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Wreath product of monoids and acts

Def. 1 (Act) Let A be a monoid. A nonempty
set M is called a left A-act (notation A M), if there
is @ mapping A x M — M, (k,m) — km, such that

1. k1(kom) = (ki1ko)m for every kqi,ko> € A and
m & M;

2. Im = m for every m € M.

Def. 2 (WP of monoids) Let A,B be monoids
and gNN a left B-act. On the set AN x B we define
a multiplication by

(W, 9) (P, f) = (Wb, gf),
o, V. N—A, f,g€ B, where
(W s @) (n) = W(fn)d(n)

for every n € N. With this multiplication AN x B
becomes a monoid, which is called the wreath prod-
uct of A and B through gN and denoted A wr!V B.



Def. 3 (WP of acts) Let A,B be monoids and
AM,gN left acts. Then M x N becomes a left
(Awr? B)-act if we define

(@, f)(m,n) = (P(n)m, fn),

. N - A, feB, me M,n € N. This act is
called the wreath product of acts oM and gN and
is denoted by M wr N.

Theorem 4 (Normak) M wr N is pullback flat iff
AM and gN are pullback flat and

e A js right collapsible, or

e A /s left reversible and for all f1,fo € B, ne N
with fin = fon there exists g € B such that

fi9 = fog and gN = {n}, or

e for all f1,f2 € B, ni,no € N with flnl = f2n2
there exist g1,g9> € B such that f191 = fogo and

g1N = {n1}, goN = {no}.



Wreath product of categories

Def. 5 (WP of categories) Given small categories
A and B and a functor B : B — Set, the (discrete)
wreath product AwrBB is a category defined as
follows:

WP1 The objects of A wr® B are pairs («a,b), where
b is an object of B and o : B(b) — Ob(A) is a

mapping.

WP2 A morphism (P, f) : (a,b) — (o, b") of
AwrP B has f:b— bt a morphism of B and
P = (Pn),epp) Where @, 1 a(n) — (/oB(f))(n)
in A.

WP3 If (D, f) : (o, b)) — (&, b)) and (W, gq) : (&, V) —
(., b") are morphisms of AwrZ B, then

(W, 9)o(®, ) = (Wxd,gof): (a,b) — (o, b"),
where

("W 5 @Yo = W (1) () © P
for every n € B(b).



Wreath product of Set-valued functors

Def. 6 (WP of functors) Given small categories
A and B and functors A : A — Set and B: B —
Set, the wreath product Awr B is a functor
AwrBP B — Set, defined as follows:

WF1 For an object (a,b) of Awr® B,
(Awr B)(a,b) ={{,n) |n € B(b),l € A(a(n))}.

WF2 If (&, f) : (a,b) — (&, ") is a morphism of
AwrBB and (I,n) € (Awr B)(a,b) then

(Awr B)(®, f)(l,n) = (A(Pn)(1), B(f)(n)).

(o, b) (Awr B)(a,b) > (I,n)

(@,f) (Awr B)(®,f)

(o, 0) (Awr B)(o/,b") 2(A(Pn)(1), B(f)(n))



Limits and colimits

Let FF: D — A be a functor and denote I = Ob(D).

(L, (Pi)icr) = lim F:




Lemma 7 IfD is a small category, I = Ob(D) and
F . D — Set is a functor then

lim FZ{(CIZZ')ZE[ | xZEF(Z),Vd] — ¢ in D F(d)(:cj)zxz},

with the obvious projections.

A zig-zag connecting objects ¢ and ¢ in a category

. fn

an ¢
> by, < c.

If there is a zig-zag connecting two objects, we say
that these objects are connected. Connectedness
IS an equivalence relation on the set of objects of
a small category C, we denote it by ~ and the
equivalence class of an object ¢ by [¢].

Lemma 8 IfC is a small category and F : C — Set
is a functor then

colim FF = Ob(el(F))/ ~,
where the injections s . F'(¢) — colim F, ¢ € Ob(C),
are defined by
se(z) = [(c, z)];

where x € F'(¢c) and [(c,z)] is the equivalence class
of (c,z) € Ob(el(F)) by ~ .



Preservation of limits

Let (L, (p;);cr) be the limit of a functor FF: D — A,
where I = Ob(D). A functor G : A — Set preserves
it if (G(L),(G(p;))icr) is the limit of GF.

Category of elements of a functor

Consider a functor J : C — Set. The category of
elements of J ( denoted by el(J)) has:

e Objects: pairs (¢,z), c € Ob(C), = € J(c),

e morphisms (c,z) — (c,2') are C-morphisms
f:c— c such that J(f)(z) = /.

There is a forgetful functor E;:el(J) — C,

E;(c,z) =c, E;(f) =/,

and a functor ESP : el(J)°P — COP.



Tensor products

_oE°P
DL~ Fun(C°P, set) S Fun(el(J)°P, Set)

colim

Set

We are interested in the situation where C is small,
A = Fun(C°P, Set), J: C — Set, and

G=-®J =colimo(—oEj) : Fun(C°®P,Set) — Set
is the functor of tensor multiplication by J.

—oE°P

Fun(B°P, Set) : Fun(el(B)°P, Set)
F —®B colim
D Set
—®(Awr B
T colim

—oF°P
Fun((AwrB)°P Set) == Fun(el(Awr B)°P, Set)




Results

Let D be a small category.

Theorem 9 If the functor — ® (Awr B) preserves
D-limits, then the functor —® B preserves D-limits.

Theorem 10 1. If the functor — @ (Awr B) pre-
serves D-limits of representables, then the func-
tor — ® A preserves D-limits of representables.

2. If the functor —® (Awr B) preserves D-limits of
representables, then the functor —®Q B preserves
D-limits of representables.



If a € Ob(A) and b € Ob(B), then §° : B(b) —
Ob(A) denotes the constant mapping on a.

If b € Ob(B) and k£ : a — da' is a morphism in A,
then denoting

k
™ = (k)neB®)
we have (I'*,1;) : (65,b) — (8%,b) in AwrBB.

(*) For every functor T : D — Fun((A wrf B)°P, Set),
every morphism (A, f) : (62,6) — (8Y,¥) in AwrEB
(thatis, f :b— b in B and A = (Andnep@p) Where
Apn i a— a for every n € B(b))

and every i € I = Ob(D)

T; (A HP) = T; (T, HP)

(*¥*) For every functor T : D — Fun((A wrf B)°P, Set),
every morphism k :a — a in A
and every object b € Ob(B)

T; ((rk, 1b)op> = 17 (50.):

Theorem 11 Suppose that Ob(A) = {a} and

A wrB B satisfies (*) and (**). If —® A and — ® B
preserve D-limits, then — ® (Awr B) preserves D-
limits.
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