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Martensitic Phase Transformation

M. Orin, in Ortin, Planes and Delaey 2006

Martensitic Phase Transformation: Square to
rectangle transition

transition square to rectangle

invariant habit plane

Previous Work on the Square to Rectangle
transformation

Jacobs (1985), Model for Square to Rectangle
transformation
Dolzmann and Müller (1995), Comparison of patterns of
minimizers for two well problem in two dimensions in
geometrically linear and geometrically nonlinear elasticity
Luskin (1996), Review of computational work for
geometrically nonlinear elasticity
Bouville and Ahluwalia (2007), Example of computational
work for geometrically linear elasticity in two dimensions

Geometrically linear vs. Geometrically nonlinear
elasticity: Statics

Deformation gradient F := ∇U
Geometrically linear strain tensor EL =

1
2

F T + F − 2I



Geometrically nonlinear strain tensor ENL = 21 F T F − I
Define energy in terms of strain tensor for both
geometrically linear and nonlinear elasticity



Geometrically linear vs. Geometrically nonlinear
elasticity: Euclidean frame indifference

Geometrically
linear strain tensor
h
i

T
1
EL = 2 (RF ) + (RF ) − 2I 6= 21 F T + F − 2I
Geometrically
nonlinear strain
tensor
h
i

T
1
1
ENL = 2 (RF ) (RF ) − I = 2 F T F − I

The square to rectangle transformation: relation to a
three dimensional model

Cubic to tetragonal transformation in Indium-Thallium
Geometrically nonlinear strain energy potentials given by
Ericksen-James (see Luskin, 1997) and Pitteri and
Zanzotto (2003)
Take the geometrically nonlinear strain energy model of
Pitteri and Zanzotto, then assume configurations of the
form to U = (x + u(x, y ), y + v (x, y ), z) get a square to
rectangle energy model.

A static situation in which geometrically linear
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Dynamic models
Variational formulation
Z
Ut (T )2
2
ρ
+ Φ(F (T )) + |∆U(T )|2 dx
2
2
Ω
Z TZ
+
βG(F , Ft )dxdt = const.
0

Ω

Equation of motion
ρUtt = ∇ · σ(F ) + ∇ · τ (F , Ft ) − 2 ∆2 U
where τ := ∇Ft G and σ := ∇F Φ
This framework fits both geometrically linear and
geometrically nonlinear models

Dissipation potentials

Linearized elasticity - Rayleigh dissipation potential
GL (F , Ft ) = βTr(Ft + FtT )2
Nonlinear elasticity - modified version of pull-back of
Rayleigh dissipation potential
i2
h
GNL (F , Ft ) = β det(F )3 det(F −1 )Tr Ft F −1 + (Ft F −1 )T

Strain Energy potentials
Linearized elasticity strain matrix invariants (Jacobs, 1985)
ηL1 = e11 + e22 = ux + vy ,
ηL2 = e11 − e22 = ux − vy ,
ηL3 = e12 = e21 = (uy + vx )/2.
Nonlinear elasticity strain matrix invariants (Jacobs, 1985)
ηNL1 = e11 + e22 = (2ux + ux2 + vx2 + 2vy + vy2 + uy2 )/2,
ηNL2 = e11 − e22 = (2ux + ux2 + vx2 − 2vy − vy2 − uy2 )/2,
ηNL3 = e12 = e21 = (uy + uy ux + vx + vx vy )/2.
Strain energy potential
Φ = a1 η22 + a2 η24 + a3 η26 + b1 η12 + b2 η32
choose a1 , a2 and a3 to determine where the wells are
Add higher order polynomials as necessary

Ginzburg Potential

Use simplest possible rotationally invariant model
2
2
2 |∆U|

For a more realistic model could consider second gradients
in deformed configuration

Parallelization : Motivation

Want to use a large number of grid points to allow the
Ginzburg term to be small
Want to do simulations quickly
Use a Fourier-Fourier or Fourier-Chebyshev spectral
discretization
Fourier modes decouple so can do loops separately
Parallelization stumbling block – Fourier transformations to
real space not obviously parallelizable

Integration Chebyshev formulation
There are situations where non-periodic boundary
conditions are required
Fourier series are very convenient for solving partial
differential equations because the resulting linear algebra
is very simple and well conditioned
Can formulate Chebyshev polynomials to have similar
properties (Greengard 1991)

Sparse Chebyshev linear system to be solved at each timestep

Marenostrum

Marenostrum

One of the largest computers in the world
Very high computation to communication ratio
Lab built clusters also typically have high computation to
communication ratios
Can one use such a machine to speed up a computation

Typical parallelization: time stepping
Example equation
ρutt − β∆ut = (ux3 − ux )x + uyy − 2 ∆2 u,
Standard time stepping scheme
n+1
n + u n−1
2u n+1 − 5u n + 4u n−1 − u n−2
3uxx
− 4uxx
xx
−
β
2δt
δt 2
n+1
n+1
= 2((uxn )3 )x − ((uxn−1 )3 )x − uxx
+ uyy
− 2 ∆2 u n+1

ρ

Stumbling block: Need to transform uxn from Fourier space to
real space
The Fourier transform is a global operation so it does not
parallelize well

Parallelization solution: modify algorithm

Example equation
ρutt − β∆ut = (ux3 − ux )x + uyy − 2 ∆2 u,
Modified time stepping scheme
n+1
n + u n−1
3uxx
− 4uxx
2u n+1 − 5u n + 4u n−1 − u n−2
xx
−
β
2δt
δt 2
n+1
n+1
= 4((uxn−2 )3 )x − 3((uxn−3 )3 )x − uxx
+ uyy
− 2 ∆2 u n+1

ρ

Why? Can overlap communication and computation so
communication does not need to be instantaneous

Parallelization solution: data distribution to overlap
computation and communication

Data Distribution on a single processor.

