MTAT.05.105 Type Theory

Second-order A-calculus



Second-order A-calculus: types

@ Syntax of types:

T = type variable
| 7o function type
|  Vo.T polymorphic type

o Type constructor — is right associative.

T1 — T2 — T3 = T1—>(7'2—>7'3)

o Universal quantification V binds weakest.

Va.a =5 VB.6 = Va.(a— VB.6)



Second-order A-calculus: terms

o Syntax of terms:

e = T
| eiez
| Az:T.e
| e
|  Aa.e

variable
application
abstraction

type application
type abstraction

o For readability, we often write type annotations as

superscripts.



Second-order A-calculus: terms

o Syntax of terms:

e T

€1 €2
AT T.e
eT

Aae

variable
application
abstraction

type application
type abstraction

o For readability, we often write type annotations as

superscripts.
o Example:

dbl = AaAfe% Az f(fz)



Second-order A-calculus
o [-reduction rules:
(Az:T.e1)es —p ei]z — eg
(Ao.e)T —p ela— 7]

o Note that in e[a — 7], free occurences of o are substituted
both in type applications and type annotations.
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Second-order A-calculus
o [-reduction rules:
(Az:T.e1)es —p ei]z — eg
(Ao.e)T —p ela— 7]

o Note that in e[a — 7], free occurences of o are substituted
both in type applications and type annotations.

o Example: Let 3 : Nat and inc : Nat — Nat

dbl Nat inc3 = (AaAf*7*Az* f(fz)) Nat wnc 3
—g  (AfNatoNat AgNat £(fz)) inc 3
—p  (AzN3t.inc(incz)) 3

—g nc(inc3))



Second-order A-calculus: typing rules

o Typing rules for second-order A-calculus:

Lz:tkx: 7

Iz:oke:T I'tey:0—717 D'Fey:o

I‘I—)\a::a.e:a—w'(zgdom(r)) I'Fejes: T

'Fe:7 (agFV(TY) 'Fe:Va.r
'+ (Aa.e) : Vo1 'Feo:7la— o]

@ Further on we refer to the second-order A-calculus as A2.
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@ The polymorhic identity:

id = Aadxz%z : Vooa—a
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@ The polymorhic identity:
id = Aadz®z : Vaoa—a

o Typing derivation:
{z:a}Fz:a
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Second-order A-calculus: examples
The polymorhic identity:
id = Aadz®z : Vaoa—a

Typing derivation:
{z:a}Fz:a
FAz%.z:a0—
F Aa.Az%.z : Va.o = o

For any type 7 and term e : 7, we have:
dT 1 T—oT
idTe T
In particular, if 7 = Va.a — o and e = id, we have:
1d (Va.a — a) : (Va.a = a) = (Ya.a — a)

id(Va.a - a)id : YVa.a—a
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@ Doubling combinator:
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o Self-application:

w = A" %z(Va.a — a)z
: (Va.a = a) =» (Va.a — a)

o Typing derivation:

I'Fz(Vo.a — a) : (Va.a = a) — 'Fz:Vaoa—a
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Second-order A-calculus: examples

o Self-application:

w = A" %z(Va.a — a)z
: (Va.a = a) =» (Va.a — a)

o Typing derivation:

I'z:Vaa— «a

'z (Voa.a — a) : (Va.a - a) > (Vaa—a) T'kFz:Vao—a

{z:Va.a = a} F z(Va.a — a)z : (Va.a — a)

L AgpVaa—o o (Va.aa — a)z : (Va.a — a) = (Va.a — a)
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Second-order A-calculus: examples

o Self-application:
w = A" %z(Va.a — a)z
: (Va.a = a) =» (Va.a — a)

o What about double self-application w w?
- Let I' ={w: (Vo.a = a) - (Va.a — o)}

l'rw:o—171 l'rw:o
lNrww:r

— Hence 0 = Va.a — a and 7 = Va.a — a.
- Hence ¢ = (Va.a — a) = (Va.aa — a).
— But these types are incompatible!
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o Self-application (2):

W' = Aaz’*e7% z(a — a)(za)
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Second-order A-calculus: examples
o Self-application (2):

W' = Aaz’*e7% z(a — a)(za)
Vo.(Va.ao — a) = (a — a)
o Typing derivation:

'z:Vaa— o I'Fz:Va.a— o

'Fz(a—a):(a—a) = (a—a) 'Fza:a—a

{z:Va.a — a} F z(a — a)(za) i a — «a

F Az7ee7 g(a — a)(za) : (Va.a — a) = (a — a)

F Aa g7 g(a — a)(za) : Va.(Va.a = a) = (a — a)



Properties of A2

There is a Curry-Howard correspondence between A2 and

ND(D,V?).

