MTAT.05.105 Type Theory

The A-cube and pure type systems



Towards the A-cube

The simply typed A-calculus A— provides a possibility to
define terms depending on terms using A-abstraction and
application.

The second-order A-calculus A2 adds the posibility to define
terms depending on types.

But what about types depending on types or types depend-
ing on terms?

Indeed there are several A-calculi which allow these kinds of
dependencies.

In 1991, Henk Barendregt proposed a classification of 8 dif-
ferent calculi into A-cube and provided a uniform description
of these calculi.



Towards the A\-cube: the system Aw

o )\w extends A— with types depending on types.
— Le., provides type-level abstraction and application
constructs.
o Now, types should also have "types”.
— "Types” for types are called kinds.

K =] KoK

— "QOrdinary” types have the kind *, unary type constructors
have the kind * — x, etc.
— There is also a "type” of kinds, [, i.e.,, k € K<k : [



Towards the A\-cube: the system Aw

@ Sorts:
§ U= % star
| O square
o Expressions:
e = T variable
| s sort constant
| eres application
| Az:ej.es abstraction
| e —es function

o Contexts are finite linearly ordered sets of statements z : e
with distinct variables as subjects.

F=[z1:e1, zo:€9, ..., Tp:ey]



Towards the A\-cube: the system Aw

o Everything is an expression; there is no separate term, type
or kind grammar.

@ The typing rules determine which expressions are terms,
types or kinds.
Kisakind «<— T'FK:[O
Tisatype «<— TI'FT:K:O
EFisaterm <« T'HFE:T:K:U
@ [-reduction:

(Az:e1. ex)es —p ez[T — es]



Towards the A\-cube: the system Aw
o Typing rules:

Fl—ele—>B Fl—eglA

Fx: 0O [Ax10K] I'+eieq: B [AP]
THA:s I'zzA-e:B T'HFA—B:s
T zAbz: A TF(ade):A>B
. . I're:B T'+A:s A=5B
s F1“6 .a:AB I—Pel_' i = e Tre:A £ (oo

I'+rA:s TTHB:s
I'FA— B:s

[ARROW]

- Here s € {x,0}.



Towards the A\-cube: the system Aw

Examples:
ax,Bx F a— G
ax,Bx,za—0 F z:a—>p
ax, Bx F (Azia—B.2): (a—B)— (a—F)
Fo(Qax. a— o) *— %
ax + (Az:Da. z): D(Da)

where D = da:x. a — a.



Towards the A-cube: the system AP

@ AP extends A— with dependent types (i.e. types depending
on terms).

@ The dependent product Ilz : A. B is the type of functions
from values z of type A to values of type B, in which the
type B may depend on the argument value z.

@ Note: A— B = II_:A.B.



Towards the A-cube: the system AP

o Expressions:

e = T variable
I star
| O square
| eies application
| Az :ej.e abstraction
| Iz :ej.es product

o [-reduction:

(Az:e1. ex)es —p ea[T — e3]



Towards the A-cube: the system AP
o Typing rules:

I'Fep:(llz:AB) T'hey: A

[AXIDM] [APP}

Fx: O I'Fejex: Blz — eg
. I''z:AFe: B T F(llz:A.B:
CEA:S o  Z € (Iz ) [ABS)]
oAbz A 'k (Az:A.e): (IIz:A.B)
T'e:A THB:s 'te:B T'HFA:s A=(pB
T zBFe:. 4 "% TFe:A oo

I'-A:x T'z:AF-B:s
' (Iz:A.B) : s

[PROD]

- Here s € {x,0}.



Towards the A-cube: the system AP

Examples:

A

Ax, P:A—x, a:A
A:x, P:A—x, a:A
Ax, P:A—x%
A:x, P:A—x*

T T T T T

(A—x):0
Pa:*
(Pa—x):0

(Ila:A.Pa — %) : O

(Aa:A. Az:Pa.z)

(Ila:A.Pa — Pa)



The A-cube

o Expressions:

e = =z variable
I star
| O square
| eies application
| Az :ej.e abstraction
| Iz :ej.es product

@ [-reduction:
(Az:e1. ex)es —p ez[T — es]

@ Abbrevations:
A— B

Va.A

I1:A. B
IMa:x. A

o Dependency rules:
R C {(x%), (x0), (0,*), (O,0)}



The A-cube
o Typing rules:

I'Fep:(llz:AB) T'hey: A

[AXIDM] [APP}

Fx: O I'Fejex: Blz — eg
. I''z:AFe: B T+ (Ilz:A.B):
CEA:S o  Z € (Iz )i [ABS)]
oAbz A 'k (Az:A.e): (IIz:A.B)
T'e:A THB:s 'te:B T'HFA:s A=(pB
T zBFe:. 4 "% TFe:A oo

'FA:s; T'yz:AF B: s
I'F (Iz:A.B) : s2

[PROD]

— Here s € {*,00} and (s1,$2) € R.



