MTAT.05.105 Type Theory

Type inference



Type inference

In Church-style A-calculi, A-terms contain sufficent explicit
type annotations making type checking and type inference
easy.

Curry-style systems keep untyped syntax for terms and use
types as well-formedness predicate.

In general, for Curry-style type systems the type inference
(and also type checking) is undecidable.

— Second-order A-calculus.

But, for some simpler systems type inference is possible.

— Simply typed A-calculus.
— Hindley-Milner polymorhism.



Simply typed A-calculus a’la Curry

e Types (the same as in A— a’la Church):

T = o type variable
| 71— function type

@ Terms (the same as in pure A-calculus):

e = <z variable
| eires application
|  Az.e abstraction

e Typing rules:

z:oke:T
De:thkz:7T 'FXz.e:o—T

I'ey:o—717 T'key:o
I‘l—elegz'r




Type inference for A— a’la Curry

o Notation:
- 5,8, ... type substitutions
- 77 < 3S[T" = S(7));
-I'>T"«<= 35" 2 5.

e Definition: (T, 7) is a principal pair for the term e iff

(i) Tke:m;

(i) Mre:T<=T>TVANT>7.

e For a closed term e, the type 7 in the principal pair (0, 7) is
called a principal type.

@ Theorem: Any typable term e has a correponding principal
pair (I', 7). Moreover, the pair is unique up to the renaming
of type variables.



Type inference for A— a’la Curry

Type inference algorithm:

@ Annotate every subterm and bounding occurence of a vari-
able by a unique type variable.

@ Generate a constraint system using a following set of rules:

z® €T I'z*FeP = E
I'Fz°P = {a=p} ' (M. ef) = {y=a - BIUE
THed = By T'Hel = B,

I'F (e} ez)7${a:,6—>'y}UE1UE2

@ Solve the constraint system by finding the most general
unifier.

— If it doesn’t exist = the term is not typable.



Type inference for A— a’la Curry

- ()\moq .()\yocz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 ),32 )71 )’)’2 )’Ys



Type inference for A— a’la Curry

o | ()\yaz .()\zas.(xatx (yaszae ),31 )ﬁz )’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 ),32 )71 )’)’2 )’Ys



Type inference for A— a’la Curry

T, o2 ()\za3 .(.’120‘4 (yaszae )ﬁl ),32 )71

o | ()\yaz .()\zas.(xatx (yaszae ),31 )ﬁz )’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 ),32 )71 )’)’2 )73



Type inference for A— a’la Curry

&1 , yaz,zaa [ (mml (yaszas)ﬁl ),32
T, Yo ()\za3.(:1:°‘4 (yaszae)ﬁl ),32)71

o | ()\yaz .()\zas.(xatx (yaszae ),31 )ﬁz )’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 ),32 )71 )’)’2 )73



Type inference for A— a’la Curry

TFo@  TF (g
&1 , yaz, 293 |- (mml (yaszas)ﬁl ),32
T, Yo ()\za3.(:1:°‘4 (yaszae)ﬁl ),32)71

o | ()\yaz .()\zas.(xatx (yaszae ),31 )ﬁz )’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 )ﬁz )71 )’)’2 )73



Type inference for A— a’la Curry

Tk y™ Tk 2%

TFo@  TF (g
&1 , yaz, 293 |- (Za"‘ (yaszas)ﬁl ),32
T, Yo ()\za3.(:1:°‘4 (yaszae)ﬁl ),32)71

o | ()\yaz .()\zas.(xatx (yaszae ),31 )ﬁz )’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 )ﬁz )71 )’)’2 )’Ys



Type inference for A— a’la Curry

e L Tk 2%

TFa™ > B TF (g%
&1 , yaz, 293 |- (Za"‘ (yaszas)ﬁl ),32
T, Yo ()\za3.(:1:°‘4 (yaszae)ﬁl ),32)71

o | ()\yaz .()\zas.(xatx (yaszae ),31 )ﬁz )’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 ),32 )71 )’)’2 )73

Constraints:

