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Abstract

This thesis documents work done on understanding phase transformations in shape

memory alloys by using a combination of analysis, models and computations.

Based on experimental observations, we formulate a simple model to predict the

onset of superelasticity in Nickel-Titanium that has undergone a particular ther-

momechanical treatment. This simple model also helps us understand relaxed

convexity conditions for which multidimensional variational problems can have

solutions. A frame indifferent isothermal viscoelastic model for the behaviour of

shape memory alloys is then introduced and a means of simulating this model is

identified. Numerical simulations of reductions of this viscoelastic model are used

to numerically test several mathematical conjectures on the asymptotic scaling of

singularly perturbed problems. Further simulations of a two-dimensional vecto-

rial viscoelastic model show that the model captures long lived states observed in

shape memory alloys.
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Preface

The work in this thesis is drawn from the following manuscripts which have been

submitted or are in preparation for submission:

• Stress-induced interfaces between austenite and untwinned martensite, W.Tirry,

J.M. Ball, B.K. Muite and D. Schryvers, In preparation 2009

• A numerical comparison of Chebyshev methods for solving fourth-order semi-

linear initial boundary value problems, B.K. Muite, Forthcoming in J. of

Computational and Applied Mathematics

• Strong linear scaling for spectral simulations of time dependent semilinear

partial differential equations on Marenostrum, R. de la Cruz, B.K. Muite,

H. Servat, Proc. 8th World Congress on Computational Mechanics, Venice,

Italy, 2008

• Computations of geometrically linear and nonlinear Ginsburg-Landau models

for martensitic pattern formation, B.K. Muite, U. Salman, Proc. European

Symposium On Martensitic Transformations, Prague, Czech Republic, 2009

The different chapters in the thesis are the result of work that was done with

different sets of people and has or will appear as different joint publications. After

reading Chapter 2, the other chapters can be read almost independently, even

though they are linked. The topics covered in this thesis span computational

science, materials science and mathematical analysis. It is difficult to use standard

notation from each of these three fields throughout the thesis. To enable close to

standard notation to be used, the notation in each chapter is defined independently

of that in other chapters. This leads to some repetition but makes it easier to read

the chapters independently.
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Chapter 1

Introduction

The mathematical modelling and simulation of martensitic phase transitions is

a challenge of current interest to mathematicians, physicists, material scientists

and engineers as evidenced in reviews by Ball [15], Bhattacharya [24], James and

Hane [105], Müller [152], Roubicek [173], and Salje, Hayward and Lee [177]. Good

models of these transitions would improve our understanding of shape memory al-

loys and superelastic materials which Otsuka and Wayman [160] show have many

potential industrial applications. The models also provide stimulation for improv-

ing our rigorous mathematical understanding of partial differential equations.

Formulating and understanding equations for three-dimensional elastodynam-

ics is a current open and difficult problem in mechanics (Ball [14]). A first step in

this direction can be made by understanding simplified planar and two-dimensional

viscoelastodynamic models for phase transitions. Mathematicians typically use

viscoelastic dynamics to model phase transitions — see, for example, Ball et al.

[17] and Swart [187] — whereas physicists use a time-dependent Ginzburg-Landau

approach — see, for example, Salje [175]. Both of these models relate the dynam-

ics to the minimisation of a multiple well energy density. The primary differences

are that typically: models from the mathematics community use geometrically

nonlinear elasticity, do not have a surface energy or capillarity term, and do have

a kinetic energy term; whereas models from the physics community use geomet-

rically linear elasticity, do have a surface energy term, but do not have a kinetic

energy term. Ball and James [19], and Pitteri and Zanzotto [166] suggest that

because the surface energy term is small and because its form is not known, it can
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at a first approximation be neglected. This is entirely reasonable in static models

of solids where many, but not all, of the features observed in experiments are cap-

tured without the surface energy term. For instance, Ball and James [19] explain

that neglecting interface energy gives predictions that the microstructure can be

infinitely fine, and Toupin [195] shows that a higher order surface energy term

allows for modeling of experimentally observed boundary layers near interfaces.

In dynamic models however, Ball et al. [17], Rybka [174] and Tvedt [206] show

that without a higher order surface energy term, the location of sharp interfaces

are fixed and new sharp interfaces cannot be nucleated. This is not in agreement

with experiments.

Good numerical techniques are required to examine the mathematical prop-

erties of elastodynamic models with surface and kinetic energies, and to examine

how well these models accord with experiments. This is because when small sur-

face energy is included, Hattori and Mischaikow [91] prove that the initial interface

motion is exponentially slow. Vainchtein [209] finds that when the surface energy

is small, interface motion consists of long periods of slow motion with short periods

of fast motion. Müller [152] also explains that many small length scale features

can be created, so high spatial resolution simulations are required.

This thesis is a summary of work done towards improving our dynamic model-

ing of martensitic phase transformations in solids. The second chapter comprises

a review of relevant work required to put in context the rest of the thesis. In it

are a review of compatibility conditions for martensitic materials and a review of

viscoelastic models for solids. Chapter 3 extends previous work on compatibility

conditions for martensitic materials to understanding nearly compatible marten-

sitic lattices. The work has relevance to understanding superelasticity and the

links between near compatibility in a static model and near compatibility in a

viscoelastic model are also explained. In Chapter 4, we compare Chebyshev pseu-

dospectral methods and show that they can be used to solve high-order equations

with multiple spatial scales. They therefore enable us to test whether the vis-

coelastic models we have constructed reproduce the behaviour of shape memory

materials. Chapter 5 contains an examination of the behaviour of solutions to

two-dimensional viscoelastic models with capillarity. In it we show that Cheby-

shev spectral methods can be used to find minimisers of the underlying static
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energy and compute the asymptotic scaling of the static energy when the singular

perturbation term becomes very small. The results in this chapter suggest that

numerical homogenisation may be the method of choice in the future to extract

coarse-grained behaviour from partial differential equations with multiple scales.

In Chapter 6 we show that it is possible to implement spectral numerical methods

efficiently on supercomputers so that fast simulations can be done for vectorial

models for martensitic phase transformations for which it would be possible to

perform comparisons with experiments. In Chapter 7, we compute solutions to

vectorial models for phase transformations. We show that the models we have

introduced capture patterns found in martensitic materials and this suggests that

with further work, quantitative predictions for the behaviour of martensitic mate-

rials could be made.

In this thesis, we also show that spectral numerical methods can compute

high resolution numerical approximations to complex partial differential equations

in non-periodic domains. One disadvantage of spectral methods is that the fast

Fourier transform is a global operation which is not always very efficient on current

parallel architectures. The inefficiency has two sources, the first is due to the global

communication – in this thesis, we indicate a means of overcoming this. The

second source of inefficiency is that modern multi-level cache based architectures

typically do not process long vectors efficiently. This suggests that a spectral

element method which uses the sparse Chebyshev integration formulation will

be most efficient on large distributed memory supercomputers. Developing and

implementing such a method in a reliable, efficient and reusable form is also left

as a problem to be pursued in the future.
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Chapter 2

A Frame Indifferent
Two-Dimensional Viscoelastic
Model for the Square to
Rectangle Transformation

Abstract

We show how to formulate frame indifferent viscoelastic models for martensitic

phase transformations. We also show how to formulate geometrically linear but

physically nonlinear models for martensitic phase transformations. We then show

how three-dimensional frame indifferent models can be reduced to vectorial two-

dimensional models that are easier to simulate, but which can still display some of

the features of the three-dimensional model. We also give examples of situations in

which the interface orientation for two-dimensional static geometrically linear and

geometrically nonlinear models differ. We then compare travelling wave solutions

for geometrically linear and geometrically nonlinear elasticity models for single

phase materials. Finally, we discuss relationships between models for martensitic

phase transformations and the calculus of variations.

2.1 Introduction

At present, as explained by Ball [14, p. 27], there is no dynamical theory for geo-

metrically nonlinear elasticity that is known to be well posed. A purpose of this
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chapter is to review the physical assumptions of a geometrically nonlinear vis-

coelastic model and to put forward a geometrically nonlinear viscoelastic model

for a martensitic phase transformation, which includes capillarity. Various com-

ponents of the model we will introduce can be found in the literature, but the

combination we use here is new. By a geometrically nonlinear model, we mean

a model that is invariant under Euclidean transformations. A review of this can

be found in Antman [4, p. 416-512], Holzapfel [97, p. 179] and by S̆ilhavý [207,

p. 101-108]. It should be noted that typical elasticity texts, such as Landau and

Lifschitz [126, p. 2] introduce geometrically nonlinear strains but then go on to

use geometrically linear strain tensors to obtain linearised elasticity under the

assumption that strains and rotations away from the reference configuration are

small.

There has been very little previous mathematical work on geometrically non-

linear viscoelasticity, most of which has been reviewed by Ball [14]. Most of this

work has concentrated on models without capillarity. In cases without capillarity

or viscosity, shocks are known to occur, see, for example, Howell et al. [99, p.

221]. Potier-Ferry [169, 170] has shown existence and uniqueness of solutions to

frame indifferent models without capillarity near minima of a polyconvex strain

energy. Friesecke and Dolzmann [81] prove existence of solutions to viscoelastic

models for martensitic transformations without capillarity and with frame indif-

ferent strain energy potentials, but they use a dissipation term that is not frame

indifferent. Demoulini [61] has shown existence of Young measure solutions to the

equations of viscoelastodynamics without capillarity under assumptions that are

consistent with frame indifference but cannot show uniqueness of these weak solu-

tions. Tvedt [205, 206] has also shown existence and uniqueness to weak solutions

of viscoleastic equations that may be nonlinear but are not frame indifferent. Zim-

mer [220] proved global existence for a three-dimensional vectorial model with a

dissipation term that is not frame indifferent and for a stored energy function with-

out a higher order gradient term. Pawlow and Zaja̧ckowski [163] and Yoshikawa,

Pawlow and Zaja̧ckowski [215] have also shown global existence and uniqueness for

thermoelastic models for martensitic phase transformations introduced by Falk [78]

and Falk and Konopka [79], however these models are also not frame indifferent.
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Following this introduction, a geometrically nonlinear three-dimensional model

for the cubic to tetragonal martensitic phase transformation is formulated and the

corresponding geometrically linear but physically nonlinear model is derived. We

then explicitly give a two-dimensional model for the square to rectangule transfor-

mation. We then compare geometrically linear and nonlinear models, first in the

static setting, and then in the dynamic setting for travelling wave solutions. Fi-

nally, we explain how computations can help understand asymptotic behaviour in

the calculus of variations. The results obtained here are not rigorous, and instead

are used to explain the physical significance of the models that will be analysed

and simulated in later chapters.

2.2 The Model

A simple framework for the viscoelastic equations of motion with capillarity is

ρUtt = ∇ · σ(F ) +∇ · τ (F ,Ft)− ε2∆2U. (2.1)

We shall let R+ denote the positive real line, [0,∞), R3 three-dimensional Eu-

clidean space, Mn×n is the space of real n by n tensors, and Mn×n
+ is the space of

real n by n tensors with positive determinant. With these definitions, the symbols

in eq. (2.1) are: ρ ∈ (0,∞) is the density in the reference configuration, Ω,

U(t) : Ω ⊂ R3 → R3

is the vector configuration field,

F ∈M3×3
+

is the deformation gradient, defined such that F := ∇U , t denotes time, ε ∈ (0,∞)

is the capillarity,

σ : M3×3
+ →M3×3

is the elastic part of the stress tensor and

τ : M3×3
+ ×M3×3 →M3×3
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is the viscous part of the stress tensor. This framework fits both linear and non-

linear viscoelastodynamics. If we assume the existence of a dissipation potential

G : M3×3
+ ×M3×3 → R+

such that

τ = ∇FtG

and of a strain energy potential

Φ : M3×3
+ → R+

such that

σ = ∇F Φ,

then a formal calculation assuming periodic boundary conditions shows that this

equation of motion has the energy identity,∫
Ω
ρ
2
Ut(T )2 + Φ(F (T )) + ε2

2
|∆U(T )|2 dx+

∫ T
0

∫
Ω
G(F (t),Ft(t))dxdt = C. (2.2)

Here, C is a constant that depends only on the initial conditions.

A geometrically nonlinear model is frame indifferent if its dissipation, capillarity

and strain energy potentials in eq. (2.2) are unchanged when the deformation, F ,

is multiplied on the left by a rotation matrix R(t) ∈ SO(3). In geometrically

linear viscoelasticity, it is assumed that only infinitesimally small rotations and

displacements occur, and so the restrictions on the invariances of the equations of

motion are reduced. Both the geometrically nonlinear and the geometrically linear

equations of motion can be obtained within the variational framework.

In geometrically linear viscoelasticity, the Rayleigh dissipation potential is often

used,

GL(F ,Ft) = βTr
[(
Ft + F T

t

)2
]
, (2.3)

where β ∈ R+ is the viscosity and for a tensor A, we define A2 so that A2 :=

ATA. As explained by Antman [3], this dissipation potential is frame indifferent

when Ft represents the velocity gradient in Eulerian coordinates, but is not frame

indifferent when Ft is the time derivative of the deformation gradient in Lagrangian
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coordinates as used here. Dafermos in Demoulini [61] has noted that an example

of a frame invariant dissipation potential in Lagrangian coordinates is

GNL(F ,Ft) = β det(F−1)Tr
{[
FtF

−1 + (FtF
−1)T

]2}
,

in which β is the viscosity. This frame indifferent dissipation potential can be

obtained from the Rayleigh dissipation potential by changing from Eulerian to

Lagrangian coordinates, see, for example, S̆ilhavý [207, p. 36].

The frame indifferent nonlinear dissipation potential given above is difficult to

use in computations of compressible materials in Lagrangian coordinates. This is

because the factor det(F−3) – the extra two powers of det(F−1) come from the fact

that F−1 = det(F−1)adj(F ) which is squared – gives rise to many extra terms in

the equations of motion. For purposes of numerical computations, a simpler frame

indifferent dissipation potential is,

GNL(F ,Ft) = β det(F )2Tr
{[
FtF

−1 + (FtF
−1)T

]2}
= βTr

({
Ftadj(F ) + [Ftadj(F )]T

}2
)
. (2.4)

We recall that adj(F ) = [cof(F )]T and that the (i, j)th entry of cof(F ) is given by

(−1)i+j det(F )ji , where det(F )ji is the determinant of the submatrix obtained by

deleting the ith row and jth column from F (see, for example, Evans [77, p. 440]).

This dissipation potential has the slight disadvantage that it does not become large

as det(F ) → 0, which would be expected from physical considerations, and so

this dissipation potential is not a realistic model for deformations which compress

materials significantly.

To show that the dissipation potential in eq. (2.4) is frame indifferent, consider

the transformation F → R(t)F (t). Then we find that

det(F )2 → det (RF )2 = det(F )2.

Similarly, since

FtF
−1 → RFtF

−1RT +RtR
T ,
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we find that

FtF
−1 + (FtF

−1)T

→ RFtF
−1RT +RF−TF T

t R
T +RtR

T +RRT
t

= RFtF
−1RT +RF−TF T

t R
T

since

It =
[
RRT

]
t

= RtR
T +RRT

t = 0.

We therefore find that

Tr
{[
FtF

−1 + (FtF
−1)T

]2}
→ Tr

{[
RFtF

−1RT +RF−TF T
t R

T
]2}

= Tr
{[
FtF

−1 + (FtF
−1)T

]2}
and so the dissipation potential is frame invariant.

To show that this dissipation potential is isotropic, consider the transformation

F → FR, where the rotation matrix R is now time independent. We find that

FtF
−1 → FtRR

TF−1 = FtF
−1 and so the dissipation potential is isotropic.

Several dynamic models have also used plastic dissipation to reproduce the

rate-independent hysteresis that is often observed in shape memory alloys, see, for

example, Plechác̆ and Roub́ıc̆ek [167], Rajagopal and Roub́ıc̆ek [171] and Arndt,

Griebel and Roub́ıc̆ek [7]. This does not seem to be required when modelling

all martensitic phase transformations, because martensitic transformations which

have phases that are nearly compatible typically have little plastic effects. An ex-

perimental example of a strain induced martensitic transformation with no plastic

effects is given by Tirry et al. [192] where it is shown that in appropriately pre-

pared shape memory alloys, the stress-induced martensitic transformation occurs

reversibly and thus, as a good initial approximation, is amenable to modelling

using elasticity. Chu [39] demonstrates rate independent hysteresis during biaxial

strain induced transformation in Copper-Aluminum-Nickel. In these experiments

the rate independence of the transformation path in stress-strain space is shown.

Ball, Chu and James [16] suggest that in vectorial models for martensitic phase
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transformations, hysteresis might be explained by compatibility effects. It is not

clear whether plasticity is also required to describe hysteresis.

To obtain a model strain elasticity potential for martensitic materials in non-

linear elasticity, we need to determine the invariants of the Green strain tensor

ENL := 1
2
(F TF − I) (2.5)

under the symmetry groups of the material. In linearised elasticity, we need to

determine the invariants of the linearised strain tensor,

EL := 1
2

[
(F − I) + (F − I)T

]
(2.6)

under the symmetry groups of the material. Before obtaining strain energy poten-

tials, for the benefit of readers who are primarily familiar with geometrically linear

elasticity, we show that the Green strain tensor is frame invariant. It then follows

that a strain energy potential that is a function of the Green strain tensor will also

be frame invariant. To check that the Green strain tensor is frame indifferent, we

make the transformation F → R(t)F in eq. (2.5) to find it is invariant under this

transformation since

(RF )T (RF ) = F TF .

A similar transformation of the linearised strain tensor eq. (2.6) shows that in

general

(RF − I) + (RF − I)T 6= (F − I) + (F − I)T ,

and so this tensor is not frame indifferent. Consequently, strain energy potentials

that are functions of the linearised strain tensor are not frame indifferent.

A well-known strain energy potential that has been fitted to a real material is

the Ericksen-James energy density for the cubic to tetragonal transformation in

Indium-Thallium; this potential can be found in Luskin’s [142] review paper. Un-

fortunately, for our purposes, this fitted potential is a little unwieldy and instead,

we use an energy density for the cubic to tetragonal transformation described by

Pitteri and Zanzotto [166, p. 228], since it is easier to simulate this energy density

and to reduce it to the forms we will consider for the two-dimensional vectorial
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model for the square to rectangle transformation. This geometrically nonlinear

energy density is,

ΦNL =b

{[
eNL,11 − 1

3
Tr(ENL)

]2
+
[
eNL,22 − 1

3
Tr(ENL)

]2
+
[
eNL,33 − 1

3
Tr(ENL)

]2
}

+ c

{[
eNL,11 − 1

3
Tr(ENL)

] [
eNL,22 − 1

3
Tr(ENL)

]
×
[
eNL,33 − 1

3
Tr(ENL)

] }

+ d

{[
eNL,11 − 1

3
Tr(ENL)

]2
+
[
eNL,22 − 1

3
Tr(ENL)

]2
+
[
eNL,33 − 1

3
Tr(ENL)

]2
}2

+ e
{
e2
NL,12 + e2

NL,13 + e2
NL,23 + e2

NL,21 + e2
NL,31 + e2

NL,32

}
+ fTr(ENL). (2.7)

In this equation e2
NL,ij corresponds to the entry in the ith column and jth row of the

Green strain tensor, ENL given in eq. (2.5). The invariants of the geometrically

nonlinear and geometrically linear elasticity strain tensors have the same form

because they only depend on the rotation group of material symmetries acting on

the strain tensor. Consequently, a geometrically linear but physically nonlinear

strain energy function has a similar form to the geometrically nonlinear strain

energy potential and is

ΦL =b

{[
eL,11 − 1

3
Tr(EL)

]2
+
[
eL,22 − 1

3
Tr(EL)

]2
+
[
eL,33 − 1

3
Tr(EL)

]2
}

+ c

{[
eL,11 − 1

3
Tr(EL)

] [
eL,22 − 1

3
Tr(EL)

]
×
[
eL,33 − 1

3
Tr(EL)

] }

+ d

{[
eL,11 − 1

3
Tr(EL)

]2
+
[
eL,22 − 1

3
Tr(EL)

]2
+
[
eL,33 − 1

3
Tr(EL)

]2
}2

+ e
{
e2
L,12 + e2

L,13 + e2
L,23 + e2

L,21 + e2
L,31 + e2

L,32

}
+ fTr(EL). (2.8)

Here, E2
L,ij corresponds to the entry in the ith column and jth row of the linearised

strain tensor, EL given in eq. (2.6).