Second order accuracy of modified time stepping
scheme
Equation ρutt − βuxxt = (ux3 − ux )x − 2 uxxxx
Traveling wave solution — Truskinovskii (1982)

Second order accurate solution to traveling wave solution

Parallelization speed up
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Strong scaling results, 8192 × 8193 grid points,
Fourier-Chebyshev decomposition.

Parallelization summary

Simple modification that allows Fourier-Fourier and
Fourier-Chebyshev decompositions to be efficiently
parallelized
Can be implemented on supercomputers and also useful
for small clusters
Can use the same staggering idea for iterative schemes,
so can solve fully nonlinear equations
Feasible to do 8192x8192 simulations on a cluster
Probably still need all of the Earth simulator to do
8192x8192x8192

Simulation Results 1: Branching
Energy
2
uy2
ux2 − 1
ut2
(∆u)2
ρ + γ1
+ γ2
+ 2
2
4
2
2
Partial differential equation


utt − 0.5∆ut = ux3 − ux + uyy − 0.00252 ∆2 u
x

initial conditions


π(1 − y)
u(t = 0, x, y) = 0.01 sin(πx) sin
4
ut (t = 0, x, y ) = 0

2

boundary conditions
u(x, y = 1) = 0,
uyy (x, y = 1) = 0,

uy (x, y = −1) = 0
uyy (x, y = −1) + uxx (x, y = −1) = 0

Simulation Results 1: Branching

Swart & Holmes 1992, Kohn & Müller 1992, Basinski &
Christian 1954
2048 Fourier modes, 1025 Chebyshev modes, Timestep
0.025, Time t ∈ [0, 5000]
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Dynamic model for square to rectangle transformation
Variational formulation
Z
Ut (T )2
2
ρ
+ Φ(F (T )) + |∆U(T )|2 dx
2
2
Ω
Z TZ
+
βG(F , Ft )dxdt = const.
0

Ω

Equation of motion
ρUtt = ∇ · σ(F ) + ∇ · τ (F , Ft ) − 2 ∆2 U
where τ := ∇Ft G and σ := ∇F Φ
This framework fits both geometrically linear and
geometrically nonlinear models

Strain Energy potentials
Linearized elasticity strain matrix invariants (Jacobs, 1985)
ηL1 = e11 + e22 = ux + vy ,
ηL2 = e11 − e22 = ux − vy ,
ηL3 = e12 = e21 = (uy + vx )/2.
Nonlinear elasticity strain matrix invariants (Jacobs, 1985)
ηNL1 = e11 + e22 = (2ux + ux2 + vx2 + 2vy + vy2 + uy2 )/2,
ηNL2 = e11 − e22 = (2ux + ux2 + vx2 − 2vy − vy2 − uy2 )/2,
ηNL3 = e12 = e21 = (uy + uy ux + vx + vx vy )/2.
Strain energy potential
Φ = a1 η22 + a2 η24 + a3 η26 + b1 η12 + b2 η32
Typically choose a1 = −0.25, a2 = 0.5, a3 = 0.0, b1 = 1.0
and b2 = 1.0 to put wells at η1 = 0, η2 = ±0.5 and η3 = 0

Simulation Results 2: Inertial effects in the
geometrically linear theory
η2 minimized at η2 = ±1, β = 0.1, ρ = 1 and  = 0.01

Movie

Simulation Results 3: Comparing a geometrically
linear strain energy with a Geometrically nonlinear
strain energy
Metastability, η2 minimized at η2 = ±0.5, β = 0.1, ρ = 1
and  = 0.01

Geometrically nonlinear

Geometrically linear

Simulation Results 4: Comparing a geometrically
linear strain energy with a geometrically nonlinear
strain energy
η2 minimized at η2 = ±0.5, β = 0.1, ρ = 1 and  = 0.001
512 × 512 grid poins, timestep 0.001, 1 hour to compute
model with geometrically nonlinear strains on 32 Power Pc
processors using FFTW 3.1

Geometrically nonlinear

Geometrically linear

Simulation Results 4: Comparing a geometrically
linear and geometrically nonlinear strain energies
Dolzmann and Müller (1995)
Geometrically linear elasticity – GLOBALLY simple
laminates
Geometrically nonlinear elasticity – LOCALLY simple
laminates

Geometrically nonlinear last iterate

Geometrically linear last iterate

Simulations results 5: Nonlinear model vs. linear
model
time 20

time 50
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Nonlinear
Initial conf.

Linear

Simulation Results vs. Experiments

Needle bending and splitting
Nonlinear model, final state

NiAl, Schryvers Et Al.

Current defects with the model

Does not allow for fracture
Does not allow for plasticity, so may not capture rate
independent hysteresis
Does not recognize that type I and II twins cost more
interfacial energy than compound twins
Does not recognize that certain shear motions may be
more heavily damped than others

Current Work and possible further applications

Current Work
Better time-stepping schemes
Geometrically nonlinear dissipation
Vectorial models with Fourier-Chebyshev discretization
Moderate resolution simulations

Possible further applications
High Reynolds number Navier-Stokes equations
Parallel finite element, finite difference and finite volume
schemes – ensure good load balancing and still have good
communication
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