B, = {a1:a4}



Type inference for A— a’la Curry

y» el
z T PFy% = By T'k z%¢
'-z* = B '+ (y"‘*‘z/,"“i)ﬁ1

&1 , yaz, 293 |- (Za"‘ (yaszas)ﬁl ),32
T, o2 b ()\za3.(:1:°‘4 (yaszae)ﬁl ),32)71

o | ()\yaz .()\zo‘3.(:z:°‘4 (yaszae ),31 )ﬁz )’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 ),32 )71 )’)’2 )’Ys

Constraints:
B, = {al = 014}
B, = {az = 015}



Type inference for A— a’la Curry

yaz 6 ]_" zoc3 6 1'\
z T PFy* = By T'k 2% = E3
'-z* = B '+ (y"‘*‘z/,"“i)ﬁ1

&1 , yaz, 293 |- (Za"‘ (yaszas)ﬁl ),32
T, o2 b ()\za3.(:1:°‘4 (yaszae)ﬁl ),32)71
T ()\yaz_()\zas.(xm(yaszae)ﬁl ),62)’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 ),32 )71 )’)’2 )73

Constraints:
B, = {al = 014}
B, = {az = 015}
By = {Oé3 = (16}



Type inference for A— a’la Curry

yaz c T zoc3 c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

&1 , yaz, 293 |- (Za"‘ (yaszas)ﬁl ),32
T, o2 b ()\za3.(:1:°‘4 (yaszae)ﬁl ),32)71
T ()\yaz_()\zas.(xm(yaszae)ﬁl ),62)’71 )72

- ()\moq .()\yaz .()\z°‘3.(:1:°‘4 (y°‘5z°‘6 )ﬁ1 ),32 )71 )’)’2 )73

Constraints:
B, = {al = a4}
B, = {az = a5}
By = {aa = ae}
Ey = {os=oas— P}

U B, U B,



Type inference for A— a’la Curry

yaz c T zoc3 c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

27,4%%, 2% F (a%(y020 )P )2 = Bs
R U W
o I (g™ (0. (a2 (y*2°0) )
- (e (g (A (% (g2 ) s

Constraints:
By = {o1=ou} Es = {ay=p1 = P:}UELUE,
B, = {az = a5}
E3 = {a3 = ae}
Ey = {oas=as— P}

U B, U B,



Type inference for A— a’la Curry

yaz c T zoc3 c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
2% F (W, (0 (574 (y02 %) PP T
- 0w (e (e (a7 oz P e

Constraints:
By = {o1=ou} EBs = {oa=p1—=P2}UE UE,
B, = {az=os} Es = {m=o0as3— B}UE;s
E3 = {a3 = ae}
Ey = {oas=as— P}

U B, U B,



Type inference for A— a’la Curry

yaz c T zoc3 c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
- 0w (e (e (a7 oz P e

Constraints:
By = {o1=ou} EBs = {ay=p1 = B:}UEIUE,
B, = {az=os} Es = {nm=o0a3— B}UE;s
By = {as=oas} E; = {7v2=a; 2> m}UE;g
Ey = {oas=as— P}

U B, U B,



Type inference for A— a’la Curry

yaz c T zoc3 c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:
By = {o1=ou} EBs = {ay=p1 = B:}UEIUE,
B, = {az=os} Es = {nm=o0a3— B}UE;s
By = {oaz=ag} B, = {v2=o0x—=m}UEs
Ey = {oas=as— P} Es = {yp=a1 = %n}UE;

U B, U B,



Type inference for A— a’la Curry

yaz c T zoc3 c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:
By = {011 = 04, 0z = a5, 03 = g,
as = ag — (1, ag = f1 = Pa,
71 = az — Ba,

Y2 =02 = V1,
Y3 = a1 — 72}



Type inference for A— a’la Curry

yaz c T zoc3 c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:

By = {011 = Oy, 0z = a5, 03 = g,
as = ag — (1, ag = f1 = Pa,
71 = az — Ba,
Y2 = Q2 — 71,
Y3 = aa — 72}