A further consequence of the fact that the invariants of the strain tensor for

geometrically nonlinear and geometrically linear elasticity have the same form
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is that programs for finding polynomial invariants for linearised elasticity, such

as Isotropy [185], can also be used to find invariants to construct geometrically

nonlinear strain energy functions for martensitic transformations.

As observed by Zimmer [221], once the invariants have been found, the strain

energy function can be written as a function of these invariants, and this func-

tion need not be a polynomial function of the invariants. An important conse-

quence of this is that in three-dimensional models, many phases can be fitted

without using functions that grow quickly at infinity. This can help in proving

existence and uniqueness of solutions to the resulting models by using the capil-

larity to show convergence of the nonlinear terms in the strain tensor. Yoshikawa,

Pawlow and Zaja̧czkowski [215] have noted that it is difficult to prove that Falk

and Konopka’s [79] three-dimensional model (which uses sixth order polynomials)

is well posed using such a strategy because polynomial functions with multiple

minima grow quickly for large arguments. A similar difficulty arises with the

Indium-Thallium energy densities given here in eqs. (2.7) and (2.8). This defect

can be easily remedied by considering strain energy potentials such as

1000Tanh(0.001ΦNL) or 1000Tanh(0.001ΦL).

In these strain energy potentials, the multiple wells present for small strains are

preserved, but when the strains are large, these potentials have slow growth and

are bounded.

The capillarity or Ginsburg potential is chosen to be rotationally invariant,

isotropic and as simple as possible. Thus, in both the geometrically linear and

nonlinear equations we choose it to be

Ψ = 1
2
|∆U |2 . (2.9)

To show that this potential is frame indifferent, make the transformation U → RU ,

where R is a proper rotation matrix to find that eq. (2.9) is unchanged by the

transformation. Similarly, multiplying the vector (x, y, z)T by a rotation matrix

and then computing the potential in the transformed coordinates shows that it

is unchanged by this transformation and is therefore isotropic. As explained by

Toupin [195], other choices for this term could be made, such as the gradients of the
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Green strain tensor in the reference configuration. However, such choices give rise

to more complicated partial differential equations than the model given here and

so are more difficult to simulate though not necessarily more physically relevant.

Since the physics of interfaces is rather complicated (see, for example, Sutton and

Baluffi [186]), we do not attempt to use a more complicated and possibly realistic

model because we expect this will primarily capture secondary effects. This simple

model is also attractive from a mathematical perspective, since it may allow for a

simpler vanishing capillarity analysis.

As explained by Bhattacharya [24, Chap. 1], although higher order gradient

terms have been used in many computations, their physical origin is poorly un-

derstood. However, without them, Rybka [174], Friesecke and Dolzmann [81] and

Tvedt [205, 206] show that if there are sharp interfaces, these do not move. Ry-

bka [174], Friesecke and Dolzmann [81] and Tvedt [205, 206] also show that sharp

interfaces, that is displacements which can have jumps in their first spatial deriva-

tives, also cannot form in finite time. They show that sharp interfaces cannot

move or be formed in finite time by showing that any portion of the solution to

their dynamic models with initial conditions without jumps in the first derivatives

remain this way throughout the evolution, because to produce or move jumps re-

quires infinite dissipation of energy since terms of the form ∆Ut are not square

integrable. The models analysed by Rybka [174], Friesecke and Dolzmann [81] and

Tvedt [205, 206] have dissipation terms that are not frame indifferent. It seems

likely, although this has not been proved, that their results will also hold for frame

indifferent viscous dissipation terms since similar arguments will apply as such

dissipation terms require ∆Ut to be square integrable. At first this would suggest

that adding a capillarity term is only a mathematical convenience since it does

not change the fact that dynamics does not allow for sharp interfaces to form in

finite time. Numerical experiments in scalar one dimensional models by Ball et

al. [17] show that without capillarity, solutions to the evolution equations with

smooth initial data develop interfaces which lock in quickly and become sharper

and sharper. As explained in Ball et al. [17], it is very difficult to simulate these

equations for long times since the spatial resolution required to solve these equa-

tions becomes greater without bound as time tends towards infinity – the addition

of a fourth order capillarity term therefore makes it easier to simulate equations
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like these over long times since there is a finite smallest length scale that needs to

be resolved.

Müller [152] describes how the capillarity term picks a minimum length scale

for twinning by introducing energy along interfaces. Photographs of shape memory

alloys show that the microstructure is not infinitely fine as would be predicted in

minimisers for static models of martensites without capillarity, such as the model

introduced by Ball and James [18]. As explained by Ball and James [18], models

with infinitely fine microstructure are useful simplifications for understanding the

static behaviour of martensitic materials. At present there is no realistic simplified

dynamic theory for models which have infinitely fine microstructure. When one

can compute solutions to well-posed regularised models with a wide range of scales,

it is reasonable to use such models to see if they can suggest whether it is possible

to find a simplified dynamic model for which the capillarity term does not need to

be resolved.

One defect introduced in the model by the capillarity term in eq. (2.9), is that

if we assume that the solution is in a Sobolev space, then the Sobolev embed-

ding theorem ensures that the deformations obtained are continuous. Thus, if

the simple capillarity term included here is used in a model for martensitic phase

transformations, one cannot use the model to predict fracture in martensitic ma-

terials (see Ball [12] for a similar discussion on the effect of the Sobolev embedding

theorem on modelling fracture without a capillarity term). One might hope that

it is possible to obtain the model given here with a quadratic capillarity term as

an approximation to a more complete model which both allows all interfaces to

move, and also allows for deformations that have jumps which represent fracture

zones. A possible modification of the capillarity energy is

[1− Tanh(0.001ΦNL)] |∆U |2−2Tanh(0.0001ΦNL) .

If the strains are small, we obtain the capillarity term in eq. (2.9). For moderate

strains, the effective capillarity coefficient decreases, which allows equilibrium in-

terface width to vary. Such modifications can remedy the problem pointed out by

Bhattacharya [24, p. 103-104] that a simple capillarity term does not capture all

the interface physics. For large strains, the capillarity term has sublinear growth,

and so does not prevent fracture. It is at present unclear how to create a model
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that is both physically realistic – because experimental data is insufficient – and

is also amenable to mathematical analysis and simulation, in particular coercivity,

(greater than quadratic growth in the highest derivative) is often used in the math-

ematical analysis of such models. For these reasons, we shall consider reduction of

simple models given by eq. (2.3), with eqs. (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9).

These models are amenable to analysis and simulation, and if they capture enough

physically relevant features observed in shape memory alloys, such as patterns of

long lived states and a realistic response to moderate loading, then they provide a

basis for more complete models.

In the model we have presented, we have neglected a term which becomes

large as the determinant of the deformation gradient becomes small. Physical

considerations suggest that the material should become harder to compress as the

determinant of the deformation gradient becomes small. Physical considerations

also imply that the determinant of the deformation gradient should always be

positive. We will assume that strains will be sufficiently small that this will always

hold, and so such a term will have negligible influence on the dynamics we will

simulate.

2.3 Convexity Conditions in the Calculus of Vari-

ations

Physical considerations have meant that the strain energy potential used to model

martensitic transformations cannot be convex in the deformation gradient. If we

postulate that the observed equilibrium states are extrema of the energy, then

natural questions to ask are whether these extrema can be attained, and if they

can be attained, in what sense are they attained. In the multi-dimensional case,

these questions have not yet been fully answered. A case for which it is known

that there are minimisers for strain energy functions for elastic materials without

capillarity terms is when the strain energy function is polyconvex. Renardy and

Rogers [172, p. 353] give the following definition of polyconvexity.

Definition 2.3.1. A function Φ : RN×n → R ∪ {+∞} is said to be polyconvex

if Λ→ Φ(Λ) can be represented as a convex function of the subdeterminants of Λ.
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Ball [11] has shown that polyconvexity is enough to prove existence of min-

imisers for static models for the behavior of solids which are frame indifferent,

have energies that become large when the determinant of the deformation gradi-

ent tends towards zero and have greater than linear growth when the deformation

gradient becomes large. Unfortunately, the strain energy functions that are used to

model martensitic phase transformations are not polyconvex. A further restriction

of polyconvexity as a realistic assumption for strain energy functions is that, as

explained by Dacorogna [53, p. 169, 237], polyconvex functions that are not convex

must have greater than quadratic growth. This implies that it is not possible to use

polyconvex functions to model solids which soften when strained sufficiently far.

This is because a strain energy function with greater than quadratic growth con-

tradicts the physical observation that if a solid is stretched far enough, it becomes

easier to stretch and eventually tears or fractures. This is inconsistent with an

energy function for which the energy always increases as the material is stretched.

Nevertheless, polyconvex strain energy functions can still be used to model elastic

solids such as rubber, provided the materials are not stretched too much, see, for

example, Ball [11].

A more general condition for which minimisers of a strain energy function can

be shown to exist is quasiconvexity. Dacorogna [53, p. 156] give the following

definition of quasiconvexity

Definition 2.3.2. A locally bounded function Φ : RN×n → R is quasiconvex if

1

m(Ω)

∫
Ω

Φ (Λ +∇U(x)) ≥ Φ (Λ) (2.10)

for every bounded domain Ω ⊂ RN , for every Λ ∈ RN×n and every U ∈ W 1,∞
0 (Ω; Rn).

Ball and Marsden [20] have observed that this definition may need to be mod-

ified when mixed boundary conditions are specified because in this situation, per-

turbations at the boundary can give a lower value for Φ than that obtained only

by an affine deformation thereby violating the above inequality – in fact the above

definition is only appropriate when Dirichlet boundary conditions are specified.

When mixed boundary conditions are applied, Ball and Marsden [20, Def. 2.1,

Thm. 2.2] give an additional necessary condition known as quasiconvexity at the
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boundary to ensure that a local minimum is attained. For recent progress in this

area see Grabovsky and Mengesha [85].

It is rather difficult to verify whether a given function is quasiconvex, see, for

example, Kristensen [124]. One means by which it is possible to show that a

function is not quasiconvex is to show that it is not rank one convex, a condition

that can be easily checked. Renardy and Rogers [172, p. 357] give the following

definition of rank one convexity.

Definition 2.3.3. A function Φ : RN×n → R is rank one convex if

Φ (υF1 + (1− υ)F2) ≤ υΦ (F1) + (1− υ)Φ (F2) (2.11)

for every υ ∈ (0, 1) and every F1 and F2 such that rank (F1 − F2) = 1.

For more on these matters, we refer the reader to Dacorogna [53].

In the next section, we will show that the strain energy potentials in the models

for martensitic phase transformations that we have introduced are also not rank

one convex in the deformation gradient. Physical observations show that these

potentials are minimised at wells which are typically rank one connected but for

which the rank one convexity condition does not hold. This also implies that these

strain energy potentials are not quasiconvex. The physical consequence of the

fact that these strain energy potentials are not quasiconvex is that these materials

display microstructure. A mathematical characterisation of the set of energy min-

imising microstructures corresponds to finding the quasiconvex hull of the strain

energy potentials. The quasiconvex hull of a strain energy potential is defined

as the largest quasiconvex function which is less than the strain energy potential

for every choice of the deformation gradient. A mathematical characterisation of

the possible transformations that are kinematically compatible at a given strain,

corresponds to finding the rank one convex hull of these strain energy potentials.

The rank one convex hull of a strain energy potential is characterised as the largest

rank one convex function, which is bounded from above by the strain energy po-

tential. The polyconvex hull is defined as the largest polyconvex function which is

bounded from above by the strain energy potential. As far as I am aware, there

is no physical interpretation of the polyconvex hull of the strain energy potential,

however if both the rank one convex hull and the polyconvex hull coincide, then
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this implies that the quasiconvex hull is equal to the polyconvex hull and so the

quasiconvex hull has been found.

To make these ideas, precise we introduce the Saint Venant-Kirchhoff potential.

In two dimensions, the Saint Venant-Kirchhoff strain energy potential is,

ν
2

(TrE)2 + µTr
(
E2
)

= ν+µ
2
η2

1 + µ
2
η2

2 + 2µη2
3

= 4µ+ ν − (ν + 4µ)
(
λ2
1

4
+

λ2
2

4

)
+ 2µ

λ2
1

4

λ2
2

4
+
(
µ+ ν

2

) (λ4
1

16
+

λ4
2

16

)
(2.12)

where ν and µ are the Lamé coefficients, E is the Green strain tensor in geomet-

rically nonlinear elasticity and the linearised strain tensor in geometrically linear

elasticity and, λ2
1 and λ2

2 are the eigenvalues of 1
2

(E + I). We use ν to represent

the Lamé coefficient instead of the more commonly used λ to avoid confusion with

the use of λ as an eigenvalue. Note that in the geometrically nonlinear theory,

the left Cauchy-Green strain tensor can be found from the Green strain tensor

C = 2 (E + I), and so in this theory, λ1 and λ2 are proportional to the singular

values of the Green strain tensor. The third form of the strain energy potential

makes it clear that for the geometrically nonlinear elasticity, the Saint Venant-

Kirchhoff potential is not quasiconvex since the second derivative of this strain

energy potential is not positive for small values of λ1 and λ2. In particular the

tension-extension inequalities imply that a rank one convex function should have

positive second derivatives with respect to the principal stretches (see S̆ilhavý [207,

p. 308]). Since this is not true for small λ1 and λ2, and since a quasiconvex func-

tion is necessarily rank one convex, we conclude that this Saint Venant-Kirchhoff

potential is not quasiconvex. When λ1 and λ2 are not much smaller than one, this

potential is a convex function that is symmetric in λ1 and λ2, and so is locally

polyconvex. The reason it is locally polyconvex is due to a modification of the

following theorem by Ball [11, Thm. 5.2], which we state for the two-dimensional

case:

Theorem 2.3.1. Let D = {F ∈M2×2 : detF ∈ K} , where K ⊆ (0,∞) is convex.

Also let

Φ (F ) = Φ (λ1, λ2, λ1λ2) ,
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where λ1 and λ2 are the singular values of F ∈ D. If Φ (λ1, λ2, λ1λ2) : R2
+×K → R

is convex and satisfies

• Φ (x1, x2, δ) = Φ (x2, x1, δ) for all x1, x2 ∈ R+, δ ∈ K,

• Φ (x1, x2, δ) is nondecreasing in x1, x2,

then Φ is polyconvex on D.

The modification we make is that we choose D to be the set for which F

has positive determinant and the singular values of F are greater than 2. In

this case, for all values of µ and ν, the Saint Venant-Kirchhoff potential in eq.

(2.12) is polyconvex. We recall that a function that is polyconvex is quasiconvex

and a function that is not rank one convex is not quasiconvex. Thus the Saint

Venant-Kirchhoff strain energy potential provides an example of a smooth function,

which over a restricted domain is quasiconvex, but over the full domain of possible

realistic stretches is not quasiconvex.

Le Dret and Raoult [127] found and showed that the rank one and convex

envelopes for the three-dimensional Saint Venant-Kirchhoff strain energy function

coincide. Since the two envelopes are the same, and the quasiconvex envelope

is bounded above by the rank one convex envelope and the quasiconvex enve-

lope bounds the convex envelope from above, this implies that the quasiconvex

envelope has been found. Dacorogna [53, p. 306] has proved their result in the

two-dimensional case, and we will state his result as an example since it illustrates

one drawback of using a Saint Venant-Kirchhoff energy function.

Theorem 2.3.2. Let ΦSV K (F ) : R2×2 → R denote the Saint Venant-Kirchhoff

potential given in eq. (2.12). Let

g (F ) :=


ΦSV K (F ) if F 6∈ D1 ∪D2
1

1−ν (λ2
2 − 1)

2
if F ∈ D2

0 if F ∈ D1

where λ1 ≤ λ2 are the singular values of F and

D1 =
{
F ∈ R2×2 : (1− ν)λ2

1 + νλ2
2 < 1 and λ2 < 1

}
D2 =

{
F ∈ R2×2 : (1− ν)λ2

1 + νλ2
2 < 1 and λ2 > 1

}
.
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Then letting CΦSV K, PΦSV K, QΦSV K, and RΦSV K denote the convex, polyconvex,

quasiconvex and rank one convex hulls respectively,

CΦSV K = PΦSV K = QΦSV K = RΦSV K = g (F ) .

The quasiconvex hull has the surprising feature that it contains the point λ1 =

λ2 = 0, and so it is possible to compress this material to have zero volume without

requiring any force. This is clearly unphysical and is much less physical than the

Saint Venant-Kirchhoff energy function itself which has the defect that it can be

compressed to zero volume with finite force.

2.4 Compatibility in the Crystallographic The-

ory of Martensite

To enable comparison of the geometrically linear and nonlinear elasticity theories

with the crystallographic theory of martensite, we will need to examine habit plane

orientations and shear across martensite-martensite and austenite-martensite in-

terfaces. We shall be particularly interested in understanding compatibility re-

lations between two wells. The two well problem is of interest because in two

dimensions, the quasiconvex hull for a constrained two well model has been char-

acterised by S̆verák [208] – see Dacorogna [53, p. 355] for related results. Ball

and James [19] provide an alternative and easier to understand characterisation

of the set of stress free strains, which in most cases should correspond to the

bottom of the quasiconvex hull, for the two well problem in two and three di-

mensions when both wells have equal determinant (in their presentation Ball and

James [19] analyse special deformations which reduce a three-dimensional prob-

lem, to a two-dimensional one which allows for comparison to experiments). A

gentle introduction to these ideas can be found in Pedregal [164, p. 50-58]. The

review of compatibility in two dimensions will also be useful in understanding near

compatibility, which forms the subject of Chapter 3 of this thesis. What we would

like to understand is whether with small perturbations of the wells, multi-laminate

microstructures can be accommodated. As explained by Zhang [219], this is useful

in understanding how well the Ball and James [18] constrained crystallographic

elastic model describes real elastic materials.
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We shall follow Dolzmann and Müller [64] in explaining how to find the orien-

tation of compatible interfaces for matrices on two wells in two dimensions for the

geometrically nonlinear crystallographic elasticity theory of Ball and James [18].

We will also give similar results for the geometrically linear rigid elasticity theory

in two dimensions; for similar results in three dimensions see Bhattacharya [24, p.

66, p. 178]. For both theories we shall neglect the effect of the capillarity term and

assume that interface orientation is primarily determined by strain compatibility.

In theories with anisotropic interfacial energy terms, such as examined by Bouville

and Ahluwalia [28], the interfacial energy term may be important in determining

the orientation of the interface. It is at present unclear how to perform such an

analysis for our models. Li [134] and Li and Luskin [135] also give formulae to

determine the habit planes, lattice shears and rotations for compatibility in the

two-dimensional nonlinear theory for symmetry related martensite variants.

In the geometrically nonlinear theory, suppose we have two deformation gradi-

ents F1, F2 ∈M2×2
+ . The configurations which give rise to these deformations can

have a compatible interface if the deformation gradients satisfy

QF1 − F2 = f ⊗ n, (2.13)

where Q ∈ SO(2) is the rotation of the lattice with deformation gradient F1, f is

a vector representing the lattice shear and n is a unit vector perpendicular to the

direction of the habit line in the reference configuration. To determine whether

this equation can hold, we observe that it is equivalent to consider

Q− F2F
−1
1 = f ⊗ nF−1

1 = b⊗m. (2.14)

We can simplify this further by diagonalising F2F
−1
1 = RF ΛFR

T
F with RF ∈

SO(2), where we have assumed F2F
−1
1 is symmetric and positive definite. We

make the assumption F2F
−1
1 is symmetric and positive definite, because if it is

not, since F2F
−1
1 has positive determinant, we can use the polar decomposition

theorem (see Bhattacharya [24, p. 19]) to find a rotation matrix with which to

multiply F2F
−1
1 by to make it symmetric and positive definite. We then find that

we need

Q−RF ΛFR
T
F = b⊗m. (2.15)
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We need to show that we can find a rotation matrix S ∈ SO(2) such that

S −ΛF = c⊗ p,

where

c⊗ p = RT
Fb⊗mRF .

