D
efinition

7.
Let�

be
a

setofindividuals,;

a
setoffeasible

outcom
es,and<

a

setofpreference
profiles

over;

.
A

choice
rule

is
a

function
thatassigns

a
subsetof

;

to
each

profile
in<

.
A

singleton-valued
choice

rule
is

called
a

choice
function.
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D
efinition

8.
A

strategic
gam

e
form

w
ith

consequences
in;

is
a

triple

� �
�� #

� �=�

,w
here#


is
the

setofactions
available

to
player"� �

,and

= �>

, -
#

 
;

is
an

outcom
e

function
thatassociate

an
outcom

e
w

ith
each

action
profile.

A
strategic

gam
e

form

���
�� #

� �=�

and
a

preference
profile

�	 

� �<

induce
a

strategic
gam

e� �
�� #

� ��	 5

��

,w
here

�
	 5

?
78
=����	 

=� ?� .

S
im

ilarly,an
extensive

gam
e

form
w

ith
consequences

in;

is
a

tuple� �
���
���
�=�

,

w
here�

is
the

setofhistories,�
��
� �
 �

is
the

player
function,and

= ��
 
;

is
an

outcom
e

function
(�

is
the

setofterm
inalhistories).

A
n

extensive

gam
e

form
and

a
preference

profile
induce

an
extensive

gam
e.
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D
efinition

9.
A

n
environm

ent� �
� ;� <� @�

consists
of

�

A
finite

set�
ofplayers,w

ith' �
' A
B.

�

A
set;

ofoutcom
es.

�

A
set<

ofpreference
profiles

over;

.

�

A
set@

of(strategic
or

extensive)
gam

e
form

s
w

ith
consequences

in;

.

A
solution

concept
for

the
environm

ent���
� ;� <� @�

is
a

setvalued
functionC

w
ith

dom
ain@

D<

.
Ifthe

m
em

bers
of@

are
strategic

gam
e

form
s,C

takes
values

in

the
setofaction

profiles.
Ifthe

m
em

bers
of@

are
extensive

gam
e

form
s,C

takes

values
on

the
setofterm

inalhistories.
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D
efinition

10.
Let���

� ;� <� @�
be

an
environm

ent,and
letC

be
a

solution

concept.
T

he
gam

e
formE

�@
w

ith
outcom

e
function=

is
said

toC

-im
plem

ent

the
choice

ruleF �<
 
;

,iffor
each

preference
profile�	 


� �<

,w
e

have

=� C� E��	 

��� $
F��	 

�� .
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D
efinition

11.
Let���

� ;� <� @�

be
an

environm
entin

w
hich@

is
a

setofstrategic

gam
e

form
s

for
w

hich
the

setofactions
ofeach

player"� �

is
a

set<

of

preference
profiles.

LetC
be

a
solution

concept.
T

he
strategic

gam
e

form

E $
� �
�� #

� �=�
�@

is
said

to
truthfullyC

-im
plem

ent
the

choice
rule

F �<
 
;

,iffor
each

preference
profile�	 

� �<

,w
e

have

�� /
� C� E��	 

�� ,w

here� /
 $
�	 

�

for
each"� �

(every
player

reporting

the
true

preference
profile

is
a

solution).

�=��� /� �F��	 

��

(ifevery
player

reports
the

true
preference

profile,the

outcom
e

is
a

m
em

ber
ofF��	 


�� ).
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T
his

notation
ofim

plem
entation

differs
in

in
severalw

ays
form

the
“norm

al”

im
plem

entation
concept:

�

T
he

setofactions
ofeach

player
is

a
setofpreference

profiles,and
“truth

telling”
is

alw
ays

a
solution.

�

N
on-truth

telling
solutions

m
ay

yield
outcom

es
thatare

inconsistentw
ith

the

choice
rule.