Type inference for A— a’la Curry

yaz c T zoc3 c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:

By = {011 = Oy, O = 05, 03 = g,
as = ag — (1, ag = f1 = Pa,
71 = az — Ba,
Yo = A5 — V1,
Y3 = aa — 72}



Type inference for A— a’la Curry

yaz c T zocs c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:

By = {011 = 04, 0z = a5, 03 = g,
as = ag — (1, ag = f1 = Pa,
71 = ag — Pa,
Yo = A5 — V1,
Y3 = aa — 72}



Type inference for A— a’la Curry

yaz c T zocs c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:

By = {011 = 04, 0z = a5, 03 = g,
ay = ag — [F1, ag = 1 = Po,
71 = ag — Pa,
72 = (g = B1) = 71,
Y3 = aa — 72}



Type inference for A— a’la Curry

yaz c T zocs c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:
By = {011 = 04, 0z = a5, 03 = g,
as = ag — (1, ag = f1 — Pa,
71 = ag — Pa,
72 = (g = B1) = 71,

vz = (B1 = B2) = 72}



Type inference for A— a’la Curry

yaz c T zocs c T
g e TFHy® = FE TFz% = F
'z = B T+ (y*z2)fr = B,

2,4, 2 1 (@ (" 2P = B
T, Y22 | (A2 (™4 (y*s 226 )P1)P2 ) = Fg
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:
By = {al = 04, 0z = a5, 03 = g,
as = ag — (1, ag = f1 — Pa,
71 = ag — o,
Y2 = (ag = f1) = ag — Pa,

vz = (B1 = B2) = 72}



Type inference for A— a’la Curry

yaz cTl 2z ¢ T
z T 'Fy* = By T'F 2% = Ej
I'kz™ = B I'k (y*5z26)Pr = B,
mou,yaz, 293 | (ma4(yasza6)ﬁl)ﬁ2 = Fg
2,y | (s (2 (Y2 PP = B
T F (Ay®2.(Az%3. (324 (y@52%0)PL)P2) 1) 12 — E;
F Az (Ay22.( Az (4 (y@s 220 )P1)P2)m)12)7s — Fg

Constraints:

By = {011 = Qg, 03 = 05, A3z = O,
as = ag — (1, ag = f1 — Pa,
71 = as — B,
= (a6 = 1) — a6 = Po,
73 = (B1 = B2) = (s — B1) = as — B2}



Type inference for A— a’la Curry

yaz c ]_" zoc3 c 1'\
2% € T Thy® = B, Tk 2% = Hj
I'+z* = B 'k (yos2*e)P = B,

mou,yaz, 293 | (za4(yasza6)ﬁl)ﬁ2 = Fg
57,47 I (e (o™ (y™ 2% P )T — B
o - ()\yag.()\zag.(wa;;(yocf,zae)ﬁl)ﬁQ)’Yl)’Yz = By

- ()\ma:l.()\yocz.(Aza3.($a4(yaszae)ﬁ1),32)71)’72)73 = Ey

Inferred type:

Y3 = B=y)2(@a=p)ra—y



Solving equations by unification

o Equations can be solved by the repeated application of
simplification rules.

@ The two main rules are:
— replace an equation of the form 7, — 7 = 73 — T4 with
two equations 7, = 73 and ™ = T4
— suppose, there is an equation of the form a = 7. If
a € FV(7) then report an error, otherwise substitute 7
for a in all equations.
o Augxiliary rules:
— remove equations of the form a = a, Bool = Bool, etc.;
— replace 7 = a with a = 7;
— if there is an equation 4 = 75 where the head type
constructor differs on each side (eg. Bool = a3 — a»)
then report an error.