Suppose ΛF = diag(λ1, λ2) with λ1λ2 ≥ 1. Observe that this represents the general

case because if λ1λ2 < 1 we can exchange the roles of F1 and F2. To be consistent

with Dolzmann and Müller’s [65] notation, we identify (x, y) with the complex

plane so that (x, y) = x+ iy. This allows Q ∈ SO(2) to be identified with exp(iθ).

Dolzmann and Müller’s [65] result is;

Proposition 2.4.1. Consider the equation

S −ΛF = c⊗ p (2.16)

where S ∈ SO(2) and ΛF = diag(λ1, λ2) with λ1λ2 ≥ 1. Write

S = exp(iθ) =

[
cos θ − sin θ
sin θ cos θ

]
.

i. If λ1 > 1 and λ2 > 1, then eq. (2.16) has no solution.

ii. If λ1 = 1 and λ2 > λ1, then eq. (2.16) has exactly one solution, given by

S = 1, c = (1− λ2)e2 and p = e2.

iii. If λ2 = 1 and λ1 > λ2 then eq. (2.16) has exactly one solution, given by

S = 1, c = (1− λ1)e1 and p = e1.

iv. If λ1 < 1 or λ2 < 1 then eq. (2.16) has exactly two solutions. They are given

by

S1 = exp(iθ1), S2 = exp(iθ2) = exp(−iθ1),

cos θ1 =
λ1λ2 + 1

λ1 + λ2

= 1− (1− λ1)(λ2 − 1)

λ1 + λ2

< 1, (2.17)

θ2 = −θ1 dj = ((cos θj − λ1)2 + sin2 θj)
1/2,

cj = dj

(
1,
− sin θj

cos θj − λ1

)
, pj = d−1

j (cos θj − λ1, sin θj).
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In the last three equations j = 1 or 2 and we choose θ1 ∈ [0, π). To prove the

proposition we compute det(S − ΛF ) = det(c ⊗ p) = 0, because c ⊗ p is not of

full rank. We then find that we require

−1 < cos θj =
1 + λ1λ2

λ1 + λ2

< 1,

from which all the results given above follow. If neither F1 nor F2 is the identity,

one can transform them to make one of them the identity using eq. (2.14), then

determine whether they can form a compatible interface, and if they can form

a compatible interface, do the reverse transformations to find out how they are

oriented when they form a compatible interface.

We now explain how to determine compatibility in the geometrically linear

crystallographic theory. Again suppose we have gradients F1, F2 ∈M2×2
+ , and let

G = F1 − F2. The configurations which give rise to these deformations can have

a compatible interface if the deformation gradients satisfy

G+W = f ⊗ n, (2.18)

where W is a skew symmetric matrix. As explained earlier, the geometrically

linear strain tensor does not depend on the skew part of the deformation gradient.

This is because addition of a small skew symmetric matrix is equivalent to an

infinitesimal rotation. However, there is nothing in the linearised theory that

forces rotations to be small. Thus given deformation gradients F1 and F2, we

need to know if we can find W such that eq. (2.18) holds. Since det(f ⊗ n) = 0,

we can use the same computation as before, det(G +W ) = 0 to find conditions

under which it is possible to form a compatible interface in the linearised theory.

We obtain the following results.

Proposition 2.4.2. Consider the equation

G+W = f ⊗ n (2.19)

where W is a skew matrix. Write

W =

[
0 φ
−φ 0

]
,

and denote the entries of G by Gij.
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i. If 4 det (G) > (G12 −G21)2, then eq. (2.19) has no solution.

ii. If 4 det (G) = (G12 −G21)2 then eq. (2.19) has exactly one solution for φ,

given by φ = −G12−G21

2
, and n = (n1, n2) and f = (f1, f2) have the values

n1 =
G12 + φ√

G2
11 + (G12 − φ)2

, n2 =
G11√

G2
11 + (G12 + φ)2

,

f1 =
G11

n1

, and f2 =
G12 + φ

n1

provided that G12 + φ 6= 0. If G12 + φ = 0 then n = (0, 1), f1 = G21 − φ and

f2 = G22.

iii. If 4 det (G) < (G12 −G21)2 then eq. (2.19) has exactly two solutions. They

are given by

φ± =
G21 −G12 ±

√
(G21 −G12)2 − 4 det(G)

2
, (2.20)

and n = (n1, n2) and f = (f1, f2) have the values

n1 =
G12 − φ√

G2
11 + (G12 + φ)2

, n2 =
G11√

G2
11 + (G12 + φ)2

,

f1 =
G11

n1

and f2 =
G12 + φ

n1

,

provided that G12 + φ 6= 0. If G12 + φ = 0 then n = (0, 1), f1 = G21 − φ and

f2 = G22.

The results in the proposition follow because on computing det(G+W ) = 0,

we get a quadratic equation for φ which can then be solved to obtain one real, two

real or no real solutions.

It is possible to extend these results to determine average compatibility condi-

tions for more complicated microstructures, such as twins within twins, and this

can be done following Pedregal [164, p. 59]. Bhattacharya et al. [25] describe

T-4 configurations in two dimensions where possible minimisers are not pairwise

compatible but do satisfy average compatibility conditions and so can still form

microstructures. Further descriptions of these types of configurations and their
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implications for generalised solutions of partial differential equations can be found

in Müller and S̆verák [153, 154], Dacorogna and Marcellini [54] and Dacorogna [53].

Dolzmann and Müller [64, 65] show that the geometrically linear theory with rigid

wells does not allow for these generalised configurations and the geometrically non-

linear theory with rigid wells does allow for these generalised configurations when

there is no interface energy, but does not allow for them when there is interface

energy. New results by Capella and Otto [32] indicate that when the wells are not

rigid, these generalised configurations can also occur in the geometrically linear

theory, however the model they analyse does not have a similar energy functional

to the ones we have introduced here.

2.5 Two-Dimensional Vectorial Models for the

Square to Rectangle Transformation

2.5.1 Jacobs Model for the Square to Rectangle Transfor-
mation

To enable us to compare the results of computations with the crystallographic

theory of martensite, we introduce some lattices which can occur in the square

to rectangle transformation modeled by Jacobs [102]. We then examine inter-

face orientations and compatibility for these lattices and compare them in the

geometrically linear and geometrically nonlinear crystallographic theories. Bhat-

tacharya [24, p. 178] also compared geometrically linear and geometrically non-

linear crystallographic theories, in the more physically relevant, but also more

computationally demanding, three-dimensional setting. The results obtained here

show that two-dimensional models can capture some of the differences between the

geometrically nonlinear and geometrically linear theories observed in three dimen-

sions. Finally, we describe how to find strain energy potentials with minimisers

at the required deformation matrices and show how to obtain the corresponding

equations of motion in both the geometrically linear and geometrically nonlinear

elastic theories.

Figure 2.1 shows an austenite unit cell and the two variants of martensite it

can transform to. It should be noted that there are other energetically equivalent
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possibilities for this transformation. By energetically equivalent, we mean that

the there can be energy minimising states with the same global minimum energy,

but with different principal strains relative to the reference austenite state. Figure

2.2 shows some of these equivalent possibilities, and that these possibilities have

different lattice correspondences. The reason these different unit cells should have

the same energy is that locally, each atom is surrounded by atoms of the same

type at the same equally spaced positions. While we have not made this notion

precise, when modelling martensitic phase transformations, we will assume that

the austenite to martensite transformation has a lattice correspondence that gives

the smallest possible difference between the austenite and transformed marten-

site deformation gradients, (this assumption implies that the average position of

each atom in the austenite phase unit cell is close to its average position in the

martensite unit cell). We therefore follow Ball and James [18] and neglect the

other possibilities for the transformations and assume that energy barriers are suf-

ficiently large to make them unfavourable — clearly this assumption is not true for

every material, see, for example, the discussion in Balandraud and Zanzotto [10]

where two different transformation mechanisms are discussed for a martensitic

transformation with initial and final states which have the same symmetry. This

assumption also limits possibilities for plastic behavior. As explained by Ball [14,

p. 37], this assumption enables us to construct energy functions based on experi-

mental observations relatively simply. This also ensures that we remain within an

Ericksen-Pitteri neighbourhood of the austenite lattice and so the reverse trans-

formation from martensite to austenite should reproduce the original austenitic

state; for more details on Ericksen-Pitteri neighbourhoods see Bhattacharya [24,

p. 38]. Unfortunately, we find that when interfaces are formed using these choices

of lattice correspondence, although there are no long-range stresses, the interfaces

are not fully coherent, and so if viewed under a microscope, they display disloca-

tions and stacking faults. Since the energy functions do not model dislocations, a

possible interpretation of the capillarity term is that it is a model for the average

behaviour of many point dislocations provided that these occur in localised regions.

The capillarity term allows the viscoleastic model to create and move interfaces

— regions where there are distributed point dislocations. If we accept this as the

physical significance of the capillarity term, then measurements of low angle tilt
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boundary energies (see, for example, Hull and Bacon [100, p. 174]) and domain

wall dynamics (see, for example, Daraktchiev et al. [56] and Salje et al. [176]) could

possibly be fit to a function of the curvature of the interface to produce a more

realistic interfacial energy term. Ball and Mora-Corral [21] suggest using an inter-

facial energy model similar to that found for dislocation models of crystal grain

boundaries. In summary, the correct physical interpretation for the capillarity

term is unclear, it is used here as a very simple model which encompasses several

effects that are secondary to the elastic, strain and dissipation models. A more

accurate higher order gradient term is therefore only worth further investigation

if the proposed model shows reasonable agreement with expereiment.

In the transformation shown in Fig. 2.1, the austenite has the deformation

matrix [
1 0
0 1

]
,

and the martensite variants have the deformation matrices[√
1 + b3 0

0
√

1− b3

]
and

[√
1− b3 0

0
√

1 + b3

]
.

The martensite deformation matrices are characterised by the parameter b3 be-

cause this is the parameter that is easy to change in Jacobs [102] continuum model

for the square to rectangle transformation. The use of b3 is given in eq. (2.24) and

eq. (2.26) for the geometrically nonlinear and geometrically linear strain energy

potentials respectively. The austenite phase is normalised so that it is the refer-

ence configuration. Figure 2.1 shows that this transformation does not preserve

two-dimensional volume or area, however it is easy to construct simple polynomial

potentials which are minimised at these deformation gradients. Figures 2.3 and

2.4 show the transformation of the lattices to the deformed configuration and the

austenite-martensite and martensite-martensite habit planes calculated using lin-

ear and nonlinear theories with b3 = 0.25. In these figures we have chosen to split

the rotations evenly between the two phases so that the differences between the

geometrically linear and geometrically nonlinear theories are minimised. The fig-

ures show that the geometrically linear and geometrically nonlinear theories have

similar predictions for the orientation of habit planes for martensite-martensite
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interfaces, but they have different predictions for the orientation of the austenite-

martensite interfaces.

We now describe a continuum viscoelastic model for the austenite-martensite

transformation shown in Fig. 2.1. To obtain a two-dimensional model for this

transformation from a full three-dimensional model, we consider a configuration

of the form U = [x+ u(x, y), y + v(x, y), z], where u and v are displacements and

thus we choose the cubic austenite phase as the reference configuration and so it

corresponds to the identity deformation. The corresponding deformation gradient

is,

F =

1 + ux uy 0
vx 1 + vy 0
0 0 1

 .
Since the z component remains fixed, we shall consider U = [x+ u(x, y), y + v(x, y)]

and

F =

[
1 + ux uy
vx 1 + vy

]
.

By performing this reduction we can use the three-dimensional geometrically linear

and geometrically nonlinear dissipation potentials introduced in eqs. (2.3) and

(2.4).

Jacobs [102] explains that the strain matrix invariants that characterise the

square to rectangle transformation are,

η1 = e11 + e22, η2 = e11 − e22 and η3 = e12 = e21, (2.21)

where eij is the ij entry of the linear, EL or nonlinear, ENL, strain tensor. Since

these will be used often, we give them explicitly for both the linear and nonlinear

strain tensors. The geometrically nonlinear invariants are,

ηNL1 = 1
2

(
2ux + u2

x + v2
x + 2vy + v2

y + u2
y

)
,

ηNL2 = 1
2

(
2ux + u2

x + v2
x − 2vy − v2

y − u2
y

)
and

ηNL3 = 1
2

(uy + uyux + vx + vxvy) . (2.22)
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Figure 2.1: An image showing the crystallography for an austenite (square) to
martensite (rectangles) phase transformation.

Figure 2.2: An image showing the crystallography for alternative energetically
equivalent transformations to martensite. Each different set of lines (I, II, III, IV
and V) gives a different lattice correspondence for the transformation from the
unit square austenite cell to a possible martensite unit cell.
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Austenite Martensite

43.2°

(a) Geometrically linear theory, first austenite–
martensite interface, φ = −0.126.

Austenite Martensite

43.2°

(b) Geometrically linear theory, second
austenite–martensite interface, φ = 0.126.

Austenite Martensite

41.4°

(c) Geometrically nonlinear theory, first
austenite–martensite interface, θ = −7.24◦.

Austenite Martensite

41.4°

(d) Geometrically nonlinear theory, second
austenite–martensite interface, θ = 7.24◦.

Figure 2.3: Orientation of austenite–martensite in a chosen deformed configura-
tion. The angle of the habit plane relative to the horizontal is also shown. The
captions also indicate the rotations required of one phase, when the other phase is
not rotated. The austenite unit cell has sides of length 1, and the martensite unit
cells have sides of length

√
1.25 and

√
0.75.
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Martensite 1 Martensite 2

45°

(a) Geometrically linear theory, first
martensite–martensite interface, φ = −0.252.

Martensite 1 Martensite 2

45°

(b) Geometrically linear theory, second
martensite–martensite interface, φ = −0.252.

Martensite 1 Martensite 2

45°

(c) Geometrically nonlinear theory, first
martensite–martensite interface, θ = −14.5◦.

Martensite 1 Martensite 2

45°

(d) Geometrically nonlinear theory, second
martensite–martensite interface, θ = 14.5◦.

Figure 2.4: Orientation of martensite–martensite in a chosen deformed configura-
tions. The angle of the habit plane relative to the horizontal is also shown. The
captions also indicate the rotations required of one phase, when the other phase
is not rotated. The martensite unit cells have sides of length

√
1.25 and

√
0.75.
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The geometrically linear invariants are,

ηL1 = ux + vy, ηL2 = ux − vy and ηL3 = 1
2
(uy + vx). (2.23)

As explained by Jacobs [102], a simple strain energy model for the square to

rectangle transformation is,

ΦNL = b1

[
b2 + η2

NL,2

] (
η2
NL,2 − b2

3

)2
+ b4η

2
NL,1 + b5η

2
NL,3, (2.24)

where b1, b4 and b5 are interpreted to be elastic constants, b2 determines the height

of the potential barrier between the wells and b3 determines the energy minimising

deviatoric strains in the martensitic phase. For this to be a reasonable strain energy

function, it must be bounded from below for all values of η2
NL,1, η2

NL,2 and η2
NL,3,

and so we require b1, b2, b4 and b5 to be non-negative. By choosing the coefficients

b2 and b3 we can choose to have one, two or three minima for ΦNL at ηNL,2 = 0 and

ηNL,2 = ±b3. The corresponding transformation is shown in Fig. 2.1 and examples

of compatible interfaces for this transformation with b3 = 0.25 are shown in Figs.

2.3 and 2.4. The strain energy potential given in eq. (2.24) can also be found using

the ansatz that the configuration is of the form U = (x+ u(x, y), y + v(x, y), z) in

the strain energy for the cubic to tetragonal transformation in eq. (2.7).

The strain energy function we have used is of Saint Venant-Kirchhoff type,

which makes it easy to compare geometrically linear and geometrically nonlinear

theories. One defect that is common to potentials of Saint Venant-Kirchhoff type

is that they behave poorly under compression. To ensure that the deformation

is orientation preserving and that the material cannot be squashed to a point,

Ciarlet [40, p. 131, 185] and Holzapfel [97, p. 251] explain that such strain en-

ergy potentials should have a term that makes the strain energy large when the

material is compressed. A simple modification is to introduce a term of the form

b6 det(F )−1, with b6 > 0, see, for example, Ball [11] or S̆ilhavý [207, p. 192]. How-

ever, it is then more difficult to compare the geometrically linear and geometrically

nonlinear theories. Consequently, we shall neglect this term and we shall check

that the results of any simulations are orientation preserving and have positive

volume. We shall also ensure that the locations of the strain energy wells do not

conflict with this requirement. It is possible to choose well locations such that
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if all the invariants are at the energy minimising locations, then the determinant

of the deformation gradient tensor is zero. For example, suppose we choose wells

such that

(ηNL,1, ηNL,2, ηNL,3) = (0,±1, 0) (2.25)

then

ENL =
1

2

[
1 0
0 −1

]
and since

ENL = 1
2

(
F TF − I

)
,

a short calculation shows that

F TF =

[
2 0
0 0

]
.

If F is symmetric, we find that

F =

[√
2 0

0 0

]
,

which has zero determinant. This is also easily observed in Fig. 2.1 for which if

b3 = 1, then the area of the rectangles which represent the martensite phase is

zero. Thus for a physically realistic model we require |b3| � 1.

The geometrically linear strain energy model is

ΦL =
(
b1 + b2η

2
L,2

) (
η2
L,2 − b2

3

)2
+ b4η

2
L,1 + b5η

2
L,3, (2.26)

where again b1, b2, b4 and b5 are interpreted to be elastic constants and b3 deter-

mines the energy minimising deviatoric strains. We again need to be careful in

choosing the locations of the wells to ensure that the deformation gradient of the

resulting minimiser has positive determinant. For example, if we choose

(ηL,1, ηL,2, ηL,3) = (0,±2, 0) (2.27)

then

EL =

[
1 0
0 −1

]
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and since

EL = 1
2

(
F + F T − 2I

)
a short calculation shows that

F T + F =

[
2 0
0 0

]
.

If F is symmetric, we find that

F =

[
1 0
0 0

]
,

which has zero determinant, and so the resulting minimiser has zero two-dimensional

volume. Note that because we are using linearised elasticity which is invariant un-

der infinitesimal rotations, we can add any skew-symmetric matrix to F , without

changing the linearised strain and hence also the strain energy. Thus if for example

F =

[
1 h
−h 0

]
,

where h is a real number, then det (F ) = h2 and so the transformation has positive

two-dimensional volume if h 6= 0. This also suggests that the geometrically linear

model can exhibit self-intersection because by adding skew symmetric matrices to

the deformation gradient at a strain energy minimum, we can change the deter-

minant of the deformation gradient but can keep the strain energy unchanged.

The capillarity or Ginsburg potential is chosen to be rotationally invariant,

isotropic and simple to compute, thus, in both the geometrically linear and non-

linear models it is,

Ψ = 1
2
|∆U |2 = 1

2

[
(uxx + uyy)

2 + (vxx + vyy)
2
]
. (2.28)

This model differs from that used by Jacobs [102], because Jacobs minimises the

square of the gradients of the invariants of the strain tensor in the reference configu-

ration. In the geometrically nonlinear model, this introduces further nonlinearities

for which it is more difficult to analyse and numerically solve the resulting set of

evolution equations, without any increase in the physical accuracy of the model.