�

T
here

can
be

preference
profiles

for
w

hich
notevery

outcom
e

prescribed
by

the

choice
rule

corresponds
to

a
solution

ofthe
gam

e.
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N
ash

im
plem

entation

W
e

now
consider

the
case

w
here

the
planner

uses
strategic

gam
e

form
s,and

for

each
preference

profile,the
outcom

e
ofthe

gam
e

m
ay

be
in

any
ofits

N
ash

equilibria.

T
he

firstresultis
a

version
ofthe

relevation
principle.

T
he

resultshow
s

thatfor
any

N
ash-im

plem
entable

choice
rule,there

is
a

gam
e

form
in

w
hich

1.
E

ach
player

has
to

announce
a

preference
profile.

2.
F

or
any

preference
profile,truth

telling
is

a
N

ash
equilibrium

.

T
he

precise
statem

entis
as

follow
s.
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P
roposition

12
(R

elevation
principle

for
N

ash
im

plem
entation).

Let

� �
� ;� <� @�

be
an

environm
entin

w
hich@

is
a

setofstrategic
gam

e
form

s.
Ifa

choice
rule

is
N

ash-im
plem

entable
in

the
environm

ent,itis
truthfully

N
ash-im

plem
entable.

P
roof.

LetE $
���
�� #

� �=�

be
a

gam
e

form
thatim

plem
ents

the
choice

rule

F �<
 
;

,and
for

each	 �<
,let� �

�	 ��

be
a

N
ash

equilibrium
ofthe

gam
e

� E�	 �

.

LetE /$
���
�� # /

� �= /�

,w
here# /
 $

<
for

each"� �

and

= /� G� $
=����

� G 

���

for
eachG

�>

, -
# /


(N
ote

thateachG 


is
a

preference

profile
and

thatG

is
a

profile
ofprofiles).

T
he

profileG /

such
thatG /
 $

	

for
each"� �

is
clearly

a
N

ash
equilibrium

of

� E /�	 �

,and= /� G /� �F�	 � .
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T
he

follow
ing

resultgives
necessary

conditions
for

a
choice

rule
to

be
N

ash

im
plem

entable.

D
efinition

13.
A

choice
ruleF �<

 
;

is
m

onotonic
ifw

heneverH�F��	 

��

andHI �F��	 5

�� ,there

is
a

player"� �

and
som

e
outcom

e?� ;

such
that

H	 

?

and?J 5

H .

P
roposition

14.
Let���

� ;� <� @�
be

an
environm

entin
w

hich@

is
a

setof

strategic
gam

e
form

s.
Ifa

choice
rule

is
N

ash-im
plem

entable
in

the
environm

ent,it

is
m

onotonic.

P
roof.

S
uppose

thatthe
choice

ruleF �<
 
;

is
N

ash
im

plem
ented

by
the

gam
e

formE $
� �
�� #

� �=�

,H�F��	 

�� ,andHI �F��	 5

�� .

T
hen

there
is

an
action

profile�

such
that=���� $
H ,and�

is
a

N
ash

equilibrium
ofthe

gam
e� E��	 


��

,

butnotof� E��	 5

��

.
T

hus,there
is

a
playerK

and
action� 5L � #L ,such

that

=��� 2L � � 5L � J 5L =����

and=� ��	L =� � 2L � � 5L � .
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E
xam

ple
15

(S
olom

on’s
predicam

ent).
T

his
is

a
classicalexam

ple
based

on

som
e

biblicalstory.

E
ach

oftw
o

w
om

en,1
and

2,claim
s

a
baby.

E
ach

ofthem
know

s
w

ho
is

the
true

m
other,butneither

can
prove

her
m

otherhood.
S

olom
on

tries
to

find
the

true
m

other

by
threatening

to
cutthe

baby
in

tw
o

relying
on

the
fact(?)

thatthe
true

m
other

prefers
to

give
the

baby
aw

ay
to

see
itcutin

tw
o,w

hile
the

false
m

other
rather

sees

the
baby

cutin
tw

o
than

gives
the

baby
to

the
true

m
other.

S
olom

on
can

give
the

baby
to

either
m

other,or
order

its
execution.