Type inference for A— a’la Curry

F ((Azt.z22)*3(Age.gos)6)or



Type inference for A— a’la Curry

F (Aget.ga2)es F (Age.gos)e

F ((Azot.z22)o3(Age.gs)6)or



Type inference for A— a’la Curry

T g2 T | s

F (Aget.ga2)es F (Age.z@s)e

F ((Azt.z22)*3(Age.gos)6)or



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
¥ -z = By ™z = Hy
F (Aget.ga2)es F (Age.z@s)e

F ((Azt.z22)*3(Age.gos)6)or

Constraints:

{a1 = az}
{as = a5}

By



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
T x*2 = Fy T b % = Fy
F (Az®t.z?2)* = Fj F (Az*e.z%5)% = E,

F ((Azt.z22)*3(Age.gos)6)or

Constraints:
E, = {Oll = az}
E2 = {a4 = a5}
Fsy = {oz3 = Qa; — ag} U B,

By

{a6 = Q4 — a5}UE'2



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
T x*2 = Fy T b % = Fy
F (Az®t.z?2)* = Fj F (Az*e.z%5)% = E,

F ((Azt.z22)*3(Ag*e.2¥5)*6)*7 = [y

Constraints:
El = {a1 = ag}
E2 = {a4 = a5}
Ey = {ag = a; — ag} U B,
E, = {ag = Q4 — a5} U BEsp
By = {a3:a6%a7}UE3UE4



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
T x*2 = Fy T b % = Fy
F (Az®t.z?2)* = Fj F (Az*e.z%5)% = E,

F ((Azt.z22)*3(Ag*e.2¥5)*6)*7 = [y

Constraints:

Es = {1 =0z as=as,
a3z = Qap — A2,
Qe = g — Qs,
a3 = og — ary



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
T x*2 = Fy T b % = Fy
F (Az®t.z?2)* = Fj F (Az*e.z%5)% = E,

F ((Azt.z22)*3(Ag*e.2¥5)*6)*7 = [y

Constraints:

By = { a4 = as,
Q3 = ap — A2,
Qe = g — Qs,
a3 = og — ary



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
T x*2 = Fy T b % = Fy
F (Az®t.z?2)* = Fj F (Az*e.z%5)% = E,

F ((Azt.z22)*3(Ag*e.2¥5)*6)*7 = [y

Constraints:

By = {
Q3 = Q3 — A2,
Qg = a5 — A5,
a3 = og — ary



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
T x*2 = Fy T b % = Fy
F (Az®t.z?2)* = Fj F (Az*e.z%5)% = E,

F ((Azt.z22)*3(Ag*e.2¥5)*6)*7 = [y

Constraints:

By = {
az = Qg,
Qg = Qy — s,
oy = o}



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
T x*2 = Fy T b % = Fy
F (Az®t.z?2)* = Fj F (Az*e.z%5)% = E,

F ((Azt.z22)*3(Ag*e.2¥5)*6)*7 = [y

Constraints:

By = {
Qs = Ay — As,

oy = o}



Type inference for A— a’la Curry

2 € {z*1} g € {z*4}
T x*2 = Fy T b % = Fy
F (Az®t.z?2)* = Fj F (Az*e.z%5)% = E,

F ((Azt.z22)*3(Ag*e.2¥5)*6)*7 = [y

Constraints:



Type inference for A— a’la Curry

F (Azot.(z2gs)2e)os



Type inference for A— a’la Curry

:1:0‘1 l_ (.'Ea2$a3)a4
F (Azot.(z2ges)2e)os




Type inference for A— a’la Curry

T | g2 T | g3
:1:0‘1 l_ (maga:ocs)CM
F (Azot.(z2gpes)ae)os




Type inference for A— a’la Curry

o € {z*} z* € {z*}
T F*2 = 4 T 3 = Fy
:1:0‘1 l_ (maga:ocs)CM
F (Azot.(zr2gs)ae)os

Constraints:

B, = {al = Olz}
E2 {Oll = ag}



Type inference for A— a’la Curry

z% ¢ {1} g% € {z*1}
T - z* = B, 1 3 = by
T (z*2g23) = Fs

F (Azot.(zr2gs)ae)os

Constraints:

B = {ar =}
E2 {a1 ag}
Fsy = {a2:a3—>a4}UE1UE'2



Type inference for A— a’la Curry

gt € {z*1} z2 € {z*}
T - z* = B, 1 3 = by
T (z*2g23) = Fs
F (Az®t.(z222®3)*4)*s = Hy