34



The geometrically nonlinear equations of motion (balance of linear momentum)

are obtained using the Lagrange D’Alembert principle with the energy∫ ∫
ρ
2
U2
t + Φ(F ) + ε2

2
|∆U |2 dxdt, (2.29)

and the dissipation potential,

GNL(F ,Ft) = βTr

({
Ftadj (F ) + [Ftadj (F )]T

}2
)
, (2.30)

to get

ρutt

− 4β

[
2(1 + vy)(uxt + uxtvy − vxuyt)

−uy(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)

]
x

− 4β

[
−2vx(uxt + uxtvy − uytvx)

+(1 + ux)(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)

]
y

=


(1 + ux)

[
2b2ηNL,2(η2

NL,2 − b2
3)2

+4
(
b1 + b2η

2
L,2

) (
η3
L,2 − b2

3ηL,2
) ]

+2b4(1 + ux)ηNL,1 + b5uyηNL,3


x

+


−uy

[
2b2ηNL,2

(
η2
NL,2 − b2

3

)2

+4
(
b1 + b2η

2
NL,2

)
(η3

2 − b2
3ηNL,2)

]
+2b4uyηNL,1 + b5(1 + ux)ηNL,3


y

− ε2∆2u (2.31)
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and

ρvtt

− 4β

[
2(1 + ux)(vyt + vytux − uyvxt)

−vx(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)

]
y

− 4β

[
−2uy(uxt + uxtvy − uytvx)

+(1 + vy)(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)

]
x

=


vx

[
2b2ηNL,2(η2

NL,2 − b2
3)2

+4
(
b1 + b2η

2
L,2

) (
η3
L,2 − b2

3ηL,2
) ]

+2b4vxηNL,1 + b5(1 + vy)ηNL,3


x

+


− (1 + vy)

[
2b2ηNL,2

(
η2
NL,2 − b2

3

)2

+4
(
b1 + b2η

2
NL,2

)
(η3

2 − b2
3ηNL,2)

]
+2b4(1 + vy)ηNL,1 + b5vxηNL,3


y

− ε2∆2v. (2.32)

The much simpler geometrically linear but physically nonlinear equations of

motion can be found in an analogous manner and are

ρutt − 4β(2uxxt + uyyt + vxyt)

=
[
2b2ηL,2

(
η2
L,2 − b2

3

)2
+ 4

(
b1 + b2η

2
L,2

) (
η3
L,2 − b2

3ηL,2
)

+ 2b4ηL,1

]
x

+ b5(ηL,3)y − ε2∆2u (2.33)

and

ρvtt − 4β(2vyyt + vxxt + uxyt)

= −
[
2b2ηL,2

(
η2
L,2 − b2

3

)2
+ 4

(
b1 + b2η

2
L,2

) (
η3
L,2 − b2

3ηL,2
)
− 2b4ηL,1

]
y

+ b5(ηL,3)x − ε2∆2v. (2.34)

There have been other attempts to further simplify the geometrically linear equa-

tions of motion by using piecewise quadratic approximations of the strain energy

at each well – see, for example, Bhattacharya [24, p. 204] and Truskinovsky and

Vainchtein [203]. We shall not use these models within the current viscoelasticity

framework because they lead to strain energy functions that are not smooth and
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for which it may be difficult to obtain good spatial regularity of the solution. Spec-

tral numerical approximations to solutions with good spatial regularity converge

very quickly once all features in the solution have been resolved (see, for example,

Trefethen [196, p. 29]), and so if possible, models which have analytic solutions

should be used.

2.6 Travelling Wave Solutions in Viscoelastic Mod-

els

To show that there might be significant differences between the dynamic geo-

metrically linear and geometrically nonlinear models, we consider travelling wave

solutions to viscoelastic geometrically linear and nonlinear models with capillarity.

The calculations for the geometrically nonlinear vectorial model are rather long,

and since the ansatz used is similar to that for a one dimensional model for mi-

crostructure formation examined by Truskinovsky [200, 201], we give full details

for the one dimensional calculation since it will then enable one to understand how

the solution for the vectorial problem is constructed.

2.6.1 A One Dimensional Model for Microstructure For-
mation

In the one dimensional case, we consider the equation

ρwtt − βwxxt = γ2
(
w3
x − wx

)
x
− ε2wxxxx. (2.35)

This is a toy model for microstructure formation in one dimension, versions of

which have been studied by, among others, Hattori and Mishaikow [90, 91], Kalies [109],

Kalies and Holmes [110], Truskinovsky [200, 201] and Nicolaenko and Qian [156].

Making the ansatz

w(x, t) = w(κx+ ωt) = w(ζ)

where κ is the wavenumber, ω the frequency and ζ = κx + ωt, we find that a

travelling wave solution satisfies,

ρω2wζζ − βκ2ωwζζζ = γ2κ2
(
κ2w3

ζ − wζ
)
ζ
− ε2κ4wζζζζ .
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We will let r = wζ and will also integrate the above equation once with respect to

ζ to find that r satisfies,

ρω2r − βκ2ωrζ = γ2κ2(κ2r3 − r)− ε2κ4rζζ + A1 (2.36)

where A1 is a constant of integration. When ω2(ρ − β2/6ε) + γ2κ2 ≥ 0, we make

the substitutions1

r = A2 tanh(A3ζ) + A4,

rζ = A2A3 sech2(A3ζ),

rζζ = −2A2A
2
3 sech2(A3ζ) tanh(A3ζ).

We then use the identity

sech2(A3ζ) = 1− tanh2(A3ζ)

and equate terms in powers of the hyperbolic tangent to find the constants. We

then integrate r to find w. The final result is

w =
√

2
ε

γ
log

(
cosh

[
κx− ωt
κ2

√
ω2

2ε2

(
ρ− β2

6ε2

)
+
γ2κ2

2ε2

])
−ωβ(κx− ωt)

3κ2
√

2ε
, (2.37)

where we have chosen the last constant of integration to be zero. When ω2(ρ −
β2/6ε) + γ2κ2 < 0 it is not immediately clear that eq. (2.37) is appropriate. In

this case we make the substitutions

r = A2 tan(A3ζ) + A4,

rζ = A2A3 sec2(A3ζ),

rζζ = 2A2A
2
3 sec2(A3ζ) tan(A3ζ).

We then use the identity

sec2(A3ζ) = 1 + tan2(A3ζ)

1I thank Björn Sandstede for suggesting the use of the tanh function once the travelling wave
ansatz was made.
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and equate terms in powers of the tangent to find the constants. We then integrate

r to find w. The final result is

w =
√

2
ε

γ
log

(
cos

[
κx− ωt
κ2

√
− ω

2

2ε2

(
ρ− β2

6ε2

)
− γ2κ2

2ε2

])
− ωβ(κx− ωt)

3κ2
√

2ε
.

(2.38)

Since the cosine function can be zero, and log 0 is undefined, it is clear that the

above solution is singular. Singular solutions are physically unrealistic and so

Truskinovsky [200, 202] has suggested that the condition ω2(ρ−β2/6ε) +γ2κ2 > 0

limits possible wavespeeds.

2.6.2 A Comparison of Travelling Wave Solutions to a Ge-
ometrically Linear Model and a Geometrically Non-
linear Model with a Saint Venant-Kirchhoff Strain
Energy Potential

By using a Saint Venant-Kirchhoff strain energy potential, we can easily com-

pare geometrically linear and nonlinear models with strain energy potentials pa-

rameterised by the same Lamé coefficients. Unfortunately, as explained by Da-

corogna [53, p. 305], the Saint Venant-Kirchhoff strain energy potential is not

quasiconvex. It is also difficult to find explicit solutions to the modified potentials

which overcome the defects of the Saint Venant-Kirchhoff model in compression

suggested by Ciarlet [40, p. 131, 185] and by Holzapfel [97, p. 251] and so we

shall not consider them here. The Saint Venant-Kirchhoff potential is given in eq.

(2.12).

We first consider travelling wave solutions of the geometrically nonlinear model

ρutt

− 4β

[
2(1 + vy)(uxt + uxtvy − vxuyt)

−uy(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)

]
x

− 4β

[
−2vx(uxt + uxtvy − uytvx)

+(1 + ux)(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)

]
y

=

{
(1 + ux) [(ν + µ) ηNL,1 + µηNL,2]

+2µuyηNL,3

}
x

+

{
uy [(ν + µ) ηNL,1 − µηNL,2]

+2µ(1 + ux)ηNL,3

}
y

− ε2∆2u (2.39)
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and

ρvtt

− 4β

[
2(1 + ux)(vyt + vytux − uyvxt)

−vx(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)

]
y

− 4β

[
−2uy(uxt + uxtvy − uytvx)

+(1 + vy)(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)

]
x

=

{
vx [(ν + µ) vxηNL,1 + µηNL,2]

+2µ(1 + vy)ηNL,3

}
x

+

{
(1 + vy) [(ν + µ) ηNL,1 − µηNL,2]

+2µvxηNL,3

}
y

− ε2∆2v. (2.40)

We use the ansatz

u(x, y, t) = v(x, y, t) = u(κx+ κy + ωt) = u(ζ),

where κ is the wavenumber and ω the frequency. Upon making this substitution,

we find that ηNL,2 = 0, and obtain the following fourth order ordinary differential

equation for both u and v,

ρω2uζζ − 16βωκ2uζζζ

=
[
2κ2 (4ν + 5µ)

(
uζ + κu2

ζ

)
(1 + 2κuζ)

]
ζ
− 4ε2κ4uζζζζ . (2.41)

Integrating this equation once and making the substitution r = uζ , we obtain a

second order ordinary differential equation similar to eq. (2.36),

α1rζζ − α2rζ + α3r + α4r
2 + α5r

3 = A1, (2.42)

where

α1 = 4ε2κ4, α2 = 16βωκ2, α3 = 2κ2 (4ν + 5µ) + ρω2,

α4 = 6κ3 (4ν + 5µ) , α5 = 4κ4 (4ν + 5µ)

and A1 is a constant of integration to be determined with the travelling wave

solution. We use the ansatz

r = A2 tanh (A3ζ) + A4, rζ = A2A3

[
1− tanh2 (A3ζ)

]
,

rζζ = −2A2A
2
3

[
tanh (A3ζ)− tanh3 (A3ζ)

]
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and equate terms in powers of tanh (A3ζ) in eq. (2.41) to find the constants A1,

A2, A3 and A4, which are

A2 =

α4

α1α5
±

√
α2

4

α2
5α

2
1
− 4α3α5

[
3
(
α2

6α1
− α4

3α5

)2

− α5

2α1

]
2α5

[
3
(
α2

6α1
− α4

3α5

)2

− α5

2α1

] ,

A3 = −α5

2α1
A2, A4 =

(
α2

6α1
− α4

3α5

)
A2

and

A1 = α5A
3
4 + α3A

2
4 − α2A2A3.

Integrating r to get u we find that the travelling wave solution is,

u = A2

A3
log [cosh (A3ζ)] + A4ζ + A5,

where A5 is a constant of integration which can take on any real value.

The important point to note is that A3 need not be real or finite, and this

depends on the values of κ, ω, ε, β, ν and µ. Since A1, A3 and A4 depend on A2,

we write out A2 fully to demonstrate the dependence on κ, ω, ε, β, ν and µ,

A2 =

3
8ε2κ5 ±

√
( 3

8ε2κ5 )
2
−16κ4(4ν+5µ)[(8ν+10µ)κ2+ρω2]

×
h
3( 2βω

3ε2κ2−
1
2κ)

2
− 4ν+5µ

ε2

i
8κ4 (4ν + 5µ)

[
3
(

2βω
3ε2κ2 − 1

2κ

)2 − 4ν+5µ
ε2

] .

The other constants, A3 and A4 are given by,

A3 = −4ν+5µ
2ε2

A2 and A4 =
(

2βω
3ε2κ2 − 1

2κ

)
A2.

When the wave number, κ and capillarity, ε, are small A2 is real and so are the

resulting travelling wave solutions. For physical reasons, A2 cannot simultaneously

have nonzero real and imaginary parts since the solution needs to be real – that is

A2 can be either real or imaginary since then the resulting travelling wave solution

is real. For the one dimensional model for microstructure formation considered in

subsection 2.6.1, Truskinovsky [200, 202] suggested that this condition limits pos-

sible wavespeeds. The calculation here shows that if the wavelength and frequency
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are considered as independent quantities, there is no limit on possible wave speeds,

but there is a limit on the combinations of ω and κ that are possible. When A2 is

real, the travelling wave solution is a kink. When A2 is imaginary, the travelling

wave solutions are unbounded since they are of the form

u = v = A2

A3
log {cos [= (A3) ζ]}+ = (A4) ζ.

Here = (Ai) denotes the imaginary part of the Ai. These solutions are singular

and unbounded when cos [= (A3) ζ] = 0 and so are physically unrealistic. They are

however of mathematical interest since they provide an explicit example of a sin-

gular and unbounded solution to a vectorial partial differential equation. Finally,

if [
3

(
2βω

3ε2κ2
− 1

2κ

)2

− 4ν + 5µ

ε2

]
= 0,

then A3 is not finite, it is unclear if there is a physical reason for which this

combination of constants gives a solution which is undefined.

The geometrically linear model is

ρutt − 4β (2uxxt + uyyt + vxyt)

=
[
(ν + µ) ηL,1 + µ

2
ηL,2
]
x

+ (2µηL,3)y − ε
2∆2u (2.43)

and

ρvtt − 4β (2vyyt + uyxt + vxxt)

= (2µηL,3)x +
[
(ν + µ) ηL,1 − µ

2
ηL,2
]
y
− ε2∆2v. (2.44)

Making the same ansatz,

u(x, y, t) = v(x, y, t) = u(κx+ κy + ωt) = u(ζ),

we find that ηL,2 = 0 and

u = B1 exp [γ+ (κx+ κy + ωt)] +B2 exp [γ− (κx+ κy + ωt)] +B3ζ +B4 (2.45)

where

γ± =
4βω ±

√
16β2ω2 − ε2 [ρω2 − 2κ2 (ν + 2µ)]

2ε2κ2
,

γ 6= 0, γ+ 6= γ−
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and B1, B2, B3 and B4 are constants. The solutions in the degenerate cases where

γ = 0 or γ+ = γ− can be obtained by standard techniques for linear differential

equations so we have not listed them here. In the non-degenerate case γ, can be

complex and real solutions still obtained because the equations are linear and so

we can add together complex conjugate solutions – this cannot be done in the

geometrically nonlinear theory. The travelling wave solutions are either exponen-

tials or exponentials with oscillations, and these differ considerably from the kink

obtained in the geometrically nonlinear theory. This leads us to believe that so-

lutions to dynamic geometrically linear and geometrically nonlinear models for

phase transformations will be rather different. In this case, there are at present

no exact solutions and so the two models will need to be compared numerically.

2.7 The Calculus of Variations and Models for

Martensitic Materials

The approach to modelling of martensitic phase transformations we have followed

here is an application of methods from the calculus of variations. Ball [15] describes

the interplay between the mathematical theory of non-convex variational problems

and models for martensitic materials. The invariances required of the models un-

der the symmetry groups of the material and under Euclidean transformations

implies that models with convex strain energy potentials cannot be used. The

mathematical difficulties associated with minimising a non-convex strain energy

potential without an additional capillarity term in models for martensitic transfor-

mations have lead to the development of relaxed models which allow for infinitely

fine microstructure — for an introduction to these ideas see Ball and James [18],

Dacorogna [53] and Dolzmann [63]. The appropriate notion of relaxation is to

find the quasiconvex hull of the strain energy potential. The idea behind this is

that once the quasiconvex hull has been found, the effective static behaviour of

the material can be predicted without a detailed knowledge of the microstructure.

Unfortunately, it is difficult to explicitly find quasiconvex hulls, and often the rank

one convex or polyconvex hulls are calculated.

As explained by Müller and S̆verák [154], an interesting question is how small

a three-dimensional volume a two-dimensional incompressible manifold can be
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packed into with very little compressional energy. Müller and S̆verák [154] show

that for a model two well problem, very fine oscillations allow a martensitic sheet

to be packed into a very small domain with very little compressional energy. The

constraint of having deformations near the energy wells does not make the mate-

rial rigid. Müller and S̆verák [153] also note that such unusual solutions to the

two well problem can be approximated by smooth functions. A possible method

of obtaining models with smooth solutions which approximate highly oscillatory

solutions to the two well problem is by adding a small capillarity term to the model

analysed by Müller and S̆verák [154].

2.8 Summary

We have shown how to create simple computable geometrically nonlinear mod-

els for martensitic phase transformations. We have indicated situations in which

geometrically linear models are poor approximations to the geometrically nonlin-

ear models to motivate simulating the more complicated geometrically nonlinear

models. In a later chapter, we will test how well a geometrically nonlinear model

captures martensitic phase transformation dynamics. It should be noted that

the geometrically nonlinear model we have proposed will also not capture all the

physical features possible in solids, it is limited to situations where the nonlinear

strain is expected to be small enough that plastic slip, fracture and large material

compressive stresses can be neglected.
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Chapter 3

Near Compatibility in the
Two-Dimensional Geometrically
Nonlinear Theory

Abstract

We perform a calculation to predict the onset of a stress induced martensitic trans-

formation in a two-dimensional model for a shape memory alloy. Experimental

observations are used to motivate the simple mathematical model. A continuum

mathematical model which can be simulated is then developed to allow the pre-

dictions of the calculation to be tested by numerical simulation.

3.1 Introduction

1The observations of transmission electron microscope experiments reported in

Tirry et al. [192] indicate that in near equiatomic polycrstalline Nickel-Titanium

that has undergone a particular thermomechanical treatment, austenite transforms

to a single variant of stress-induced martensite. A calculation reported in Tirry et

al. [192] shows that a single variant of martensite is compatible with austenite if

both phases undergo strains of approximately 1%, and it is suggested that this is

the origin of the superelasticity effect in this material – by superelasticity we mean

1This section draws on work presented in Tirry et al. [192] where the analysis of a three-
dimensional model is done.
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the upto 10% strains at a constant stress level that are observed in appropriately

prepared shape memory alloys. We would like to test one possible mechanism for

this behaviour in a two-dimensional model. We note that as indicated by proposi-

tion 2.4.1, if the austenite phase is represented by the identity matrix, then unless

we choose the singular values for the martensite phases so that they are both either

greater than one or both are less than one, it will always be able possible to form a

compatible interface between austenite and martensite in a two-dimensional vecto-

rial model. A two-dimensional model therefore suffers a serious drawback because

it is not possible to have phases with equal volumes that are not compatible, while

in three dimensions this can certainly occur. Nevertheless, we perform this work

as a first step towards more difficult three-dimensional simulations.

Ball, Chu and James [16] give experimental evidence that lack of rank one

compatibility is responsible for hysteresis in stress-induced transformations. By

allowing the materials to be strained, we determine whether it is possible to find

matrices that are close to a pair of separate wells which can form a compatible

interface. This information allows for an estimate of the amount of strain required

before a stress induced transformation from austenite to martensite can occur.

3.2 Experimental Background

To make this chapter self contained, we briefly review the experiments reported

in Tirry et al. [192] and in Tirry [191] that motivated this work. The mechanism

for superelasticity in near equiatomic Nickel-Titanium polycrystals is not fully

understood. In a recent paper, Lexcellent and Blanc [132] made the observation

that based on their estimates for the onset of superelasticity in Nickel-Titanium, a

direct transformation from austenite to untwinned martensite was more plausible

than a transformation from austenite to twinned martensite. This conjecture was

rather surprising because at zero stress, austentite and a single variant of marten-

site in Nickel-Titaniaum are not compatible. The experiments reported in Tirry

et al. [192] use transmission electron microscope images to show that the strain

induced transformation from austenite to martensite in Nickel-Titanium at room

temperature is actually from austenite to a single variant of martensite. In these

experiments, a dogbone shaped sample of Nickel-Titanium as shown in Fig. 3.1,
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was pulled and the transformation observed while the sample was stretched. To

enable this observation, a thinned out region was made in the center of the sample

so that a transmission electron microscope image could be made. The transmission

electron microscope images in Figs. 3.2 and 3.3 show that in a polycrystalline sam-

ple, this transformation is reversible, which suggests it is amenable to modelling

by elasticity. Surprisingly, as shown in Fig. 3.4, in a single crystal, the stress-

induced austenite to martensite transformation is not reversible and plates are

finely twinned. While not fully explaining the irreversibility of the transformation

in the single crystal case, it is likely that the precipitates and grain boundaries in

the polycrystal make nucleation of austenite–single variant martensite interfaces

easier than in the single crystal – for further details see Tirry [191]. The simple

mathematical models we use cannot explain such differences since they are two-

dimensional, do not include defects and do not allow for plastic behaviour. They

may however help in understanding whether the postulated near compatibility

argument is a plausible one for explaining superelasticity in this sample.

