On Nearly-MDS Expander Codes!

Ron M. Roth

Vitaly Skachek

Computer Science Department,
Technion, Haifa 32000, Israel.
{ronny, vitalys}@cs.technion.ac.il

Abstract — A construction of graph codes is pre-
sented that approaches the Singleton bound as the
alphabet size goes to infinity. These codes can be
decoded by a combined error-erasure decoder whose
time complexity grows linearly with the code length.

I. INTRODUCTION

We consider the following family of expander graph codes,
which were studied in [1], [2]. Let G = (V, E) be a bipartite
A-regular undirected connected graph with the vertex set V'
partitioned into two subsets, A and B, of size n, and edge set
E C Ax B. For every u € V, denote by E(u) the set of edges
incident with v and assume some ordering on E(u). Let F be
the finite field GF(q). For a word & = (z.)eer over an alpha-
bet (such as F), denote by ()g (. the sub-word of x that is in-
dexed by E(u). Take C4 and Cp to be linear [A, k=rs A, §aA]
and [A,rgA,dsA] codes over F, respectively, and define the
code C as the following linear code of length |E| = nA over
F:

C— {CE plel (€)r(u) € Ca for all u € A and }

(C)E(u) cCp forallue B

Let ® denote the alphabet F*, fix some linear one-to-one
mapping €4 : & — C4 over F, and let the mapping ¢ : C —
®™ be given by

b(e) = (€2 (@) s » cEC.
We now define the code Cs of length n over ® by

Co = {¢(c) : ccC},

and denote its rate and relative minimum distance by Re and
ds, respectively. The code C, which was studied in [1], can
be represented as a concatenated code with an inner code Ca
over F' and an outer code Cs over ®. Similarly, the codes
studied in [2] can be represented as concatenated codes with
Cs as an outer code, whereas the inner codes is taken over a
sub-field of F'.

II. LOWER BOUND ON THE MINIMUM DISTANCE

Let Ag be the second largest eigenvalue of the adjacency
matrix of G and denote by ¢ the value Ag/A. We show that

0B —vg\/0B/0a

bp > —————————;
1—1g

in particular, ¢ — dp whenever g — 0. Using this bound,
we obtain for every designed rate R < 1 and (small) ¢ > 0
arbitrarily long codes Co such that Re > R and 3 > 1—R—c¢,
thus attaining the Singleton bound when ¢ — 0. The alphabet
size of Co is exp {O ((log(1/€))/€*)}, namely, the exponent
here is smaller compared to [3] (yet the code in [3] is also
linear-time encodable).
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ITII. DECODING ALGORITHM
Figure 1 presents an adaptation of the iterative decoder
of [4] to the code Cg, with the additional feature of handling
erasures (as well as errors over ®).

Input: Received word y = (y,)uca in (2 U{?})".

Ealy,)
27...7

ify, € ®
For uc Ado (2)gw) «— { if g, =7
For i+ 1,2,...,mdo {
If iiseven then X = A, D =Dy, else X =B, D =7Dgp.
For u € X do (2)pw) « D((2)ew))-

}

Output: ¢(z) if z € C (and declare ‘error’ otherwise).

Figure 1: Decoder for Cg.

We use the notation ‘?’ to stand for an erasure. The algo-
rithm makes use of a word z = (2¢)ecr over F'U {7} that is
initialized by the contents of the received word y. Iterations
i = 2,4,6,... use a decoder D4 : F» — (4 that recovers
correctly any pattern of less than §4A/2 errors (over F'), and
iterations i = 1,3,5,... use a decoder Dp : (F U{?})* — Cp
that recovers correctly any pattern of 6 errors and v erasures,
provided that 20 + v < égA.

We show that the algorithm in Figure 1 corrects any pat-
tern of u errors and p erasures, provided that u + %p < fn,

where
5= (6B/2) —vg\/0B/0a
1—1g ’
in particular, 8 — dg/2 when g — 0. The value of m can be
taken to be logarithmic in n, and the overall time complexity
of the algorithm is linear in n.

IV. APPLICATIONS
Using GMD decoding, Cs can replace the MDS outer code
in asymptotic concatenated code constructions that attain the
Zyablov bound or the capacity of the memoryless symmetric
channel. The decoding complexity of the algorithm in Figure 1
translates into a linear-time complexity of the resulting GMD
decoder.
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