F
orm

ally,let�

be
the

outcom
e

thatthe
baby

is
given

to
m

other
1,?

thatitis
given

to

2,andM

thatitis
cutin

tw
o.

T
here

are
tw

o
possible

preference
profiles:

N ��
J� ?J� M

and?JO MJO �
[1

is
the

realm
other]

N 5��
J 5� MJ 5� ?

and?J 5O �
J 5O M

[2
is

the
realm

other]
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T
he

choice
ruleF

defined
byF� N� $

& �(

andF� N 5� $
& ?(

is
notN

ash

im
plem

entable,since
itis

notm
onotonic:�

�F� N�

and�
I �F� N 5� ,butthere

is
no

player"

and
outcom

eP

such
that�
	 

P

andP J 5

�

.

O
bviously,S

olom
on

(or
the

w
om

en)
didn’tparticipate

in
gam

e
theory

sem
inars.
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S
ubgam

e
perfect

equilibrium
im

plem
entation

N
ext,w

e
w

illconsider
the

case
w

here
the

planner
uses

extensive
gam

e
form

s,and

for
each

preference
profile,the

outcom
e

ofthe
gam

e
m

ay
be

in
any

subgam
e

perfectequilibria
(S

P
E

).W
e

w
illrestrictourselfto

an
illustrative

exam
ple.

E
xam

ple
16.

T
he

planner
w

ants
to

divide
an

objectofm
onetary

value
betw

een
tw

o

players,1
and

2.
O

ne
ofthe

players
is

the
legitim

ow
ner

ofthe
object,butthe

planner
does

notknow
w

hich
one.

S
uppose

thatthe
planner

can
give

the
objectto

any
ofthe

players,or
neither

ofthem
,and

thatshe
also

m
ay

im
pose

fines
on

the

players.

T
he

setofoutcom
es

is
the

setoftriples��Q�SR
��SR
O� ,w

hereQ $
T

(neither
player

gets
the

object)
orQ

�&*U
� B(

(playerQ

gets
the

object),andR


is
a

fine
im

posed

on
player" .

P
layer" ’s

payoffifhe
gets

the
objectisVW%X

R


ifw
e

is
the

legitim
ow

ner
ofthe
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object,andV� X
R


ifhe
is

not,w
hereVW Y

V� Y
T .
Ifplayer"

does
notgetthe

object,his
payoffis X

R


.

T
here

are
tw

o
possible

preference
profiles,	

in
w

hich
player

1
is

the
legitim

ow
ner,

and	 5

in
w

hich
player

2
is.

T
he

planner
w

ants
to

im
plem

entthe
choice

ruleF

for
w

hichF�	 � $
� U� T� T�

and

F�	 5
� $
� B� T� T� .

T
his

is
im

plem
ented

by
the

follow
ing

extensive
gam

e
form

.

1
m

ine

his

2
m

ine

his

� B�SZ��[
�

� B� T� T�

� U� T� T�
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F
irstplayer

1
is

asked
w

hether
the

objectis
his.

Ifhe
says,“no”,the

objectis
given

to
player

2.
Ifhe

says
“yes”,player

2
is

asked
ifhe

is
the

ow
ner.

Ifplayer
2

answ
ers

“no”,the
objectis

given
to

player
1.

O
therw

ise,player
2

gets
the

objectand
he

m
ust

pay
a

fine [

,V�
\ [
\
VW

w
hile

player
1

has
to

pay
a

sm
allfineZY

T .
Itis

easy
to

see
thatfor

each
preference

profile,the
gam

e
has

a
unique

S
P

E
w

ith

outcom
e� "� T� T� ,w

here"

is
the

legitim
ow

ner.
T

hus,this
gam

e
form

S
P

E
-im

plem
ents

the
choice

ruleF

.