Apart from the fact that the stress-induced transformation is reversible in an

appropriately treated polycrystal and not reversible in a single crystal, these phys-

ical experiments have several other drawbacks as tests for the basic superelasticity

mechanism. The sample used in these experiments is polycrystalline, consequently

it is difficult to determine the stress field within the sample because the composition

of the region under observation in the polycrystalline sample and the influence of

defects in the sample are unclear. As explained in Otsuka and Ren [159, p. 639],

the phase transformation characteristics of Nickel-Titanium have a complicated

dependence on the thermomechanical treatment the material has previously un-

dergone. Thus despite the agreement between the calculations and experiment in

Tirry et al. [192], it is not clear that this work explains the mechanism responsible

for the superelastic behaviour observed in this sample.

To help explain why the polycrystalline sample undergoes a superelastic trans-

formation, a simple calculation was done in Tirry et al. [192] to show that with

small strains of both the austenite and martensite phases, it is indeed possible

to form an exact interface between the austenite phase and a single variant of

martensite. Surprisingly, the projection of the orientation of the interface between

the two phases on to the plane of observation found in the calculation agrees with
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that found in experiment. If this agreement is not fortuitous, then it suggests that

the method could be used to predict the superelastic yield surface in these types

of materials.

Unfortunately, there have been no further experimental tests of this, but it

is possible to test this behaviour numerically. To do so, we shall give a two-

dimensional formulation of near compatibility, and then also give a continuum

model which is not compatible, but is nearly compatible. This provides a basis for

performing numerical simulations to check that the minimum strain and orienta-

tion of the habit plane for superelastic yield in the continuum model agree with

predictions from the near compatibility calculation. By testing these predictions

in a numerical model for a single crystal, one can probe the rank one convex and

quasiconvex hulls of the non-convex model energy.

Our results may also be useful in understanding the behaviour of polycrystals.

This is because typical models for polycrystals try to find the average behaviour of

many single crystals with different orientations. Examples of such models can be

found in Bhattacharya and Kohn [26], Kohn and Niethammer [122] and Lexcellent

and Schlömerkemper [133].

3.3 Near Compatibility

3.3.1 A Measure of Incompatibility

We first introduce some notation and definitions. We will let M2×2 denote the set

of real 2×2 matrices and M2×2
+ the subset of M2×2 with positive determinant. The

set of rotations, that is the set of real orthogonal matrices Q with detQ = 1, is

denoted SO(2). Two transformation matrices (deformation gradients) A ∈ M2×2
+

and B ∈M2×2
+ are compatible if

A−B = a⊗ n (3.1)

for some vector a and unit vector n, that is if rank(A −B) ≤ 1. Equivalently,

there is a piecewise affine deformation y whose gradient ∇y jumps from A to B

across a line with normal n.
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If U1 and U2 are distinct positive definite and symmetric matrices, then the en-

ergy wells SO(2)U1 and SO(2)U2 are rank one compatible if there are matrices

A ∈ SO(2)U1 and B ∈ SO(2)U2 which are compatible, that is

QU1 −RU2 = a⊗ n (3.2)

for some Q,R ∈ SO(2), a and n with |n| = 1 (see, for example, Bhattacharya [24,

p. 28, p. 67] for a similar condition in three dimensions). As indicated by Da-

corogna [53, p. 356], a necessary and sufficient condition for SO(2)U1 and SO(2)U2

to be rank one compatible is that the matrix U−T2 UT
1 U1U

−1
2 has one eigenvalue

greater or equal to one and one eigenvalue less than or equal to one.

We use the matrix norm |E| =
[
Tr
(
ETE

)]1/2
, and define the distance of a

matrix A ∈M2×2
+ from a well SO(2)U by

dist (A, SO(2)U) := minR∈SO(2) |A−RU | . (3.3)

In terms of this distance we define, a measure of incompatibility of the wells

SO(2)U1 and SO(2)U2 by

ρ(U1,U2) = min
{A,B}∈Ac

h(A,B), (3.4)

where h(A,B) =
[
dist (A, SO(2)U1)2 + dist (B, SO(2)U2)2]1/2 , (3.5)

and Ac is the set of pairs of 2 × 2 matrices with positive determinant whose

difference is a matrix with rank less than or equal to one. Note that ρ really

measures the rank one compatibility of the wells. Indeed ρ(U1,U2) = 0 if and

only if SO(2)U1 and SO(2)U2 are rank one compatible. Zhang [218] explains

that for a two-well model for a martensitic phase transformation where the elastic

energy is given by

min
[
dist (F , SO(2)U1)2 , dist (F , SO(2)U2)2] , (3.6)

the measure of distance to compatibility we are using here can be used to bound

the quasiconvex envelope of this model energy from above and below.
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3.3.2 Calculation of Minimisers of h2(U1,U2)

To minimise h2(U1,U2), we formulate and solve a constrained optimisation prob-

lem in the special cases where either U1 is the identity matrix or is coaxial with

U2. We will assume that the constraint that A and B have positive determinant

is not binding and hence, we shall perform the minimisation over A ∈ M2×2 and

B ∈ M2×2. We shall then check that A and B indeed have positive determinant

once the calculation is complete.

To allow us to perform the minimisation in an efficient manner, without loss of

generality we shall suppose that U1 and U2 are symmetric and positive definite,

so that they have eigenvalue decompositions

U1 = Q1D1Q
T
1 and U2 = Q2D2Q

T
2 ,

where Qi ∈ SO(2) and Di are diagonal matrices with non zero entries denoted

by di,j. We shall also choose A and B to be symmetric and positive definite,

but to ensure we consider all possibilities for A and B, we shall allow them to

be multiplied by rotation matrices RA and RB respectively. The symmetric and

positive definite matrices A and B will then have the eigenvalue decompositions

A = QADAQ
T
A and B = QBDBQ

T
B.

To find the nearest compatible transformation matrices, we will need to find

critical points of∣∣RAR
(
QBDBQ

T
B + a⊗ n

)
−Q1D1Q

T
1

∣∣2 +
∣∣RBQBDBQ

T
B −Q2D2Q

T
2

∣∣2 ,
where we have explicitly imposed the compatibility constraint B = A + a ⊗ n.

To simplify this further, we shall define the following matrices:

Qα,1 := QT
1RARQA, Qα,2 := QT

1QA,

Qβ,1 := QT
2RBQB, Qβ,2 := QT

2QB,

and

b⊗m := QT
α,1a⊗ nQT

α,2.
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We then need to find critical points of

L =
∣∣Qα,1 (DB + b⊗m)QT

α,2 −D1

∣∣2 +
∣∣Qβ,1DBQ

T
β,2 −D2

∣∣2 . (3.7)

We first determine what the rotation matrices, Qα,1, Qα,2, Qβ,1 and Qβ,2 are

at critical points of L. We use and extend an argument given by Dacorogna and

Maréchal [55] which can also be found in Dacorogna [53, p. 525]. Since Qα,1, Qα,2,

Qβ,1 and Qβ,2 are rotation matrices, we can find skew matrices Skα,1, Skα,2,

Skβ,1 and Skβ,2 such that Qα,1(sα,1) = Qα,1 exp (sα,1Skα,1). The other matrices

Qα,2(sα,2), Qβ,1(sβ,1) and Qβ,2(sβ,2) are defined similarly. The maximality condi-

tion implies that the partial derivatives of L defined in eq. (3.7) with respect to

sα,1, sα,2, sβ,1 and sβ,2 at sα,1 = 0, sα,2 = 0, sβ,1 = 0 and sβ,2 = 0 must be zero.

This gives four equations which are,

Tr
(
2Skα,1Qα,1 (DB + b⊗m)QT

α,2D1

)
= 0,

Tr
(
2Skα,2Qα,2 (DB + b⊗m)QT

α,1D1

)
= 0,

Tr
(
2Skβ,1Qβ,1DBQ

T
β,2D2

)
= 0

and

Tr
(
2Skβ,2Qβ,2DBQ

T
β,1D2

)
= 0.

These four equations then imply that

Qα,1 (DB + b⊗m)QT
α,2D1, D1Qα,1 (DB + b⊗m)QT

α,2,

Qβ,1DBQ
T
β,2D2 and D2Qβ,1DBQ

T
β,2, (3.8)

are symmetric matrices.

We will show that this symmetry implies that Qα,1 (DB + b⊗m)QT
α,2 and

Qβ,1DBQ
T
β,2 are diagonal, from which we can findQα,1, Qα,2, Qβ,1 andQβ,2. From

eq. (3.8), we know that Qα,1 (DB + b⊗m)QT
α,2 and Qβ,1DBQ

T
β,2 are symmetric

matrices when multiplied by diagonal matrices. Using this symmetry we find that

for Qβ,1DBQ
T
β,2

Qβ,1DBQ
T
β,2D

2
1 = D1Qβ,1DBQ

T
β,2D1 = D2

1Qβ,1DBQ
T
β,2.
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As explained by Dacorogna [53, p. 525], and can be found by expanding out the

matrices in component form, this implies that Qβ,1DBQ
T
β,2 must be a diagonal

matrix. Using the fact that Qβ,1 and Qβ,2 ∈ SO(2), we can express Qβ,1 and Qβ,2

as functions of sine and cosine functions of angles, say θβ,1 and θβ,2 respectively.

We then find that provided the diagonal entries of DB are distinct, Qβ,1 and Qβ,2

can have the following values:

Qβ,1 =

[
1 0
0 1

]
and Qβ,2 =

[
1 0
0 1

]
(3.9)

or

Qβ,1 =

[
−1 0
0 −1

]
and Qβ,2 =

[
−1 0
0 −1

]
(3.10)

or

Qβ,1 =

[
0 −1
1 0

]
and Qβ,2 =

[
0 1
−1 0

]
(3.11)

or

Qβ,1 =

[
0 1
−1 0

]
and Qβ,2 =

[
0 −1
1 0

]
. (3.12)

If on the other hand, the diagonal entries of DB are not distinct, then Qβ,1 can be

any rotation matrix provided that Qβ,2 = QT
β,1, this includes the above cases given

in eqs. (3.9) to (3.12). Now, recall that Qβ,1 = QT
2RBQB and Qβ,2 = QT

2QB, and

hence RB can have the values, RB = 1 for which QB = ±Q2 or RB = −1 for

which

QB = ±
[
0 −1
1 0

]
Q2.

Similar arguments hold for Qα,1 (DB + b⊗m)QT
α,2. Hence, in all the possible

casesQα,1 (DB + b⊗m)QT
α,2 andQβ,1DBQ

T
β,2 are diagonal matrices. Recall that

we have not yet determined the optimal entries for (DB + b⊗m) and DB. We

can therefore without loss of generality choose Qα,1 = Qα,2 = Qβ,1 = Qβ,2 = 1.

We now need to find the diagonal entries in DA = DB + b ⊗m and DB. If

DB is a diagonal matrix, then so is b⊗m, and consequently, b⊗m only has one
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non-zero entry. Thus DA and DB are diagonal matrices with one non-zero entry

in common. This implies that we need to minimise

|DA −D1|2 + |DB −D2|2 ,

subject to the fact that the diagonal matricesDA andDB share a common nonzero

entry. We do not need to consider permutations of the diagonal entries of DA and

DB because these swap the entries both in the constraint and in the function being

minimised, and hence we are still working with diagonal matrices. The resulting

minimisation can easily be done explicitly and we need to choose the smallest of

the minimisers of

h2
1 = (dA,1 − d1,1)2 + (dA,2 − d1,2)2 + (dA,1 − d2,1)2 + (dB,2 − d2,2)2 (3.13)

with minimum

dA,1 = dB,1 = d1,1+d2,1
2

, dA,2 = d1,2, dB,2 = d2,2, h2
1 = (d1,1−d2,1)2

2
(3.14)

and

h2
2 = (dA,1 − d1,1)2 + (dA,2 − d1,2)2 + (dB,1 − d2,1)2 + (dA,2 − d2,2)2 (3.15)

with minimum

dA,1 = d1,1, dA,2 = dB,2 = d1,2+d2,2
2

, dB,1 = d2,1, h2
2 = (d1,2−d2,2)2

2
. (3.16)

The values for DA and DB that result in the lowest possible value of h2 are

chosen to determine the nearest compatible transformation matrices. The resulting

choices of entries for DA and DB are in Table 3.1. Once DA and DB have been

found, the pairs of nearest compatible symmetric and positive definite matrices

are given by

A = Q2DAQ
T
2 and B = Q2DBQ

T
2 .

An interesting point to observe in Table 3.1 is that if the distance to compatibility

is minimised when (d1,1 − d2,1)2 6= (d1,2 − d2,2)2 and (d1,2 − d2,1)2 6= (d1,1 − d2,2)2

then there is a unique pair of nearest compatible symmetric and positive definite

transformation matrices. If on the other hand the distance to compatibility is
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minimised when (d1,1−d2,1)2=(d1,2−d2,2)2 or (d1,2−d2,1)2=(d1,1−d2,2)2 then there

are two pairs of nearest compatible symmetric and positive matrices. Illustrations

of the reasons for this are shown in Fig. 3.5. The reason this is interesting is

that in Tirry et al. [193], only one possible projection of the habit plane onto

the observation plane was found. Our results suggest that for special materials,

such as a material that undergoes a cubic to tetragonal transformation, it may be

possible to observe two distinct habit plane orientations.

We now check the assumption the determinant constraint is not binding. The

matrices DA and DB have positive determinant, so the minimsers A,B ∈M2×2
+ .

3.3.3 An Exact Solution when the Matrices are not Co-
axial or one of them is not the Identity Matrix

In eq. (3.7), the compatibility constraint was used in the Lagrangian directly.

WhenU1 andU2 are not co-axial or one of them is not the identity matrix, then it is

difficult to use the previous approach to find the nearest compatible transformation

matrices, and instead we use the method of Lagrange multipliers to find the nearest

compatible transformation matrices. For A and B to be compatible, we require

that

G̃ = ATA
(
BTB

)−1

has eigenvalues that straddle one. Let TG̃ denote the trace of G̃ and DG̃ > 0,

the determinant of G̃. This determinant is positive because both A and B have

positive determinant. If G̃ has eigenvalues that straddle one, then becauseDG̃ > 0,

and because the eigenvalues of a 2×2 matrix are given by 1
2

(
TG̃ ±

√
T 2

G̃
− 4DG̃

)
,

we obtain the inequality constraint that we require

TG̃ ≥ 1 +DG̃

for G̃ to have eigenvalues that straddle one.

We therefore find that if U1 and U2 are not co-axial, or one of them is not a

multiple of the identity matrix, then an equivalent form of the Lagrangian that we

need to minimise is,

|DA −D1|2 + |DB −D2|2 + µ
[
Tr
(
Q1D

2
AQ

T
1Q

T
2D

−2
B Q2

)
− 1− det

(
D2

AD
−2
B

)]
,

(3.17)
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Figure 3.1: Dogbone shaped sample use in observing a direct transformation from
austenite to a single variant of martensite in polycrystalline near equiatomic Nickel-
Titanium. The image is courtesy of W. Tirry [191].

Minimum
values for h2(U1,U2)

Deformed compatible
singular values for DA

Deformed compatible
singular values for DB

1
2 (d1,1 − d2,1)2

(
d2,1+d1,1

2 , d1,2

) (
d2,1+d1,1

2 , d2,2

)
1
2 (d1,2 − d2,2)2

(
d1,1,

d2,2+d1,2
2

) (
d2,1,

d2,2+d1,2
2

)

Table 3.1: A table showing how to pick the singular values to find the nearest
compatible transformation matrices when the distance to compatibility in eq. (3.5)
is used and the strain free transformation matrices are incompatible.
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Figure 3.2: Growth of martensite plates during straining of the sample, with a sample
elongation of a) 1.06%, b) 1.08%, c) 1.10% and d) 1.16%; new plates nucleate and grow
upon straining. The arrow in b points towards a newly nucleated plate. The images are
transmission electron micrographs courtesy of W. Tirry [191].
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Figure 3.3: The figures show that the specimen was strained and relaxed up to
five times, and during this process, the martensite plates disappear completely (a)
and nucleate again at the same positions as observed in b, c and d. The images
are transmission electron micrographs courtesy of W. Tirry [191].
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Figure 3.4: Straining of the single crystal from (a) to (c) martensite plates grow
until austenite is almost fully transformed. A magnification of the inset in (b) is
given in(d) which shows contrast that might be due to twinning. The material
does not return back to the state in (a) once the stress is removed. The images
are transmission electron micrographs courtesy of W. Tirry [191].
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where µ is a Lagrange multiplier.

To understand how to minimise this Lagrangian, we will make use of the

Karush-Kuhn-Tucker conditions for extrema of constrained optimisation problems.

The statement of the Karush-Kuhn-Tucker conditions is taken from Nocedal and

Wright [157, p. 321], and a full proof of the theorem can be found there. We first

give the following definition.

Definition 3.3.1. An active constraint in a constrained optimisation problem

is an inequality constraint which holds as an equality at an optimal solution of the

problem.

Theorem 3.3.1. Karush-Kuhn-Tucker first order necessary conditions

for a constrained extremum. Suppose we wish to find

min
x∈Rn

f(x) subject to ci(x) = 0, i ∈ E and ci(x) ≥ 0, i ∈ I

where f and the functions ci are all smooth, real-valued functions on a subset of

Rn, and E and I are two finite sets of indices. Let us define the Lagrangian as

follows,

L(x,µ) := f(x)−
∑
i∈E∪I

µici(x).

Suppose that x∗ is a local solution of the minimisation problem. Let A(x∗) be

the set of active constraint gradients at x∗, and suppose also that ∇ci(x) = 0 for

i ∈ A(x∗) are a set of linearly independent equations. Then there is a Lagrange

multiplier µ∗, with components µ∗i , i ∈ E ∪ I, such that the following conditions

are satisfied at (x∗,µ∗)

∇xL(x∗,µ∗) = 0, ci(x
∗) = 0, for all i ∈ E ,

ci(x
∗) ≥ 0 and µ∗i ≥ 0, for all i ∈ I,

and

µ∗i ci(x
∗) = 0, for all i ∈ E ∪ I.

These are first order optimality conditions for a constrained extremum. These

conditions imply that either a constraint is active, and in this case its Lagrange

multiplier is nonzero, or it is inactive, in which case its Lagrange multiplier is zero.
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The Karush-Kuhn-Tucker conditions imply that if the matrices are not already

compatible, then the inequality constraint

TG̃ ≥ 1 +DG̃

is binding, thus the nearest compatible transformation matrices will satisfy

TG̃ = 1 +DG̃

and so ATA
(
BTB

)−1
will have an eigenvalue equal to one.

We now find a simpler Lagrangian to perform calculations with than eq. (3.17).

The constraint implies that det
(
ATA−BTB

)
= 0. The matrices, A and B

are both symmetric and positive definite, so since we are working with 2 × 2

matrices an explicit calculation shows that AB = BA and hence ATA−BTB =

(A+B) (A−B). Thus the constraint is equivalent to det (A−B) = 0. We

shall let Q3 = QT
2Q1. Then an alternative Lagangian to minimise is

|DA −D1|2 + |DB −D2|2 + µ det
(
Q3DAQ

T
3 −DB

)
. (3.18)

The minimisers in this measure of distance to compatibility satisfy the following

systems of equations,

Q3 =:

[
cos θ3 − sin θ3

sin θ3 cos θ3

]
,

mm1 := µ3
[
cos4 θ3 − cos2 θ3

]
+ 2µ2

[
cos4 θ3 − cos2 θ3 + 1

]
− 4

mm2 := µ2
[
µ2
(
cos4 θ3 − cos2 θ3

)
+ 2µ

(
cos4 θ3 − cos2 θ3

)
+ 2
]

mm3 := µ2
[
µ2
(
cos4 θ3 − cos2 θ3

)
+ 2µ cos2 θ3 + 2 cos2 θ3 − 2

]
mm4 := µ

[
µ2
(
cos4 θ3 − cos2 θ3

)
+ 2µ

(
1− cos2 θ3

)
− 2 cos2 θ3

]
,

dd :=
8 (µ− 1)

µ

[
µ2
(
cos4 θ3 − cos2 θ3

)
+ µ+ 1

]

DAB :=


dA,1
dA,2
dB,1
dB,2

 ,D12 :=


d1,1

d1,2

d2,1

d2,2

 ,MM :=
1

dd


mm1 mm2 mm3 mm4
mm2 mm1 mm4 mm3
mm3 mm4 mm1 mm2
mm4 mm3 mm2 mm1
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and

DAB = MM ×D12. (3.19)

We see that in eq. (3.19) we have the solutions for dA,1, dA,2, dB,1 and dB,2 in

terms of the as yet unknown µ. To find µ we need to substitute the values for dA,1,

dA,2, dB,1 and dB,2 into

det
(
Q3DAQ

T
3 −DB

)
= 0.