Corollary (Type Inhabitation): Given a type 7, the problem

of finding e such that - e : 7 is undecidable.

Uniqueness of types:

Ifl'te:mmandI'+e: 7, then 1y, = 7.

Decidability of typing: In A2, type checking and type infer-

ence are equivalent and decidable problems.

— Type checking: Given I', e and 7, check whether the
judgement I' - e : 7 is derivable.

— Type inference: Given I' and e, find a type 7 such that
'+ e: T is derivable or tell ”No” if there is no such type.



Properties of A2
Church-Rosser:

If eg —+p5 e1 and eg —pg e2, then there is a term e3 such that
e1 —~g e3 and es —g es.

Subject Reduction:

If'~e;:7and ey —»ges then'-ey: 7.
Strong Normalization:

In A2, every B-reduction sequence is finite.

Corollary: Fixpoint operators are not definable in A2.



Programming in A2: booleans

@ Definition:

Bool = Vaa—a—a

true = Aa.Az%,y%.z:Bool
false = Aa.Az% y“.y: Bool

if - egthene;elsees; = egTeies

o Typing:

I'eg:Bool T'key:7 T'hey: T
'+ if.egthene; elseey : T

@ Reduction:

ey — true eo — false

if - eg thene; elseey; — e if - eg thene; elseey — €9



Programming in A2: products

@ Definition:

T1 X To

(617 62)
fst
snd

o Typing:

o Reduction:

Va.(p, = 7 — a) > a

Ao Af1727¢ fei ey

A2 o (AT, YTPL) T X Ty = Ty
A2 p Ty (AT, YTRY) 1Ty X T2 — T

I'ey:mm T'kFey:m
I‘I—(el,eg):'rl><7'2

fst(el,eQ) —» €]
Snd(61,62) — €9



Programming in A2: sums

@ Definition:

m+mn = Va(n—ooa)—(n—oa)—a
inle = AaAfr7% g7 7% fe
inre = AaAft7% g 7% ge
case, (eg; z1'.e1; T52.ea) = eoo (AzT .e1)(Az3?.eq)
o Typing:
I'e:m I'e:m
'inle:m + 7 I'Finre: ™ + 71

I'rFeyp:m+m INey:mbFer:o Tas:mbes:o

I' F case, (eo; ©1'.e1; T32.€2) : 0
@ Reduction:

case, (inleg; z1'.e1; z22.e2) — e1[z1 — eg]
case, (inrep; z1'.€1; 222.e2) — eaza — eg]



Programming in A2: finite types

@ Definition:

Fin, = Va.a—...—>a—«a
N———
n times
e; = Aa.Xzf,...,z5.z1: Fin,
en = Aa.xzf,...,z5.z, : Fin,

nCase’” (eg; €1;...;€en) = epTer...



Programming in A2: finite types

@ Definition:

Fin, = Va.a—...—>a—«a
—_——
n times
e; = Aa.Xzf,...,z5.z1: Fin,
en = Aa.xzf,...,z5.z, : Fin,
nCase’ (eg; €1;...;€en) = €9T€1...€n

o In particular:

Fin, = Va.a—a—a = Bool
Finy = Va.a— « = Unit
Finp, = Va.a = Void



Programming in A2: natural numbers

@ Definition:
at

N = O

IS

iter

Va.(a > a) v a—a
AaAfe¥7 z% .z : Nat
AaAfe7 % fz : Nat
AaAfe7e z* f(f ) : Nat

AaAfe7 z® f(...(f z)...): Nat
N————
n times
Aaxfee zo nNat no fo
:Va.(a - a) > a — Nat —» «



Programming in A2: natural numbers

@ Definition:
at

N = O

IS
Il

iter =

Va.(a > a) v a—a
AaAfe¥7 z% .z : Nat
AaAfe7 % fz : Nat
AaAfe7e z* f(f ) : Nat

AaAfe7 z® f(...(f z)...): Nat
N————
n times
Aaxfee zo nNat no fo
:Va.(a - a) > a — Nat —» «

e Combinator iter is an iterator (or recursor) for naturals.

itertsz 0 =
itertsznt+l = s(iterTszn)