T
he

idea
behind

the
gam

e
form

is
thatin

each
S

P
E

,player
2

is
forced

to
choose

truthfully.
G

iven
thatplayer

2
alw

ays
chooses

truthfully,player
1

is
also

forced
to

choose
truthfully

in
each

S
P

E
.
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B
argaining

prob
lem

s
revisited

F
orG

�] T� U^ _
`

,
w

e
letG:a

Q
b
� U X
G� a
P

denote
the

(discrete)
probability

distribution
thatgivesQ

w
ith

probabilityG

andP

w
ith

probabilityU X
G

.
F

urtherm
ore,

w
e

letG:a
Q

denote
the

distributionG:a
Q
b
� U X
G� a
c

( c

is
defined

below
).

D
efinition

17.
A

bargaining
problem

��d
� c�	 ��	 O�

consists
of

�

A
com

pactsetd

in
a

m
etric

space
(the

setofagreem
ents).

�

A
n

elem
entc

� d

(the
disagreem

ent
outcom

e).

�

Tw
o

preference
relations	 ��	 O

on
the

setofprobability
distributions

over d

satisfyingQ
	 

c

for
allQ

� d

.
T

he
preference

relations
are

represented
by

continuous
utility

functionse

�d
 
] T�Sf
� _
`

such
thate
� c� $

T

and

Q
	 

P
78
g] e
��Q�^ A
g] e
� P�^ .
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�

T
he

problem
is

non-degenerate
in

the
sense

thatthere
is

anQ
� d

such
that

Q
J� c

andQ
JO c

.

�

(C
onvexity).

F
or

anyQ�P � d
andG

�] T� U^ ,there
is

anh� d

such
that

hji

G a
Q
b
� U X
G� a
P

for" $
U
� B.

�

(N
on-redundancy).

IfQ
� d

,there
is

noQ 5
� d
� Q 5
I $Q

such
thatQ i


Q 5

for" $
U
� B.
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T
he

N
ash

solution

D
efinition

18.
A

bargaining
solution

is
a

function
thatassigns

to
every

bargaining

problem

� d
� c�	 ��	 O�

a
unique

elem
entin d

.

D
efinition

19.
T

he
N

ash
solution

is
a

bargaining
solution

thatassigns
to

the

bargaining
problem

� d
� c�	 ��	 O�

anQ /
� d

such
that

G:a
Q
J

Q /�G
�] T� U^ � Q
� d $8
G:a
Q /
	L Q�KI $" )
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P
roposition

20.
Let��d

� c�	 ��	 O�

be
a

bargaining
problem

.
T

henQ /
� d

is
a

N
ash

solution
ofthe

problem
ifand

only
if
e�� Q /� eO��Q /� A
e���Q� eO��Q� �lk Q
� d)

F
urtherm

ore,the
N

ash
solution

is
w

ell-defined.

P
roof.

S
uppose

firstthate���Q /� eO��Q /� A
e�� Q� eO��Q�

for
allQ

� d

.
T

hen

e
� Q /� Y
T

for" $
U
� B

(since
the

problem
is

non-degenerate).If

G e
��Q� Y
e
� Q /�

for
som

eG
�] T� U^

andQ
� d

,then

G e
��Q� eL � Q /� Y
e
��Q /� eL � Q /� A
e
��Q� eL � Q� .

T
hus,G eL ��Q /� Y

eL � Q� .
T

hat

is,G:a
Q
J

Q /$8
G:a
Q /
	L Q

.
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C
onversely,suppose

thatQ /

is
a

N
ash

solution.
B

y
definition,w

e
m

usthave

e
� Q /� Y
T

for" $
U
� B.

LetQ
� d

be
such

thate
��Q� Y
T

for" $
U
� B,and

e
� Q� Y
e
��Q /�

for
som

e"

(for
allother

values
ofQ

,w
e

obviously
have

e�� Q /� eO��Q /� A
e�� Q� eO��Q� ).

IfG Y
e
� Q /�m e
��Q�

for
som

eG
�] T� U^ ,w

e

haveG eL ��Q /� A
eL ��Q�

(sinceQ /
is

a
N

ash
solution).

H
ence

e
� Q /� eL ��Q /�m e
��Q� A
eL � Q�

and
thuse
��Q /� eL � Q /� A

e
��Q� eL � Q� .
F

inally,to
show

thatthe
N

ash
solution

is
w

ell-defined,let

n $
& � e�� Q� � eO��Q��' Q
� d
( .