Assuming dd 6= 0, in general by using symbolic manipulation software, we find a

sextic equation in µ. This sextic equation simplifies considerably if cos θ3 = 0 or

cos θ3 = ±1, which are the cases we solved earlier. Unfortunately, the general sextic

equation is typically not solvable using elementary algebraic operations. King [118,

p.139], gives a summary for how to solve the general sextic using theta functions,

but I am unable to determine how to use these results to gain insight as to how

the solutions change as the entries in A and B change. Fortunately, it is always

possible to obtain solutions for the possible values of the Lagrange multiplier µ

numerically. One can then test each of these solutions to ensure dd 6= 0 and then

choose the solution for which the distance to compatibility is least.

3.3.4 An Alternative Norm in which to Measure Near Com-
patibility

Although different norms are equivalent in finite dimensional spaces, the notion of

distance that they induce differs. Since the notion of distance we have used may

not correspond closely to the elastic energy of a crystal, it is worth checking how

sensitive our predictions for the nearest compatible transformation matrices are to

the choice of measure of distance. We therefore consider an alternative measure

of distance from the wells,

h̃ =
∣∣ATA−UT

1 U1

∣∣2 +
∣∣BTB −UT

2 U2

∣∣2 . (3.20)

We shall minimise this distance subject to the fact that A−TBTBA−1 has one

eigenvalue greater than or equal to one, the other eigenvalue less than or equal

to one and A, B ∈ M2×2
+ . There is no physical interpretation for this notion of
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distance, we only use it as a test for how sensitive the nearest compatible trans-

formation matrices are to the choice of distance function used. Note that the

symmetric and positive definite matrices ATA and BTB are sufficient to charac-

terise the wells since they are invariant under rotations and from them, the lattice

parameters on the wells can be determined uniquely from
√
ATA and

√
BTB.

We shall again assume that the positive determinant constraint is not binding and

hence minimise over A, B ∈ M2×2. If the constraint that A−TBTBA−1 has one

eigenvalue greater than or equal to one and the other less than or equal to one

does not hold, then we can perform the minimisation under the constraint that

A−TBTBA−1 has one eigenvalue equal to one. When A and B are co-axial or

one of them is the identity matrix, we can use similar techniques to those used for

the previous measure of distance. Thus, using the eigenvalue decompositions for

A and B, we find that the Lagrangian for the constrained minimisation problem

is to minimise ∣∣D2
A −D2

1

∣∣2 +
∣∣D2

B −D2
2

∣∣2 ,
subject to the constraint thatDA andDB have a common entry. The resulting sin-

gular values for the nearest compatible matrices are given in Table 3.2. As before,

the nearest compatible symmetric and positive definite transformation matrices

are given by A = Q2DAQ
T
2 and B = Q2DBQ

T
2 .

3.4 The Strain Energy Function for a Dynamic

Model for a Nearly Compatible Two-Well

Problem

We now consider two nearly compatible wells. Tirry et al. [192] show that austen-

ite that is nearly compatible with martensite is required to obtain superelasticity

in a sample of Nickel-Titanium that has undergone a particular thermomechanical

treatment. It is hoped to test this behaviour numerically in a two-dimensional

setting where the orientation of the lattice with respect to the straining directions

can be carefully controlled. Studies by Cui et al. [52] also indicate that if the two

phases are compatible, then they will have very low hysteresis and so it seems

reasonable to try modelling the dynamics using viscoelasticity. An extension of

62



Figure 3.5: An image showing the crystallography for nearly compatible phase
transformations. The top figures show the relaxed states and the bottom figures
show the nearest compatible strained states.

Minimum
values for h2

Deformed compatible
singular values for DA

Deformed compatible
singular values for DB

1
2

(
d2

1,1 − d2
2,1

)2 (√
d22,1+d21,1

2 , d1,2

) (√
d2,1+d1,1

2 , d2,2

)
1
2

(
d2

1,2 − d2
2,2

)2 (
d1,1,

√
d22,2+d21,2

2

) (
d2,1,

√
d22,2+d21,2

2

)

Table 3.2: A table showing how to pick the singular values to find the nearest com-
patible transformation matrices when the distance to compatibility in eq. (3.20) is
used.
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the current work is to test the effect of incompatibility on this in a numerical

simulation. It has also been thought that volume preservation of the two phases

is as important as compatibility in preventing hysteresis, see for example, Bhat-

tacharya [24, p. 144]. Recent results by Cui et al. [52] indicate that moderate

density differences between the two phases do not affect hysteresis and so we will

neglect these here.

3.4.1 Nearly Compatible Transformation

To model a nearly compatible transformation, we again choose austenite as the

reference configuration so it has the symmetric and positive definite deformation

gradient matrix

Aus =

[
1 0
0 1

]
. (3.21)

The two martensite variants have the symmetric and positive definite deformation

gradient matrices

Mar1 =

[
e1 0
0 e2

]
and Mar2 =

[
e2 0
0 e1

]
(3.22)

where we choose 1 > e1 ≥ e2 > 0. The nearest compatible transformation matrices

for the austenite-martensite interfaces can be calculated using Table 3.1 or Table

3.2. If we choose e1 = 0.95 and e2 = 0.9, then the deformed but compatible

austenite and martensite symmetric and positive definite transformation matrices

calculated using Table 3.1 are

Aus′ =

[
0.975 0

0 1.0

]
and Mar′

1 =

[
0.975 0

0 0.90

]
. (3.23)

The deformed but compatible austenite and martensite symmetric and positive

definite transformation matrices calculated using Table 3.2 are

Aus′ =

[√
1+0.952

2
0

0 1.0

]
and Mar′

1 =

[√
1+0.952

2
0

0 0.90

]
. (3.24)

In both cases, these two matrices clearly differ by a matrix of rank one and so

can have a compatible interface. As demonstrated in Fig. 3.5, there is only
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one orientation for this nearest compatible interface. We also find that since√
1+0.952

2
≈ 0.9753, the predictions for the strains required for the nearest compat-

ible matrices do not differ considerably, and so hope that the crude estimate we

have used may also give reasonable results for the nearest compatible matrices in

real materials.

We now give an example of an energy functional for the square to rectangle

transformation, for which the martensite phase is not compatible with the austenite

phase. We shall consider a model with a three well potential, a single austenite well

with two symmetry related martensite wells. Using the symmetric and positive

definite deformation gradients given by eqs. (3.21), and (3.22) we find that the

geometrically nonlinear order parameters given in eq. (2.22) need to be minimised

at,

(ηNL,1, ηNL,2, ηNL,3) = (0, 0, 0),

= 1
2

(
e2

1 + e2
2 − 2, e2

1 − e2
2, 0
)

and

= 1
2

(
e2

1 + e2
2 − 2, e2

2 − e2
1, 0
)
. (3.25)

In general, as explained by Zimmer [221] and Hormann and Zimmer [98], it is not

always easy to construct a strain energy function that can be fitted to experimental

observations. However, in this case we do not require that we match experimen-

tally measured elasticity constants exactly. We also already know the invariants

required to characterise the transformation and the values that they should have

at the energy minimising configurations. To construct a strain energy function

with minima in the correct locations, we therefore multiply polynomial functions

of the invariants which have minima at single wells,

ΦNL =


(a1η2

NL,1+a2η2
NL,2+a3)

×

24a4

„
ηNL,1−

e21
2
−
e22
2

+1

«2

+a5

 
ηNL,2−


e21
2
−
e22
2

ff2
!2

+a6

35
+a7η2

NL,3

 . (3.26)

We can choose a1, a2, a3, a4, a5, a6 and a7 to fix the elastic constants and to

determine which phases have the minimum energy.
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3.5 The Relationship between the Model Energy

and the Measure of Near Compatibility

We have constructed an energy function with minima such that it is not possible

to have a stress-free compatible interface between austenite and martensite. If

the austenite well is below the martensite well and a load is applied making the

material stretch in one direction, then it may be preferable to have a mixture

of austenite and martensite. If the load is increased, we would expect to observe

superelasticity until the entire sample has turned from austenite to martensite from

which point on, the material would be much harder to extend. This behaviour was

observed experimentally by Tirry et al. [192], and we would like to see if it can

be reproduced numerically. This is of particular interest since in the transmission

electron microscope experiments, only a limited amount of information can be

extracted, in particular the local strain of the sample relative to the straining axis

that was viewed in Tirry et al. [192] could not be accurately determined. It is

therefore unclear why the crude estimate for nearest compatible matrices used in

Tirry et al. [192], which are similar to the calculations summarised in Table 3.1

was so effective. The reason these estimates are crude is that they do not use

any information on the hard and soft directions in the material, consequently it is

rather surprising that in the three-dimensional case examined in Tirry et al. [192],

the first model gives a prediction for the projection habit plane that is in agreement

with physical experiments.

To help understand the relationship between the two models, we show that

near the bottom of the martensite and austenite energy wells, if we assume that

the phases have uniform strains, the energy required to deviate of the wells can be

estimated by the distance to compatibility introduced earlier. Near the austenite

well, the energy can be approximated by

Φ ≈


(a1η2

NL,1+a2η2
NL,2+a3)

×

24a4

„
1−

e21
2
−
e22
2

«2

+a5

 
e21
2

+
e22
2

ff2
!2

+a6

35
+a7η2

NL,3

 ,

which is a convex function of ηNL,1, ηNL,2 and ηNL,3 and so is a measure of distance

from the austenite well. Similarly, near one of the martensite wells, say the one
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with ηNL,2 =
e21
2
− e22

2
, the energy can be approximated by

Φ ≈



 
a1

„
1− e

2
1
2
− e

2
2
2

«2

+a2


e21
2
− e

2
2
2

ff2

+a3

!

×
"
a4

„
ηNL,1−

e21
2
−
e22
2

+1

«2

+4a5

„
e21
2
−
e22
2

«2„
ηNL,2−


e21
2
−
e22
2

ff«2

+a6

#
+a7η2

NL,3


,

which is again a convex function of ηNL,1, ηNL,2 and ηNL,3 and so is a measure of

distance from one of the martensite wells. When we are near the austenite well,

given the deformation gradient F , the energy can be approximated by

Φ ≈ C1dist (F , SO(2)U1)2 + C2

where C1 and C2 are constants and U1 is a symmetric and positive definite ma-

trix on the austenite well. Similarly, near one of the martensite wells, given the

deformation gradient F , the energy can be approximated by

Φ ≈ C3dist (F , SO(2)U2)2 + C4,

where C3 and C4 are constants and U2 is a symmetric and positive definite matrix

on the martensite well.

These considerations lead to an approximate energy,

min
[
C1dist (F , SO(2)U1)2 + C2, C3dist (F , SO(2)U2)2 + C4

]
. (3.27)

For the experimental sample of Nickel-Titanium, not all elasticity constants are

known, and even if they were, as is the case for the potential in eq. (3.26), there

is more than one elasticity constant. For the purposes of our calculation, we shall

assume C1 = C2 = 1 and we shall without loss of generality take C3 = 0 and choose

C4 = δ. Thus, δ is a measure of the difference in height between the austenite well

and one of the martensite wells. The energy function becomes,

W := min
[
dist (F , SO(2)U1)2 , dist (F , SO(2)U2)2 + δ

]
. (3.28)

From the experiments it is possible to observe the average deformation gradi-

ent, F̄ . The experiments suggest that typically only simple laminates are formed
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between the austenite and a single variant of martensite. Consequently, if we sup-

pose that F1 and F2 differ by a rank one matrix, then the average deformation

gradient is approximately given by

F̄ ≈ λF1 + (1− λ)F2,

where λ denotes the volume fraction of the austenite phase. Let us suppose that

the deformation gradients F1 and F2 are gradients of piecewise affine deformations,

with the gradients being constant in the martensite and austenite regions, then

the total energy is proportional to

λdist (F1, SO(2)U1)2 + (1− λ)
[
δ + dist (F2, SO(2)U2)2] ,

with a constant of proportionality equal to the volume of the sample. If we suppose

that δ = 0 and λ = 0.5, we obtain the functional we minimised, given in eq. (3.5).

The reason we choose λ = 0.5 is that we expect the strain in each phase to be

independent of the volume fraction. By choosing δ = 0, we are assuming that the

wells are at the same height and so both wells are equilibria, neither of which is

preferred due to energy considerations, but that they are incompatible and so it

is difficult to transform from one well to the other well.

For this model to be physically reasonable predictor of equilibrium states, we

need to check that stress equilibrium across the interface holds. Since all that

can be observed in the experiments is the average deformation, we need to check

that for δ = 0 and λ = 0.5, the the equilibrium equations can be satisfied at the

interface between the two phases. A necessary condition for stress equilibrium at

an interface is that the first Piola-Kirchhoff Stress in the normal direction across

the interface is the same. We require,

∂W

∂F

∣∣∣∣
A

n =
∂W

∂F

∣∣∣∣
B

n.

Working this out, and using the results in Table 3.1, for the case where

(d1,1 − d2,1)2 < (d1,2 − d2,2)2 ,

so that n = Q(0, 1), we require

(A− 1)n = (B −U2)n
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and so

Q
[
diag

(
d2,1−1

2
, 0
)]
QTQ(0, 1) = RQ

[
diag

(
1−d2,1

2
, 0
)]
QTQ(0, 1) = 0.

Thus the equilibrium equations are satisfied. A similar result holds for the case

(d1,1 − d2,1)2 > (d1,2 − d2,2)2 .

Since

(A− 1)n⊥ 6= (B −U2)n⊥,

where n⊥ is a unit vector perpendicular to n, these results imply that there will be

stress differences in directions tangential to the interface. In a real material, there

are typically many fine laminates, and so the stress differences occur over short

lengthscales and the effective stress in the direction tangential to the interface is

the average of the two stresses.

We have approximated the polynomial energy function by a measure of distance

from the austenite and martensite wells and found estimates of the angles for

the interface normals which should hold when the material is stretched and two

variants participate in the microstructure. Assuming that the elastic energy model

is a good one, and the approximation argument is also good, then this suggests

that the agreement between the habit plane observed in the experiments reported

in Tirry et al. [192] and the calculation also reported there could hold for a range of

situations. Experimental tests are required to show these are good approximations

since it is unlikely they can be rigorously justified in a wide variety of situations.

Numerical tests using the viscoelastic model can be of some help in justifying the

model for near compatibility, but even they cannot be fully satisfactory since it is

not clear that the viscoleastic model is a good one.

3.6 Some Mathematical Implications of the Cal-

culations

Kinderlehrer (in Matos [148]) has proved that for the constrained two well problem

in two dimensions, if the two wells are not compatible, then any minimiser of the

energy must be at only one point on only one well, which in particular implies that
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the quasiconvex hull is composed of only the original two wells. Our calculations

here show that if we allow for elastic deformations, then the nearest compatible

transformation matrices in eq. (3.23) are compatible with the unstrained austenite

and martensite phases. It should therefore be possible to obtain low energy mi-

crostructures which contain both the unstrained martensite mixed with unstrained

austenite. These microstructures will have very low energy, because by introducing

small regions where the material is strained, compatibility between the stress free

austenite or martensite states can be obtained. Figures 3.6 and 3.7 show the first

lamination convex hulls for the nearly compatible matrices (red lines) and the sec-

ond lamination convex hulls where the nearly compatible matrices are combined

with the energy minimising matrices (blue quadrilaterals). We note that Conti,

Dolzmann and Klust [48] have also found that relaxation of models for rigid elas-

ticity combined with single slip plasticity differ from those for non-rigid elasticity

combined with single slip plasticity.

3.7 Conclusion

Our calculations indicate that if the austenite transformation matrix is represented

by the identity, and the singular values of the martensite transformation matrices

are not the same, there is a unique pair of nearest compatible martensite transfor-

mation matrices. In these cases, we expect that the first lamination convex hull

is stable to small perturbations and hence for it to be easy to predict the onset of

superelasticity in shape memory alloys. When the singular values of the nearest

compatible transformation matrices are the same, the first lamination convex hull

is easily modified by small perturbations and hence it is difficult to predict the

onset of superelasticity. We have also shown how to create a continuum model

which when simulated numerically and strained should exhibit the superelasticity

effect. In addition, we have indicated how this model may be used to check the

results found in Tirry et al. [192].
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Figure 3.6: An image showing the contour lines for the two well energy given by
min

[
dist (F , SO(2))2 , dist (F , SO(2)diag (0.95, 0.9))2]. The red line shows possi-

ble states obtained by combining the nearest compatible pairs of matrices and
the blue rectangle shows the possible states obtained by combining the nearest
compatible pairs of matrices with the energy minimising matrices.
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Figure 3.7: An image showing the contour lines for the two well energy given by
min

[
dist (F , SO(2))2 , dist (F , SO(2)diag (0.9, 0.9))2]. The red lines show possible

states obtained by combining the nearest compatible pairs of matrices and the blue
rectangle shows the possible states obtained by combining the nearest compatible
pairs of matrices with the energy minimising matrices.
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Chapter 4

A Numerical Comparison of
Chebyshev Methods for Solving
Fourth-Order Semilinear Initial
Boundary Value Problems

Abstract

In solving semilinear initial boundary value problems with prescribed non-periodic

boundary conditions using implicit-explicit and implicit time stepping schemes,

both the function and derivatives of the function may need to be computed accu-

rately at each time step. To determine the best Chebyshev collocation method to

do this, the accuracy of the real space Chebyshev differentiation, spectral space pre-

conditioned Chebyshev tau, real space Chebyshev integration and spectral space

Chebyshev integration methods are compared in the L2 and W 2,2 norms when

solving linear fourth order boundary value problems; and in the L∞([0, T ];L2) and

L∞([0, T ];W 2,2) norms when solving initial boundary value problems. We find that

the best Chebyshev method to use for high resolution computations of solutions

to initial boundary value problems is the spectral space Chebyshev integration

method which uses sparse matrix operations and has a comparable computational

cost to a Fourier spectral discretisation.
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4.1 Introduction

The motivation for the comparison of these spectral methods is to compute so-

lutions to high-order semilinear initial boundary value problems found in elasto-

dynamic models for microstructure formation during phase transitions in which a

small Ginsburg or capillarity term is added. Typical examples of these semilinear

initial boundary value problems can be found in studies by Ahluwalia et al. [2],

Hoffmann and Rybka [95] and Truskinovsky [201]. Many previous studies of mi-

crostructure formation with non-periodic boundary conditions have used low order

finite difference or finite element methods, see, for example, Ahluwalia et al. [2],

Vainchtein [209], Dondl and Zimmer [67] and the review by Luskin [142]. An

objective of this study is to show that Chebyshev collocation methods efficiently

simulate multiscale phenomena in regular but non-periodic domains and should

be considered as a viable alternative to low order methods.

In a typical implicit-explicit (IMEX) or fully implicit time stepping scheme

for an initial boundary value problem, not only is the function required at each

time step, but derivatives of the function may also be required to calculate the

explicit part of the time step or to perform fixed point or Newton iterations in

a fully implicit time stepping scheme. To determine the best method to do this,

the accuracy of approximate solutions and derivatives of approximate solutions

obtained using different Chebyshev collocation methods in solving linear and ini-

tial boundary value problems are compared. The accuracy of solutions to linear

boundary value problems are studied because in typical time stepping schemes, a

linear boundary value problem is solved at each time step or iteration.

Chebyshev collocation methods have also been used to obtain high resolution

numerical solutions to the KdV, Allen-Cahn and Cahn-Hilliard equations – see, for

example, Xu and Tang [212] and Kassam and Trefethen [113]. They may also be

useful in examining solutions to conservation laws, such as Burgers equation regu-

larised by viscosity and dispersion, see, for example, Chen et al. [37] or Hesthaven

et al. [92]. Here, numerical simulations can indicate the existence of possible van-

ishing viscosity or vanishing dispersion limits in bounded domains. Kaneda and

Ishihara [112] have also used spectral methods to examine scaling laws for tur-

bulent flow with periodic boundary conditions. As explained by Yeung [213] and
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by Jiménez and Moser [107], it is also of interest to examine wall bounded flows.

