MTAT.05.105 Type Theory

Simply typed A-calculus



Type systems

o Types are used to specify properties of a program.
— Usually, types specify classes of normal forms.
— If a term has a type Nat, and it has a normal form, the
normal form is a natural number.
o Type systems contain:
— A set of types.
— A set of programs.
— A type judgment.



Simple types

Assume a countable set of type variables (base types).
Simple types = no polymorhism.
Syntax of simple types:

T = «a variable
| o function type
Type constructor — is right associative.

T1—>T2—>T3ET1—)(7'2—>T3)



Explicit vs. implicit typing

@ There are two main ways of typing A-expressions.

@ Church-style: give domain type explicitly as typed A-term
Az T. €.
— Example: Az : Nat. £ + = : Nat — Nat.
— Every term has a unique type.

o Curry-style: keep untyped syntax and use types as
well-formedness predicate (type inference).
— Example: Az. z + z : Nat — Nat.
— Terms may have multiple types (eg. Az. = : Nat — Nat,

but also Az. z : Bool — Bool).

o We will mostly use the first way.



Terms, notation, reduction

o Syntax of terms:

e 1= =z variable
| eies application
| Az:T.e abstraction

@ Same syntactic conventions as in pure A-calculus.

@ Substitution, reduction, etc are also defined as in pure
A-calculus by ignoring typing annotations.



Typing relation
To determine what terms have which types, we need to
define a typing judgment.
The basic judgment is a sequent I' e : 7
— "the term e has type T wn context I'”.
I' is a type assignement I' = {z1 : 7, ..., Tn: Th}.
— Domain of I' is denoted by dom(T") = {z1, ..., Zn}.
— Must have: FV(e) C dom(T").
I' < Aif z € dom(I") implies ¢ € dom(A) and I'(z) = A(z).
A program (closed term) e has type 7 if it has that type in
the empty context e : 7.



Typing relation
o Typing judgments are defined by inference rules.

o Typing rules for simply typed A-calculus:

var bz:oke:T b
z:tkz:7T TFAz:o.e:0—71 2%

I'ei:0—>7 T'hey:o
I'kFeleg: T

app

where z ¢ dom(T").
o Further on we refer to the simply typed A-calculus as A—.



Typing derivation
Typing derivation example (1):

FAz:T, yio.z:



Typing derivation
Typing derivation example (1):

{7} F Ayio.z:
FAz:T, yioz:iT —

abs



Typing derivation
Typing derivation example (1):

{z:7, yo}tFz:
{z:7}F Ayio.z 10—
FAz:T, yiooz T >0 —

abs

abs



Typing derivation
Typing derivation example (1):

{z:7, yottaoc:7 ver

{z:7}FAyio.z:0—>T
FAz:T,y0ooc:T >0 —>T

abs

abs



Typing derivation
Typing derivation example (2):

'Fy:p—0o T'F2z:p
'Fz:o—T1 I'rFyz:o
Tkz(yz): 7
Dok Azipz(yz):p— T
Dy Ayp—o, zipz(yz):(p—= o) = p— T
FAzio—T,y:p—0, zpz(yz):(c—>1)=>(p—o0o)—=p—>T

where
I = {zio—71}
Iy = {zic—T, y:p—o}
' = {zio—T, yp—o, z:p}



Typing derivation
Typing derivation example (3):

FAz:Tt.zz:



Typing derivation
Typing derivation example (3):

{z:7}Fzz:
FAXrrzz:T —

abs



Typing derivation
Typing derivation example (3):

{z:7}Fz:0— {z:7}Fz:0
{z:7}Fzz:
FAzirzziT =

app

abs



Typing derivation
Typing derivation example (3):

var

T T — Tz T
{7} {wryracr

{z:7}Fzz:
FAXrrzz:T —

abs



Typing derivation
Typing derivation example (3):

var

var ——
T T — Tz T
{7} p " {wryrair

{z:T}Fzz:p
FAz:r.zcz:7—p

abs

Typing derivation fails!



Type safety

e Type safety (soundness):
Well typed programs do not "go wrong”.

o The price:
— Some sensible programs are rejected.

o Consists of two parts:

— Progress: A well-typed term is not stuck (either it’s a
value or it can take a step according to the evaluation
rules).

— Preservation: If a well-typed term takes a step of
evaluation, then the resulting term is also well-typed.



Uniqueness of typing

e Lemma (Generation lemma):

'Fz:T = INz)=171
'Fejea:7 = Jo'kFer:oc—7 A Thkey:o]
'FXzwoe:7 = Fplz:obe:p AN T=0— p

@ Theorem (Unique typing): If '+e: 7 and ' e : 7, then
T1 = T2.
— Proof: By induction with respect to the structure of e
and using Generation lemma.

o Note: Unique typing fails for many richer languages.



Preservation of typing

o Lemma (Weakening): If 'Fe: 7 and I' < A, then
AkFe:T.
— Proof: By induction on the typing derivation.

o Lemma (Substitution): If I',z:c-e; : Tand I'F ey : 0,
then ' Fej[z — eo] : 7.
— Proof: By induction with respect to the structure of e;

and using Weakening lemma.

e Theorem (Subject reduction): If 'Fe: 7 and e —g €/,

thenT'He': 7.

— Proof: By induction with respect to the definition of —4
and using Substitution lemma.



Progress

e Lemma (Progress): If ' - e : o, then 3¢’ : 0. g € or
e € Val, where

veVal u= zv...v|AziTv

— Proof: By induction with respect to the structure of e.



Strong normalization

@ Theorem (Strong normalization): In A—, every
B-reduction sequence is finite.
@ Some simple corollaries:

— The question of equality of terms in A— is solvable.
— Fixpoint operators are not definable in A—.



Extensions: booleans

Types: 7T :=...|Bool
Terms: e :=...|true | false |ifegthene;elsee;y
Values: v :=...|true | false

Typing rules:

I' - true: Bool TI'F false: Bool

I'Heg:Bool T'key:7 T'hey: T
I'ifegthene elsees : 7

Evaluation rules:

if truethene; elsees, — e;
if falsethenejelsees — ey



Extensions: unit type

Types: 7 :=...| Unit
Terms: e:x=...|()
Values: v:=...]|()

Typing rules:
I' = () : Unit

No evaluation rules!



Extensions: products

Types: Ti=...|T1 X T2

Terms: e :=...| (e, ez) | fst|snd
Values: v :=...| (v1,v2)

Typing rules:

'Fei:mnm T'kFey:m
Ik (e,e2): 71 X T

'Fe:mmxm I'Fe:m X1

I'Ffste: 4y I'Fsnde:mn

Evaluation rules:

fst(el,eQ) — €1
Snd(61,62) — €3



Extensions: sums

Types: Ti=...|THi+ T
Terms: e :=...|inl | inr | case (eg; T1.€1; T2.€2)
Values: v:u=...|inlv; | inlv,
Typing rules:
'Fe:n 'Fe:m
'Finle:7m + 7 I'+inre:m + 7

'Feg:nn+m Tey:mber:o TNhay:mbesy:o

[' - case(eq; T1.€1; To.€2) : 0
Ewvaluation rules:

case(inl €o, T1.€1, $2.62) — 61[2!)1 — 60]
case (inreg; z1.€1; T2.€2) — ex[T2 — eq]

Note: In the case of sums unique typing fails!