N
ote

thatQ /

is
a

N
ash

solution
ifand

only
if

� V�� VO� $
� e���Q /� � eO��Q /��

m
axim

izesV� VO
overn

.
S

incen

is
com

pact

(e�� eO

are
continuous),this

problem
has

a
solution.

S
ince

the
functionV� VO

is

strictly
quasi-concave

on
the

interior
of` O�

andn
is

convex,the
solution

is
unique.

F
inally,by

the
non-redundancy

there
is

a
uniqueQ /

� d
thatyields

the
pair

of

m
axim

izing
utilities.
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Im
plem

entation
of

the
N

ash
solution

P
roposition

21.
F

ix
a

set d
and

an
event c

� d

.
F

or
allpairs�	 ��	 O�

for

w
hich� d

� c�	 ��	 O�
is

a
bargaining

problem
,the

follow
ing

extensive
gam

e
form

(w
ith

perfectinform
ation

and
chance

m
oves)

S
P

E
-im

plem
ents

the
N

ash
solution.

1.
P

layer
1

choosesP � d

.

2.
P

layer
2

choosesQ
� d

andG
�] T� U^ .

3.
W

ith
probabilityU X

G

the
gam

e
ends

w
ith

outcom
ec

.
W

ith
probabilityG

it

continues.

4.
P

layer
1

chooses
eitherQ

orG:a
P

.
T

his
choice

is
the

outcom
e.
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P
roof.

LetQ /
be

the
(unique)

N
ash

solution
ofthe

bargaining
problem

.
W

e
claim

thateach
S

P
E

ofthe
gam

e
is

essentially
equivalentto

the
follow

ing
sim

ple
strategy

profile.

�

S
tep

1:
P

layer
1

choosesP $
Q /

.

�

S
tep

2:
P

layer
2

choosesQ $
Q /

andG $
opq
& G
' e���Q /� A
G e�� P�( .

�

S
tep

4:
P

layer
1

chooses rs t
� e���Q� �G e�� P�� .

U
sing

the
one

deviation
property,w

e
can

easily
show

thatthis
is

an
S

P
E

ofthe

gam
e.

C
learly,its

outcom
e

isQ /

.

Itrem
ains

to
show

thatthe
S

P
E

is
unique.

To
this

end,consider
any

S
P

E
ofthe

gam
e.
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In
the

laststep,P
layer

1
is

clearly
forced

to
choose

(w
ith

som
e

abuse
ofnotation)

rs t
� e���Q� �G e�� P�� )

In
step

2,P
layer

2
is

forced
to

chooseQ

andG

such
that

G eO� rs t
� e���Q� �G e�� P���

is
m

axim
ized.

In
step

1,P
layer

1
is

forced
to

chooseP

such
that

e�� rs tuvw G eO� rs t
� e�� Q� �G e�� P����

is
m

axim
ized.

T
hus,the

S
P

E
is

unique
ignoring

ties
in

thers t

operations.
B

y
the

restrictions
put

one�

andeO ,there
can

be
no

relevantties.
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C
onc

luding
rem

arks

From
a

cryptographic
pointofview

,the
previous

im
plem

entation
is

unsatisfactory,

since
itgives

no
m

ethod
to

com
pute

the
S

P
E

unless
both

parties
know

the
other

party’s
utility

function.
Ifboth

parties
knowe�

andeO ,they
can

independently

com
puteQ /

� d

such
thate���Q /� eO��Q /�

is
m

axim
ized

w
ithoutany

fancy
gam

e.

T
hus,itis

stillan
open

problem
to

designs
a

protocolthatallow
s

the
tw

o
parties

to

find
the

valueQ /

w
ithoutgiving

any
non-trivialinform

ation
aboute


to
partyK

.
(T

his

is
w

here
Iran

outoftim
e )))

)

O
r

course,this
could

be
done

using
secure

function
evaluation,butis

this
efficient

enough?
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