This can be done using Chebyshev spectral methods, for example Torres and Cout-

sias [194] use a mixed Chebsyshev-Fourier discretisation to solve the Navier-Stokes

equations in a disk.

Following this introduction is a review of previous studies of Chebyshev collo-

cation methods. The next sections contain a description and a comparison of the

accuracy of the Chebyshev spectral integral, preconditioned Chebyshev differenti-

ation and real space Chebyshev differentiation methods in solving linear boundary

value problems. An IMEX and a fully implicit time stepping scheme that can use

these Chebyshev spatial discretisations for solving initial boundary value problems

are then described. Following this, the results of a numerical examination of the

spatial and temporal convergence of the IMEX time stepping scheme for a model

problem from the dynamics of phase transformations are summarised. In the final

section we show that the fully implicit scheme can be used to simulate problems

with stiff nonlinearities for which the IMEX scheme does not converge.

4.2 Previous Work

There have been many studies of preconditioned Chebyshev and Chebyshev inte-

gration methods for boundary value problems, but none of these studies has nu-

merically examined the accuracy of these methods in norms that include deriva-

tives. The preconditioned Chebyshev tau method (hereafter referred to as the

preconditioned Chebyshev differentiation to contrast it to the Chebyshev integra-

tion method) is described by Gottlieb and Orszag [84, p. 119] and by Canuto

et al. [31, p. 173], and has been extended to general orthogonal polynomial ex-

pansions by Coutsias et al. [49]. Funaro and Heinrichs [82] and Tuckerman [204]

have also discussed similar preconditioning methods for other orthogonal poly-

nomial systems. Both the Chebyshev integration and preconditioned Chebyshev

differentiation methods allow for the solution of linear boundary value problems

in Chebyshev spectral space in O(N) operations, and thus by using a Fast Fourier

Transform, in O(N logN) operations in real space. Unfortunately, the precondi-

tioned Chebyshev differentiation method does not immediately give derivatives of

the function, and these must be obtained by differentiation. As has been noted
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in many studies, numerical differentiation of Chebyshev interpolants is sensitive

to errors introduced by finite precision arithmetic in both real space (see, for ex-

ample, Trefethen and Trummer [199] or Weideman and Trefethen [210]) and in

spectral space if the spectral coefficients are not carefully computed (see, for ex-

ample, Coutsias et al. [49] or Hesthaven et al. [92, p. 217]). Clenshaw [41] was the

first documented user of the Chebyshev integration method in spectral space and

El-Gendi [70, 71] the first documented user of the Chebyshev integration method

in real space. Greengard [86] showed that by using the Chebyshev spectral inte-

gration method to obtain numerical solutions to two-point linear boundary value

problems in Chebyshev spectral space, it is possible to calculate derivatives with-

out the numerical instability associated with differentiation. Coutsias et al. [49]

generalised Greengards results to expansions in other orthogonal polynomials and

suggested methods to solve the resulting linear systems efficiently. It should be

noted that Coutsias et al. [49] refer to the spectral space Chebyshev integration

method as the postconditioned Chebyshev method to contrast it to the precon-

ditioned Chebyshev method. However, the term integration better captures the

notion that a smoothing operation which does not amplify errors occurs, and so this

will be used here. Hiegmann [93] has also found that the spectral space Chebyshev

integration method is useful for solving fourth order boundary value problems and

that the small condition numbers of the resulting linear systems, makes it possible

to solve them rapidly using iterative methods. Hiegmann [93] also demonstrates

how to formulate the Chebyshev integration method for non-constant coefficient

linear boundary value problems and for time dependent problems. A recent imple-

mentation of the real space Chebyshev integration method can be found in Khalifa

et al. [115].

The Chebyshev integration method in spectral space has so far primarily been

used in IMEX schemes for initial boundary value problems with at most two spatial

derivatives, for example by Torres and Coutsias [194], Cox and Matthews [50],

Lundbladh et al. [141]. Clenshaw [41] and Elliot [73] have also used versions of

the Chebyshev integration method in spectral space for linear two-point boundary

value problems and for the time-dependent heat equation respectively; however,

because their papers were published in 1957 and 1960, the advantages of their

method in comparison to other numerical methods in use today are not indicated.
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Khater and Temsah [116, 117] have used the real space Chebyshev integration

method to solve third, fourth and fifth order semilinear initial boundary value

problems.

Zebib [217] has also shown that, by solving for the highest derivative in a

fourth-order nonlinear boundary value problem and then integrating to obtain the

lower order derivatives, the accuracy of Galerkin solutions to nonlinear boundary

value problems can be improved. When using a full Galerkin method, an iterative

solution of the resulting nonlinear equations is required. Zebib [217] found that

it was computationally expensive to use Newton iteration scheme with a large

number of modes when high spatial resolution simulations were required.

Mai-Duy [145] and Mai-Duy and Tanner [146] have also compared the accu-

racy in the L2 norm of the real space Chebyshev collocation differentiation and

spectral space Chebyshev collocation integration methods to obtain solutions to

linear fourth-order boundary value problems. They found that the Chebyshev in-

tegration method in spectral space gave more accurate results than the Chebyshev

collocation differentiation method. They did not use a large number of modes, nor

did they examine the accuracy of the method in norms which included derivatives,

so they did not show when the extra effort of using the integration method instead

of the collocation differentiation method is justified.

Most implementations of the Chebyshev integration method have been in Cheby-

shev spectral where the sparse matrix structure leads to a low operation count and

hence allows for fast algorithms when many discretisation points are used. It is also

possible to formulate the Chebyshev integration method in real space which avoids

the use of the Fast Fourier Transform, but requires the use of dense matrices. A

recent implementation of this method can be found in Elgindy [72]. Driscoll [69],

Deloff [60], Mihalia and Mihalia [149] and Stern [184] have found that the Cheby-

shev integration method in real space is useful for solving the Schrödinger equation

– a particularly interesting observation is that the method can be used to solve

boundary value problems which have continuous solutions, but have discontinuous

derivatives.
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4.3 Boundary Value Problems

In this section, the real space Chebyshev differentiation, the spectral space pre-

conditioned Chebyshev differentiation, the Chebyshev integration method in spec-

tral space and the Chebyshev integration method in real space are described. It

is implicitly assumed that space is discretised using a collocation scheme with

Chebyshev polynomials of the first kind so that

Tn(x) := cosn cos−1 x,

with x evaluated at the Chebyshev Gauss-Lobatto points,

xi := cos
πi

N
, i = 0, . . . , N.

The reason for using this discretisation is that it allows the use of the Fast Fourier

Transform to calculate integrals and derivatives when computing solutions.

4.3.1 Spatial Discretisation

We explain the differences between the different Chebyshev methods by considering

the linear boundary value problem

Awxxxx +Bwxx + Cw = f(x) (4.1)

w(−1) = 0, w(1) = 0, wx(−1) = 0, wx(1) = 0,

where w is the displacement, A, B and C are constants, x ∈ [−1, 1] is the position

and f(x) is a smooth but otherwise unrestricted function.

4.3.1.1 The Real Space Chebyshev Differentiation Method

The Chebyshev differentiation matrix method as described by Trefethen [196, p.

145] amounts to solving the following linear matrix equation(
AD̄4 +BD2 + CI

)
w = f . (4.2)

Here Dk is the real space Chebyshev differentiation matrix of order k, D̄4 is a

modification of the fourth order real space Chebyshev differentiation matrix which
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has been changed to ensure that the approximate solution satisfies the boundary

conditions given in eq. (4.2), I is the identity matrix, w is a vector with the

approximate solution values for w at the nodal points, and f is a vector with the

forcing function values at the nodal points. As explained by Trefethen [196, p. 58]

and by Canuto et al. [31, p. 88], the formulas for the entries in the matrixD can be

derived by differentiating interpolating polynomials and evaluating the derivatives

at the nodal points. The entries for D are given by the following theorem, the

statement of which is taken from Trefethen [196, p. 53].

Theorem 4.3.1. Chebyshev differentiation matrix For each N ≥ 1, let the

rows and columns of the (N+1)×(N+1) Chebyshev spectral differentiation matrix

D be indexed from 0 to N . The entries of this matrix are

(D)00 = 2N2+1
6

, (DN)NN = −2N2+1
6

(4.3)

(D)jj =
−xj

2(1−x2
j )
, j = 1, . . . , N − 1 (4.4)

(D)ij = ci
cj

(−1)(1+j)

(xi−xj) , i 6= j, i, j = 0, . . . , N (4.5)

where

ci :=

{
2, i = 0 or N,
1, otherwise.

In all computational experiments considered here, D was obtained using the

function cheb.m which can be found in Trefethen [196, p. 58]. This function does

not use the formulae in Thm. 4.3.1 directly, but uses a more numerically stable

implementation, a further discussion of numerically stable implementations for

Chebyshev differentiation matrices can be found in Hesthaven et al. [92, p. 217].

Note that the solution of the linear system in eq. (4.2), only gives w and not its

derivatives. Note also that D̄4 6= (D1)4 because the highest order differentiation

matrix is modified to ensure that the solution satisfies clamped boundary condi-

tions. To be precise, as explained by Trefethen [196, p. 146], we restrict our search

for polynomial interpolants that satisfy the boundary conditions by obtaining so-

lutions in polynomials that have (1− x2) as a factor. Thus, if xi ∈ [0, 1] is the ith

Chebyshev Gauss-Lobatto node and x is a vector with the node locations, then

D̄4 =
[
diag(1− x2)D4 − 8diag(x)D3 − 12D2

]
× diag

[
1

1−x2

]
,
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where diag(x) is a diagonal matrix whose entries are from the vecor x. As shown

in Fig. 4.1, the resulting differentiation matrices are full, so solving the large linear

systems using these matrices can take some time when many discretisation points

are used.

4.3.1.2 The Spectral Space Preconditioned Chebyshev Differentiation
Method

The fourth order real space Chebyshev differentiation matrices have a condition

number of O(N8) and are dense. As explained by Weideman and Trefethen [210],

it is therefore difficult to use this method when a large number of grid points are

required. A more suitable method is the preconditioned differentiation method

which has a condition number ofO(N4) and is sparse. To obtain the preconditioned

differentiation method as described by Gottlieb and Orszag [84, p. 119], eq. (4.2)

is transformed into an equation for the coeffcients of the truncated Chebyshev

expansions for w and f , denoted by ŵ and f̂ respectively. The resulting infinite

system of equations is truncated, to obtain(
AD̂4 +BD̂2 + CI

)
ŵ = f̂ , (4.6)

where D̂k is the kth order Chebyshev differentiation matrix in Chebyshev spectral

space (the entries of these spectral differentiation matrices can be found in Hes-

thaven et al. [92, p. 258] or Coutsias et al. [49]). The resulting equations are then

multiplied by the highest order integration matrix to obtain the sparse system of

equations(
AP̂D

4
+BP̂D

2
+ CP̂D

0
+ ˆLBC1

)
ŵ = P̂D

4
f̂ + ̂RBC1. (4.7)

Here P̂D
k

is the preconditioned Chebyshev differentiation matrix of order k in

which the four rows for the coeffcients of the four highest order Chebyshev poly-

nomials have been set to zero, ŵ is the vector with coefficients for each Chebyshev

polynomial for the approximation of w and f̂ is the vector with the coefficients

for each Chebyshev polynomial for the approximation of f . The reason for setting

these rows to zero is that the equations for the highest modes are used to enforce

the boundary conditions exactly, instead of satisfying the differential equation.
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Figure 4.1: Sparsity pattern of the discretised real space boundary value problem
differentiation operator D̃4 +D2 + I with 257 Chebyshev collocation points. The
figure shows that the matrix is dense and should be compared with Figs. 4.2, 4.3
and 4.4 for the other implementations of Chebyshev collocation methods.
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Thus ˆLBC1 contains the coeffcients for the boundary conditions in Chebyshev

spectral space and ̂RBC1 contains the values of these boundary conditions.

We now describe how to find the entries of the fourth order preconditioned

Chebyshev differentiation matrices. We do so by extending Gottlieb and Orszag’s [84,

p. 119] second order preconditioned Chebyshev differentiation matrix approach.

The formulas for the fourth order preconditioned Chebyshev differentiation ma-

trices are similar to those for the second order preconditioned Chebyshev differ-

entiation matrices, but, as they are not available elsewhere, we give them here.

The presentation is similar to that in Canuto et al. [31, p. 173] and Gottlieb and

Orszag [84, p. 119] for second order linear boundary value problems.

We expand g, w, wxx and wxxxx in eq. (4.1), in terms of Chebyshev polynomials,

g =
∞∑
n=0

gnTn(x), w =
∞∑
n=0

anTn(x), wxx =
∞∑
n=0

a′′nTn(x)

and wxxxx =
∞∑
n=0

a′′′′n Tn(x).

We equate modal coefficients in eq. (4.1),

Aan +Ba′′n + Ca′′′′n = gn. (4.8)

We now consider approximations of w, wxx and wxxxx obtained by finite Cheby-

shev series with N + 1 terms. The preconditioned matrices can be found from a

relationship between an, a′′n, and a′′′′n by using the recursion relation

2nan = cn−1a
′
n−1 − a′n+1, (4.9)

where

cn :=


0, n < 0 or n > N,
2, n = 0,
1, otherwise.

This recursion relation can be found in Canuto et al. [31, p. 87] or Gottlieb and

Orszag [84, p. 161]. Using eq. (4.9) repeatedly we find that

an = cn−1
a′n−1

2n
− a′n+1

2n
, (4.10)
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an = cn−1cn−2

4n(n−1)
a′′n−2 −

[
cn−1

4n(n−1)
+ cn

4n(n+1)

]
a′′n + 1

4n(n+1)
a′′n+2, (4.11)

an = cn−1cn−2cn−3

8n(n−1)(n−2)
a′′′n3

−
[

cn−1cn−2

8n(n−1)(n−2)
+

c2n−1

8n2(n−1)
+ cncn−1

8(n+1)n2

]
a′′′n−1

+
[

cn−1

8n2(n−1)
+ cn

8(n+1)n2 + cn+1

8(n+2)(n+1)n

]
a′′′n+1

− 1
8(n+2)(n+1)n

a′′′n+3, (4.12)

an = cn−1cn−2cn−3cn−4

16n(n−1)(n−2)(n−3)
a′′′′n−4

−
[

cn−1cn−2cn−3

16n(n−1)(n−2)(n−3)
+

cn−1c2n−2

16n(n−1)2(n−2)

+
c2n−1cn−2

16n2(n−1)2
+ cncn−1cn−2

16(n+1)n2(n−1)

]
a′′′′n−2

+
[

cn−1cn
16n(n−1)2(n−2)

+
c2n−1

16n2(n−1)2

+ cncn−1

16(n+1)n2(n−1)
+ cncn−1

16(n+1)n2(n−1)

+ c2n
16(n+1)2n2 + cn+1cn

16(n+1)2n2

]
a′′′′n

−
[

cn−1

16(n+1)n2(n−1)
+ cn

16(n+1)2n2

+ cn+1

16(n+2)(n+1)2n
+ cn+2

16(n+3)(n+2)(n+1)n

]
a′′′′n+2

+ 1
16(n+3)(n+2)(n+1)n

a′′′′n+4. (4.13)

Equations (4.10)–(4.13) are now used to obtain a sparse matrix system for eq.

(4.1). Equation (4.13) is of the form,

an = µ1a
′′′′
n−4 + µ2a

′′′′
n−2 + µ3a

′′′′
n + µ4a

′′′′
n+2 + µ5a

′′′′
n+4, (4.14)

where after some simplification and using the fact that we are interested in coeffi-

cients for 4 ≤ n ≤ N to eliminate cn, we find that

µ1n := cn−4

16n(n−1)(n−2)(n−3)
, µ2n := − 1

4(n+1)n(n−1)(n−3)
, µ3n := 3

8(n+2)(n+1)(n−1)(n−2)
,

µ4n := − 1
4(n+3)(n+1)n(n−1)

and µ5n := 1
16(n+3)(n+2)(n+1)n

. (4.15)
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Eliminating a′′′′n from eq. (4.8) by using eq. (4.13) gives,

A (µ1nan−4 + µ2nan−2 + µ3nan + dn+2µ4nan+2 + dn+4µ5nan+4)

+B
(
µ1na

′′
n−4 + µ2na

′′
n−2 + µ3na

′′
n + dn+2µ4na

′′
n+2 + dn+4µ5na

′′
n+4

)
+ Can

= (µ1ngn−4 + µ2ngn−2 + µ3ngn + dn+2µ4ngn+2 + dn+4µ5ngn+4) , (4.16)

which holds for 4 ≤ n ≤ N and for which

dn :=

{
0, n < 0 or n > N,
1, otherwise.

We now eliminate a′′n−4, . . . , a
′′
n+4 from eq. (4.16). To do so eq. (4.11) is used

along with the observation that

µ1na
′′
n−4 + µ2na

′′
n−2 + µ3na

′′
n + µ4na

′′
n+2 + µ5na

′′
n+4

= ν1nan−2 + ν2nan + ν3nan+2, (4.17)

where after some simplification and again using the fact that we are interested in

the case 4 ≤ n ≤ N to eliminate cn, we find that

ν1n = 1
4n(n−1)

, ν2n = − 1
2(n−1)(n+1)

and ν3n = 1
4n(n+1)

. (4.18)

The final matrix system is

A (µ1nan−4 + µ2nan−2 + µ3nan + dn+2µ4nan+2 + dn+4µ5nan+4)

+B (ν1nan−2 + ν2nan + dn+2ν3nan+2)

+ Can

= (µ1ngn−4 + µ2ngn−2 + µ3ngn + dn+2µngn+2 + dn+4µ5ngn+4) , (4.19)

which holds for 4 ≤ n ≤ N . This gives a system of N + 1 unknowns and N + 3

equations. The last four equations are obtained from the boundary conditions,

w(±1) = 0 and wx(±1) = 0. We use the values of the Chebyshev polynomials and

their first derivatives at x = ±1, which are

Tn(±1) = (±1)n and
dTn
dx

(±1) = (±1)n+1n2,
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and can be found in Hesthaven et al. [92, p. 258]. The equations for the boundary

conditions are then

0 =
N∑
n=0

(±1)nan and 0 =
N∑
n=0

(±1)n+1n2an. (4.20)

This set of equations corresponds to the matrix system(
A ˆPD

0
+B ˆPD

2
+ C ˆPD

4
+ ˆLBC1

)
ŵ = ˆPD

0
ĝ + ˆRBC1, (4.21)

in which ŵ is a vector with the coefficients for the Chebyshev series of w, the

equations for the boundary conditions are in ˆLBC1 and ˆRBC1 contains the

values of these boundary conditions.

Note again that, the linear system in eq. (4.7) is solved to find an approximate

solution to w, and thus this solution needs to be differentiated numerically to ob-

tain approximations of the derivatives of the exact solution. This differentiation

can either be done in spectral space by using the dense upper triangular spectral

differentiation matrices shown in Fig. 4.2(b), which, if there are N modes, requires

O(N2) operations, or by transforming to real space and using the Fast Fourier

Transform to differentiate the resulting series, (see, for example, Trefethen [196,

p. 78]) which requires O(N logN) operations. The sparsity pattern for the pre-

conditioned matrix operator is shown in Fig. 4.2(a). Since this matrix is sparse,

the solution of the system of equations in eq. (4.7) requires O(N) operations.

4.3.1.3 The Spectral Space Chebyshev Integration Method

Greengard [86] explains that the Chebyshev integration method amounts to solving

for the highest order derivative once eq. (4.2) is transformed into an equation for

the truncated Chebyshev expansions of w and f(x)(
AŜ0 +BŜ2 + CŜ4 + ̂LBC2

)
ŵxxxx = f̂ + ̂RBC2. (4.22)

In this equation, ̂LBC2 is a matrix with the equations that the coefficients of the

Chebyshev expansion should satisfy, ̂RBC2 is a vector with the values of these

boundary conditions and ŵxxxx is a vector with the coefficients of the truncated

series expansion for wxxxx. The matrix ̂LBC2 and vector ̂RBC2 fix the four
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(a) Discretised spectral space Chebyshev precondi-
tioned boundary value problem differentiation operator
P̂D

0
+ P̂D

2
+ P̂D

4
+ ˆLBC1.