Constraints:
B = {1 =}
E2 = {a1 = ag}
Ey = {a2=a3—>a4}UE1UE2
B, = {(15 =a; — a4} U B3



Type inference for A— a’la Curry

gt € {z*1} z2 € {z*}
T - z* = B, 1 3 = by
T (z*2g23) = Fs
F (Az®t.(z222®3)*4)*s = Hy

Constraints:

By, = {ar=oay, a;=as,
Qo = Q3 — Qy4,
Oy = a1 — Q4



Type inference for A— a’la Curry

gt € {z*1} z2 € {z*}
T - z* = B, 1 3 = by
T (z*2g23) = Fs
F (Az®t.(z222®3)*4)*s = Hy

Constraints:

B, = { az = Qag,
Qo = Q3 — Qy4,
Qg = Oy — Q4



Type inference for A— a’la Curry

gt € {z*1} z2 € {z*}
T - z* = B, 1 3 = by
T (z*2g23) = Fs
F (Az®t.(z222®3)*4)*s = Hy

Constraints:

B, = {
Q3 = Q3 — Qy4,
Oy = Q3 — Q4



Type inference for A— a’la Curry

gt € {z*1} z2 € {z*}
T - z* = B, 1 3 = by
T (z*2g23) = Fs
F (Az®t.(z222®3)*4)*s = Hy

Constraints:

B, = {
Q3 = Q3 — Q4,
Oy = Q3 — Q4

Error!



Hindley-Milner polymorhism

Type inference (and type checking) for Curry-style second-
order A-calculus is undecidable.

— Also, the prinicipal typing property doesn’t hold.
Hindley-Milner type system is a restricted version of Curry-
style A2, where universal quantification is allowed only in
the "top-level”.

Uses special syntactic construct (let-expressions) for defining

variables with polymorhic type (sc. let-polymorhism).

- Function parameters (ie. A-bound variables) are monomor-
phic.

Type inference for Hindley-Milner type system is decidable.

Note: In ML/Haskell, the top-level universal quantification
is implicit.



Hindley-Milner polymorhism
o Types and type schemes:

T = «a type variable
| 71— function type
o =T monomorphic type
| Va.o polymorphic type
o Terms:
e = = variable
| eiex application
|  Az.e abstraction
| letz=e;ineg let-expression

@ Reduction rules:

(Az.e9) €1 —  eolz — e]
let z=e;iney — eglz— eq]



Hindley-Milner polymorhism
o Typing rules:

'kFei:o I {zwo}teg:T

'z:obz:0o 'letz=e1iney: 7T
'e:mte:n 'e1:m—>m T'Fes:m

I'FAze:nn — 7 I'Feiex:To
'Fe:o I'Fe:Va.o

(agFV(T))