The A-cube
The systems of the A-cube:

System Set of rules (R)

A— (*, %)

A2 (%, %) (O,%)

AP (*, *) (*, D)

AP2 (x, %) (O,%x) (x,0)

Aw (*) *) (D’ D)
Aw (%) (0, %) (0,0)
APw (%, %) (x0) (5,0)
APw =XC | (x,%) (O,%) (x,0) (0,0




The A-cube

Aw AC
A2 [ AP2
(0, %) Aw APw




Properties of the systems of the A-cube

@ Church-Rosser: For any expressions A, By and Bs,

[A—»Bl/\A—»Bg] — HC.[Bl—»C/\Bg—»C]

@ Subject Reduction: For any system in the A-cube,

'A:BANA»A — TFHA:B

o Strong Normalization: For any system in the A-cube, if
' A: B, then all reductions starting from A or B
terminate.

@ Unicity of types: For any system in the A-cube,
'A:BATHA:B' — B=3B5



The A-cube: examples

o In A— the following can be derived:

(1.1) Ax F (Ilz:A. A):x
(1.2) Ax F (QatA. a): (Iz:A. A)
(1.3) Ax, A F ((Ma:A.a)b): A



The A-cube: examples

o In A— the following can be derived:

(1.1) Ax F (Ilz:A. A):x
(1.2) Ax F (QatA. a): (Iz:A. A)
(1.3) Ax, A F ((Ma:A.a)b): A
@ Derivation of (1.1):
[AxTOM] [AXTOM]
———— [axzoy] '_*75 [START| '_*7 [START]
Fx:0 [START] AxE A x Ax - A% [VEAK]
AxE A x Ax, z:AF A%
[PROD(*,%)]

Ax b (Tlz:A. A) @ %



The A-cube: examples

o In A— the following can be derived:

(1.1) Ax F (Ilz:A. A):x
(1.2) Ax F (QatA. a): (Iz:A. A)
(1.3) Ax, A F ((Ma:A.a)b): A

@ Derivation of (1.2):

- [AxTOM]
.F*i'm. [START] (1.1)
AxE A x [START]

Ax,a:AFa: A AxF (TIlz:A. A) « %
Ax - (da:A. a) : (llz:A. A)

[ABS]



The A-cube: examples

o In A— the following can be derived:

(1.1) Ax F (Ilz:A. A):x

(1.2) Ax F (QatA. a): (Iz:A. A)

1.3 A:x, b:A F Aa:A.a)b): A

(1.3) )

@ Derivation of (1.3):
[AxTOM]
(1.2) Fx- soaa T [AXTOM]
Axt (Aad a): (z:A A) AxbEA:x Ax b Ay Sl
Ak bAF Qad o) (Mzd 4) % A bAdrb: 4 FTAT]
APP

Ax, b:AF ((Aa:A. a)b) : A



The A-cube: examples

o In A2 the following can be derived:

(2.1) F o (Qax daa. a) @ (Tloekx. a0 — )
(2.2) Ax F (Qa*.daa. a)A:A— A
(2.3) Ax, A F (Qax. da:a. a)Ab: A



The A-cube: examples

o In A2 the following can be derived:

(2.1) F o (Qax daa. a) @ (Tloekx. a0 — )
(2.2) Ax F (Qa*.daa. a)A:A— A
(2.3) Ax, A F (Qax. da:a. a)Ab: A
@ Derivation of (2.1):
[AXTOM]| %
(1.2) Fx: 0O axba— ok (PROD(C1,%)]
axk (Aa:a.a) i a— «a F (Mo a — a) : *

[ABS]
F (Aax. Aa:ia. a) : (Hax. a — a)



The A-cube: examples

o In A2 the following can be derived:

(2.1) F o (Qax daa. a) @ (Tloekx. a0 — )
(2.2) Ax F (Qa*.daa. a)A:A— A
(2.3) Ax, A F (Qax. da:a. a)Ab: A

@ Derivation of (2.2):

(2.1)
. ; . . T AKIOM _ axrom]
F(Qax da:a. a) : (lax. o = a) Fx*:0 _— Fx:-0 -

AxF (Aax. da:a. a) : (Ilax. a — a) AxE A x
Ax b (Qax. daa. a) A A— A

[aPP]



The A-cube: examples

o In A2 the following can be derived:

(2.1) F o (Qax daa. a) @ (Tloekx. a0 — )
(2.2) Ax F (Qa*.daa. a)A:A— A
(2.3) Ax, A F (Qax. da:a. a)Ab: A

@ Derivation of (2.3):

(2.2) g o o
- Fx: O
AxF (Qax daa. a)A:A— A Axk A% Ezizﬂ Tt A [START]
———————— [STA
Ax, b:AF Aok da:a. a) A A— A Ax bAFb: A [START]

Ax, bAF (Aacx. da:a. a) Ab: A

[aPP]



The A-cube: examples

o In Aw the following can be derived:

(3.1) Fox—x:0
(3.2) ax, B:x F a&fB:«
(3.3) Foo(Qax AB:*. a&f) i x — x — %

where a&f = IIy:*. (a = B — 7) — 7.