I'Fe:Vao 'kFe:o[T— al



Hindley-Milner polymorhism

I'klet td =Az.zin (:d3, ¢dT): I X B



Hindley-Milner polymorhism

'FAz.z:Vaoa—a I'idVa.a — at (id3, idT): I xB

I'klet td =Az.zin (:d3, ¢dT): I X B



Hindley-Milner polymorhism

'FdXz.z:a— a

'FAz.z:Vaoa—a I'idVa.a — at (id3, idT): I xB

I'klet td =Az.zin (:d3, ¢dT): I X B



Hindley-Milner polymorhism

Nzatz:a
'Flzz:a—a

'FAz.z:Vaoa—a I'idVa.a — at (id3, idT): I xB

I'klet td =Az.zin (:d3, ¢dT): I X B



Hindley-Milner polymorhism

Nzatz:a

'FXzz:a— «a IMFid3:1I IMF4dT:B

'FAz.z:Vaoa—a I'idVa.a — at (id3, idT): I xB
I'klet td =Az.zin (:d3, ¢dT): I xB




Hindley-Milner polymorhism

zaoabz:a TMhid:I—-I IMH3:I

'FXzz:a— «a IMFid3:1I IMF4dT:B

'FAz.z:Vaoa—a I'idVa.a — at (id3, idT): I xB
I'klet td =Az.zin (:d3, ¢dT): I X B




Hindley-Milner polymorhism

IMFid:Va.a— a
zaoabz:a TMhid:I—-I IMH3:I

'FXzz:a— «a IMFid3:1I IMF4dT:B

'FAz.z:Vaoa—a I'idVa.a — at (id3, idT): I xB
I'klet td =Az.zin (:d3, ¢dT): I X B




Hindley-Milner polymorhism

Ik id:Va.a— «a
Mzabzo:a MFid:I—-1I IYF3:1I IMFid:B—=B IYFT:B
'lzz:a— « IMFid3:1I IF4idT:B
'FAz.z:Vaoa—a I'idVa.a - at (id3, idT): I xB

I'klet td =Az.zin (1d3, ¢dT): I X B




Hindley-Milner polymorhism

Ik id:Va.a— «a Ik id:Va.a— «a
Mzabzo:a MFid:I—-1I IYF3:1I IMFid:B—=B IYFT:B
'lzz:a— « IMFid3:1I IMF4dT:B
'FAz.z:Vaoa—a I'idVa.a - at (id3, idT): I xB

I'klet td =Az.zin (1d3, ¢dT): I X B



Hindley-Milner polymorhism

Ik id:Va.a— «a Ik id:Va.a— «a
Mzabzo:a MFid:I—-1I IYF3:1I IMFid:B—=B IYFT:B
'lzz:a— « IMFid3:1I IMF4dT:B
'FAz.z:Vaoa—a I'idVa.a - at (id3, idT): I xB

I'klet td =Az.zin (1d3, ¢dT): I X B

Note that the following is not derivable:

I'F (Aid.(¢d 3, 2dT)) (Az.z) : I xB



Hindley-Milner polymorhism
o Syntax-directed typing rules:

I'kep: r Va. Fep:

ii>-7' . er: 71 ,ifﬂveﬁ}. €0 : To (GEFV(T))
z:otbz:T I'Fletz=¢e;iney: 7
'z:mte:n 'ey:m—1 T'Fey:m

F")\ZB.CZ’T]_—)’TO ].—‘|—€1621T0



Hindley-Milner polymorhism

I'Flet «d =Az.zin (1d3, ¢dT): I xB



Hindley-Milner polymorhism

FFXzz:a—a I'idVa.a — ok (:d3, 2dT) : I xB
I'Flet «d =Az.zin (1d3, ¢dT): I xB




Hindley-Milner polymorhism

Nzatbz:a

FFXzz:a—a I'idVa.a — ok (:d3, 2dT) : I xB
I'Flet «d =Az.zin (1d3, ¢dT): I xB




Hindley-Milner polymorhism

MzakFz:a IMFid3:1 IMFidT:B
FFXzz:a—a I'idVa.a — ok (:d3, 2dT) : I xB
I'Flet «d =Az.zin (1d3, ¢dT): I xB




Hindley-Milner polymorhism

MFid:I—-1I IVF3:1I

MzakFz:a IMFid3:1 IMFidT:B
FFXzz:a—a I'idVa.a — ok (:d3, 2dT) : I xB
I'Flet «d =Az.zin (1d3, ¢dT): I xB




Hindley-Milner polymorhism

IMFid:I—-1I IMF3:I IMFewd:B—B I"FT:B
MzakFz:a IMFid3:1 IMFidT:B
FFXzz:a—a I'idVa.a — ok (:d3, 2dT) : I xB
I'Flet «d =Az.zin (1d3, ¢dT): I xB




Hindley-Milner polymorhism

o Term with a very complex type:

let pair = Azyz.zzy in
let 21 = A\y.pair yy in
let zo = Ay.z1(z1 y) in
let z3 = Ay.z2(z2y) in
let 24 = Ay.z3(z3y) in
let z5 = Ay.z4(z4y) in
z5(Ay.y)