The A-cube: examples

o In Aw the following can be derived:

(3.1) Fox—x:0
(3.2) ax, B:x F a&fB:«
(3.3) Foo(Qax AB:*. a&f) i x — x — %

where a&f = IIy:*. (a = B — 7) — 7.

@ Derivation of (3.1):

[AxTOM]

- - [AXTOM]
I—*.D. _F*'D[WEAK]
_cxbFx: 0 (pROD(C1, )]
Fx—«x:0

[AXIOM]

Fx:0




The A-cube: examples

o In Aw the following can be derived:

(3.1) Fox—x:0
(3.2) ax, B:x F a&fB:«
(3.3) Foo(Qax AB:*. a&f) i x — x — %

where a&f = IIy:*. (a = B — 7) — 7.

@ Derivation of (3.2):

PoFB:ix Dgbky:ix

FFoa:* FobEB —y:ix
F'Fa—= G —v:x

ak, BixFx: 0 F'Fla—=B—9)—v:x

[PROD(3*,%)]

[PROD(,%)]

FikFayx

[PROD(,%)]

ak, B:x F a&f : *x [PROD(C], )]

where I' = a:x, G, yxand I, =T, _:....



The A-cube: examples

o In Aw the following can be derived:

(3.1) Fox—x:0
(3.2) ax, B:x F a&fB:«
(3.3) Foo(Qax AB:*. a&f) i x — x — %

where a&f = IIy:*. (a = B — 7) — 7.

@ Derivation of (3.3):

(3.1)
(3-2) (8.1) Fx—*x:0 Fx:0
a:k, B:x F a&f : * *—>*:D[ABS] Fx:0 o Fx 5% 0] [wy‘x:l’(]m
— PROD
ax B (AG:*. a&f) : x — * Fx— % — %O (PROD(EL D]

[ABS]

F (Ao AB:*. a&f) : %+ — % — %



Pure type systems

o Expressions:

e = T variable
| ¢ constant
| eres application
| Az:ej.es abstraction
| Tz :ej.es product

@ The specification of a pure type system consists of a triple
S =(S, A, R) where
— S is a subset of constants C, called the sorts;
— A is a set of axioms of the form c: s, where ¢ € C and
sES;
— R is a set of rules of the form (sy, s2, s3), where s; € S.

o Notation: (s1,s2) = (s1, $2, $2)-



Pure type systems

o Typing rules:

(c:s)e A I'tep:(IIz:A.B) T'hey: A
L~ [axIoM [APP]
Fec:s I'Fejex: Blz — eg
. I''z:Ate: B T'F (Ilz:A.B) :
M [START] ? z € ( z ) s [ABS}
oAbz A 'k (Az:A.e): (IIz:A.B)
. . I'te:B T'HA:s A= B
: F1“e ﬁg I—Pel_' i = ek TFe:A 7= o)

'FA:s; T'yz:AF B: s
I'F (Iz:A.B) : s3

[PROD]

— Here s € S and (s3, s2,53) € R.



Properties of pure type systems

The PTS A(S, A, R) is full if R = {(s1, s2) | $1,52 € S}.
The PTS A(S, A, R) is singly sorted if

1. (c:51),(c:s2)€EA = 51
2. (81,32,83) (S]_,Sg,Sé)ER — 83

Subject Reduction: For any PT'S,
''rA:BANA+»A =— TFHA:B

Unicity of types: For any singly sorted PT'S,
'A:BATHA:B = B=3DB



Pure type systems: examples
@ A2 is the PTS determined by:

A2

A0

@ AC is the full PT'S determined by:

OO

*

S *
AC | A *
R (x, %), (O,%), (x,0), (0,0)




Pure type systems: examples
@ A— is the PTS determined by:

) *, [
A= | A x: 0
R (x¥)
@ A7 is the PTS determined by:
S *
AT A 0: %
R (x¥)




Pure type systems: examples
e AHOL is the PTS determined by:

AHOL

A0

@ Ax is the PTS determined by:

A%

IO