(b) Discretised spectral space Chebyshev differentia-
tion operator D̃.

Figure 4.2: Sparsity patterns for the preconditioned Chebyshev space Differentia-
tion method with 257 Chebyshev modes, compare with Figs. 4.1, 4.3 and 4.4 for
the other collocation Chebyshev methods studied here.
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coeffcients obtained from the indefinite integral of wxxxx by using the boundary

conditions. This linear system is solved to find ŵxxxx, which is then integrated to

find ŵ and its first three derivatives.

The implementations of Chebyshev integration matrices that have been used in

the literature differ. An implementation for fourth-order problems has been given

by Khalifa et al. [115], but it is slightly different than the one we use here, and

so we include all the details of the construction of these matrices. To obtain the

Chebyshev integration matrices, we use the following indefinite integral identities

(see, for example, Hesthaven et al. [92, p. 257]):∫
T0(x) = T1(x),

∫
T1(x) = T2(x)

4
and

∫
Tn(x) = Tn+1(x)

2(n+1)
− Tn−1(x)

2(n−1)
.

Suppose

wxxxx =
∞∑
n=0

bnTn(x). (4.23)

Then by using the indefinite integral identities we find that

wxxx = e3 +
(
b0 − b2

2

)
T1(x) +

∑∞
n=2

(
bn−1−bn+1

2n

)
Tn(x), (4.24)

wxx =e2 +
(
e3 − b1

8
+ b3

8

)
T1(x) +

(
b0
4
− b2

6
+ b4

24

)
T2(x)

+
∑∞

n=3

(
bn−2

4n(n−1)
− bn

2(n−1)(n+1)
+ bn+2

4n(n+1)

)
Tn(x), (4.25)

wx =e1 +
(
e2 − b0

8
+ b2

12
− b4

48

)
T1(x) +

(
e3
4
− b1

24
+ 3b3

64
− b5

192

)
T2(x)

+
(
b0
24
− b2

32
+ b4

80
− b6

480

)
T3(x)

+
∑∞

n=4

(
bn−3

8n(n−1)(n−2)
− 3bn−1

8(n+1)n(n−2)

+ 3bn+1

8(n+2)n(n−1)
− bn+3

8(n+2)(n+1)n

)
Tn(x), (4.26)
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and

w =e0 +
(
e1 − e3

8
+ b1

48
− 3b3

128
+ b5

384

)
T1(x)

+
(
e2
4
− b0

24
+ 11b2

384
− b4

120
+ b6

1920

)
T2(x)

+
(
e3
24
− b1

128
+ 3b3

320
− b5

576
+ b7

5760

)
T3(x)

+
(
b0

192
− b2

240
+ b4

480
− b6

1680
+ b8

13440

)
T4(x)

+
∑∞

n=5

(
bn−4

16n(n−1)(n−2)(n−3)
− bn−2

4(n+1)n(n−1)(n−3)

+ 3bn
8(n+2)(n+1)(n−1)(n−2)

− bn+2

4(n+3)(n+1)n(n−1)

+ bn+4

16(n+3)(n+2)(n+1)n

)
Tn(x). (4.27)

In these equations, ei are constants of integration and bi are the coefficients of the

Chebyshev series for wxxxx. To implement the method numerically, this infinite

system of equations must be truncated. If there are N + 1 modes for wxxxx, then

the linear system above has N + 5 coefficients, one for each Chebyshev mode and

4 coefficients to be satisfied by the boundary conditions.

After transforming the functions into the space of Chebyshev polynomials, the

resulting equation for the integration matrices is(
AŜ4 +BŜ2 + CŜ0 + ̂LBC2

)
ŵxxxx = ĝ + ̂RBC2,

in which the spectral integration matrix of order k is denoted by Ŝk. This system

of equations is used to define each spectral integration matrix. This system of

equations is explicitly given by

Ae0 +Be2 + Cb0 = g0,

A
(
e1 − e3

8
+ b1

48
− 3b3

128
+ b5

384

)
+B

(
e3 − b1

8
+ b3

8

)
+ Cb1 = g1,

A
(
e2
4
− b0

24
+ 11b2

384
− b4

120
+ b6

1920

)
+B

(
b0
4
− b2

6
+ b4

24

)
+ Cb2 = g2,

A
(
e3
24
− b1

128
+ 3b3

320
− b5

576
+ b7

5760

)
+B

(
b1
24
− b3

16
+ b5

48

)
+ Cb3 = g3,

A
(
b0

192
− b2

128
+ b4

480
− b6

1680
+ b8

13440

)
+B

(
b2
48
− b4

30
+ b6

80

)
+ Cb2 = g4,

88



and for 4 < n ≤ N ,

A
(

bn−4

16n(n−1)(n−2)(n−3)
− bn−2

4(n+1)n(n−1)(n−3)

+ 3bn
8(n+2)(n+1)(n−1)(n−2)

− bn+2

4(n+3)(n+1)n(n−1)

+ bn+4

16(n+3)(n+2)(n+1)n

)
+ Cbn

= gn.

Here bn = 0 for n > N and gn are the Chebyshev series expansion coefficients for g.

To obtain the equations that fix the last four coefficients, the boundary conditions,

w(±1) = 0 and wx(±1) = 0, are imposed. This gives the following equations

0 =e0 ± e1 + e2
4
∓ e3

12
− 7b0

192
± 5b1

384
+ 47b2

1920
∓ 9b3

640

− b4
160
± b5

1152
− b6

13440
± b7

5760
+ b8

13440

+
∑N

n=5(−1)n
(

bn−4

16n(n−1)(n−2)(n−3)
− bn−2

4(n+1)n(n−1)(n−3)

+ 3bn
8(n+2)(n+1)(n−1)(n−2)

− bn+2

4(n+3)(n+1)n(n−1)

+ bn+4

16(n+3)(n+2)(n+1)n

)
and

0 =e1 ± e2 + e3
4
∓ b0

12
− b1

24
± 5b2

96
+ 3b3

64
∓ b4

120
− b5

192
∓ b6

480

+
∑N

n=4(±1)n
(

bn−3

8n(n−1)(n−2)
− 3bn−1

8(n+1)n(n−2)

+ 3bn+1

8(n+2)n(n−1)
− bn+3

8(n+2)(n+1)n

)
,

where again, bn = 0 for n > N . These equations are in the matrix ˆLBC2 and

vector ˆRBC2. Once the matrix system is solved, we can use the coefficients to

find the functions and their derivatives using the truncated versions of eqs. (4.23)

to (4.27).

An important observation in this derivation is that, because the Chebyshev

basis is a polynomial basis, the four integration constants, c1, c2x, c3x
2 and c4x

3

only involve combinations of the low order Chebyshev polynomials, and hence the

integration matrices remain sparse. This is not true for a non-periodic function
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whose highest derivative is expanded in a Fourier series with lower order derivatives

being obtained by integration.

Finally, in the preconditioned Chebyshev method, if the truncated expansion

for ŵ has N + 1 modes, then a (N + 1) × (N + 1) linear system is solved. In

the Chebyshev integration method, four further equations are obtained because

of the integration constants, thus if the truncated expansion for ŵxxxx has N + 1

modes, then a (N + 5) × (N + 5) matrix system is solved. The typical sparsity

pattern for the matrix obtained when using the Chebyshev integration method

matrix is shown in Fig. 4.3 and is similar to the sparsity pattern obtained using

the preconditioned Chebyshev differentiation method shown in Fig. 4.2(a) — in

both cases the top four rows are full and there is a diagonal band.

4.3.1.4 The Real Space Chebyshev Integration Method

To construct a Chebyshev integration method which does not require the trans-

formation of the forcing function in to a Chebyshev series, we will follow El-

Gendi [71] and transform the formulae found in the previous section 4.3.1.3 for

how the integration matrices act on the coefficients for the Chebyshev expansion

of a series to formulae for matrices which act on the real space values of a function

on Chebyshev-Gauss-Lobatto points. We will do this by using Clenshaw-Curtis

quadrature to transform the expansions in Chebyshev polynomials to functions in

real space evaluated at Chebyshev Gauss-Lobatto points. This gives a formula-

tion of the Chebyshev integration method, which although it uses dense matrices,

may form the basis for an integral formulation of the spectral element method

introduced by Patera [162] using the differentiation formulation. We could also

use Gauss quadrature to formulate this method; this would give slightly more

accurate results (see, for example, Trefethen [197]), but for consistency with the

other discretisations which use Chebyshev Gauss-Lobatto points, we will stick to

using these discretisation points when formulating the real space integration ma-

trices. This also has the advantage that quickly computable explicit formulae can

be given for the resulting integration matrices. Our approach differs slightly from

that used by El-Gendi [71] because it uses (N + 5) × (N + 5) matrices instead

of (N + 1) × (N + 1) matrices. This allows us to calculate both the solution to

the constant coefficient differential equation and derivatives of the solution to the
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Figure 4.3: Sparsity pattern of the discretised Chebyshev spectral space boundary
value problem integration operator S̃0 + S̃2 + S̃4 + ̂LBC2 with 257 Chebyshev
modes, compare with Figs. 4.1, 4.2 and 4.4 for the other collocation Chebyshev
methods studied here.
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constant coefficient differential equation for a wider variety of boundary condi-

tions. We will not consider the modified implementations used by Elgindy [72]

because his numerical results do not show significant improvements over those of

El-Gendi [71] and because none of the real space Chebyshev integration methods

result in sparse matrices which is the important consideration for performing large

simulations.

To formulate a real space integration method, we will use numerical integration

to relate the Chebyshev coefficients to the function values of the highest derivative.

Thus if

wxxxx =
∞∑
n=0

bnTn(x),

then using the orthogonality of the Chebyshev polynomials, we find that

bn =
2

πcn

∫ 1

0

wxxxx(x)Tn(x)
1√

1− x2
dx

where

cn :=

{
2, n = 0,
1, otherwise.

We will evaluate these integrals using El-Gendi’s [71] method, that is collocation

and Clenshaw-Curtis quadrature. Our implementation will differ slightly from El-

Gendi’s so that it is easier to change the boundary conditions that are imposed.

The discrete collocation analog of the equations above is,

wxxxx ≈
N∑
n=0

bnTn(x)

and

bn =
2

c̄nN

N∑
i=0

1

c̄i
wxxxx(xi)Tn(xi)

=
2

c̄nN

N∑
i=0

1

c̄i
wxxxx(xi) cos

nπi

N
, (4.28)

where the xi are the Chebyshev Gauss-Lobatto points and c̄0 = c̄N = 2 and c̄n = 1

for 1 ≤ n ≤ N − 1. Further information on the derivation of these relationships

can be found in Peyret [165, p. 42].
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Using these relationships for a truncation of the infinite Chebyshev expansion,

we can rewrite eqs. (4.23) to (4.27) in real space instead of Chebyshev spectral

space. For the fourth order linear boundary value problem in eq. (4.1), we find

that the integration matrices can be re-arranged as follows,

wxxxx(xi) =
N∑
j=0

δi,jwxxxx(xj), (4.29)

where

δi,j :=

{
1, i = j
0, otherwise,

wxxx(xi) = e3

+
N∑
j=0

2

Nc̄j
wxxxx(xj)×[

1

c̄0

T0(xj)T1(xi) + T1(xj)
T2(xi)

4
+ T2(xj)

(
T3(xi)

6
− T1(xi)

2

)
+

N∑
n=3

1

c̄n
Tn(xj)

(
Tn+1(xi)

2(n+ 1)
− Tn−1(xi)

2(n− 1)

)]
, (4.30)

wxx(xi) = e2 + e3T1(xi)

+
N∑
j=0

2

Nc̄j
wxxxx(xj)×[

1

c̄0

T0(xj)T2(xi)

4
+ T1(xj)

(
T3(xi)

24
− T1(xi)

8

)
+

T2(xj)

(
T4(xi)

48
− T2(xi)

6

)
+

N∑
n=3

1

c̄n
Tn(xj)

(
Tn+2(xi)

4(n+ 2)(n+ 1)
− Tn(xi)

2(n+ 1)(n− 1)

+
Tn−2(xi)

4(n− 2)(n− 1)

)]
, (4.31)
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wx(xi) = e1 + e2T1(xi) + e3
T2(xi)

4

+
N∑
j=0

2

Nc̄j
wxxxx(xj)×[

1

c̄0

T0(xj)

(
T3(xi)

24
− T1(xi)

8

)
+ T1(xj)

(
T4(xi)

192
− T2(xi)

24

)
+ T2(xj)

(
T5(xi)

480
− T3(xi)

32
+
T1(xi)

12

)
+ T3(xj)

(
T6(xi)

960
− 3T4(xi)

320
+

3T2(xi)

64

)
+

N∑
n=4

1

c̄n
Tn(xj)

(
Tn+3(xi)

8(n+ 3)(n+ 2)(n+ 1)
− 3Tn+1(xi)

8(n+ 2)(n+ 1)(n− 1)

+
3Tn−1(xi)

8(n+ 1)(n− 1)(n− 2)
− Tn−3(xi)

8(n− 1)(n− 2)(n− 3)

)]
(4.32)

and
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w(xi) = e0 + e1T1(xi) +
e2

4
T2(xi) + e3

(
T3(xi)

24
− T1(xi)

8

)
+

N∑
j=0

2

Nc̄j
wxxxx(xj)×[

1

c̄0

T0(xj)

(
T4(xi)

192
− T2(xi)

24

)
+ T1(xj)

(
T5(xi)

1920
− T3(xi)

128
+
T1(xi)

48

)
+ T2(xj)

(
T6(xi)

5760
− T4(xi)

240
+

11T2(xi)

384

)
+ T3(xj)

(
T7(xi)

13440
− T5(xi)

960
+

3T3(xi)

320
− 3T1(xi)

128

)
+ T4(xj)

(
T8(xi)

21504
− T6(xi)

7140
+
T4(xi)

480
− T2(xi)

120

)
+

N∑
n=5

1

c̄n
Tn(xj)

(
Tn+4(xi)

16(n+ 4)(n+ 3)(n+ 2)(n+ 1)

− Tn+2(xi)

4(n+ 3)(n+ 2)(n+ 1)(n− 1)
+

3Tn(xi)

8(n+ 2)(n+ 1)(n− 1)(n− 2)

− Tn−2(xi)

4(n+ 1)(n− 1)(n− 2)(n− 3)
+

Tn−4(xi)

16(n− 1)(n− 2)(n− 3)(n− 4)

)]
.

(4.33)

A further four equations are obtained from the boundary conditions, w(±1) = 0

and wx(±1) = 0, these are

0 =e0 ± e1 +
e2

4
∓ e3

12

+
N∑
j=0

2

Nc̄j
wxxxx(xj)×[

− 1

c̄0

1

12
T0(xj)±

13

960
T1(xj) +

71

2880
T2(xj)∓

101

6720
T3(xj)−

773

121856
T4(xj)

+
N∑
n=5

1

c̄n
(±1)n

105

(n2 − 16)(n2 − 9)(n2 − 4)(n2 − 1)
Tn(xj)

]
. (4.34)

and
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0 = e1 ± e2 +
e3

4

+
N∑
j=0

2

Nc̄j
wxxxx(xj)×[

∓ 1

c̄0

1

12
T0(xj)−

7

192
T1(xj)±

1

480
T2(xj) +

37

960
T3(xj)

−
N∑
n=4

(±1)n+1 1

c̄n

15

(n2 − 9)(n2 − 4)(n2 − 1)
Tn(xj)

]
. (4.35)

We note that eq. (4.29) is an (N+1)×(N+1) identity matrix, with the further four

rows and four columns of the (N + 5)× (N + 5) matrix which are used to enforce

the boundary conditions being zero. In the implementation used here, we choose

to place these rows and columns in the top four rows and first four columns of the

matrix. The other matrices given in eqs. (4.30) - (4.33) are full matrices, with the

top four rows empty and the first four columns partially empty depending on the

number of boundary conditions that need to be enforced – these sparsity patterns

are shown in Fig. 4.4. The resulting system of equations for approximating the

solution to eq. (4.1) is given by(
AI4 +BI2 + CI0 +LBC3

)
wxxxx = g +RBC3, (4.36)

where Ik denotes the kth order integration matrix, LBC3 is a matrix containing

eqs. (4.34) and (4.35) which enforce the values of the boundary conditions specified

in the first four entries of the array RBC3. We note that the entries for I0 can

be found from eq. (4.29), the entries for I1 from eq. (4.30), the entries for I2 from

eq. (4.31), the entries for I3 from eq. (4.32) and the entries for I4 can be found

from eq. (4.33). In all cases the top four rows of the matrices are reserved for the

boundary conditions and the entry in column j and row i+ 4 is given by setting i

and j in these expressions and summing over n.

Constructing these integration matrices using eqs. (4.29) to (4.35) directly as

indicated in the previous paragraph requires O(N3) operations and has a very poor

memory access pattern. Driscoll [68, 69] has observed that the matrices can be

calculated efficiently by constructing Chebyshev forward and backward transform
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matrices, which we denote by CT and CT−1 respectively. The entries for CT can

be found from the discrete Chebyshev transform on Gauss-Lobatto points given

in eq. (4.28), and the entries in CT−1 can be found from

wxxxx(xi) =
N∑
n=0

bn cos
nπi

N
.

Thus, I4 ≈ (CT−1)(Ŝ4)(CT ), where Ŝ4 is defined in eq. (4.27). We do not quite

get equality because the matrices are not the same size since the equations for

the boundary conditions are treated slightly differently in real space compared to

Chebyshev spectral space. Equality does hold for the sub matrix of (N+1)×(N+1)

entries which are not directly related to the boundary conditions, that is

I4(5 : N + 5, 5 : N + 5) =
(
CT−1

)
Ŝ(5 : N + 5, 5 : N + 5) (CT ) .

4.3.2 Numerical Results

This section contains a numerical comparison of the accuracy in the L2 and W 2,2

norms of the previously described Chebyshev methods for solving two linear bound-

ary value problems. There are several methods of implementing the Chebyshev

method in spectral space. Coutsias et al. [49] describe one variation of the Cheby-

shev integration method in which solutions of the homogeneous boundary value

problem are added to a particular solution of the inhomogeneous boundary value

problem. When solving the linear system for the Chebyshev integration method in

the numerical comparison that follows, a solution which satisfies all the boundary

conditions is obtained. This is because for the linear boundary value problems

considered here, the modification examined by Coutsias et al. [49] does not affect

the accuracy of the numerical solutions that are obtained. Numerical comparisons

of the accuracy of approximate derivatives of the solution obtained by the pre-

conditioned Chebyshev differentiation method are obtained using the Fast Fourier

Transform and obtained using spectral differentiation matrices are included, be-

cause in this case the results differ. Calculations in this section were done using

MATLAB 7.3 running on a laptop with a 2 GHz Intel Core Duo processor and

2 Gb of RAM. MATLAB’s backslash was used to obtain solutions to the resulting

linear systems of equations.
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(a) Discretised real space boundary condition
operator LBC3 given in eqs. (4.34) and (4.35).
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(b) Discretised real space zeroth order integra-
tion operator I0 given in eq. (4.29).

(c) Discretised real space first order integration
operator I1 given in eq. (4.30).

(d) Discretised real space fourth order integra-
tion operator I4 given in eq. (4.33).

Figure 4.4: Sparsity patterns with 257 collocation points for the real space Cheby-
shev integration method, compare with Figs. 4.1, 4.2 and 4.3 for the other collo-
cation Chebyshev methods studied here.
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We examine numerical approximations to the following two boundary value

problems for x ∈ [−1, 1] with the associated boundary conditions and given exact

solutions,

wxxxx + 2wxx + w = cos(x), (4.37)

w(−1) = 0, w(1) = 0, wx(−1) = 0, wx(1) = 0,

w(x) =
4x cos2(1) sin(x)−cos(x){sin(2)−2+x2[2+sin(2)]}

8[2+sin(2)]
,

and

50−4wxxxx − w = 10, (4.38)

w(−1) = 0, w(1) = 0, wx(−1) = 0, wx(1) = 0,

w(x) = 10 sinh(50) cos(50x)+10 sin(50) cosh(50x)
sin(50) cosh(50)+sinh(50) cos(50)

− 10.

The exact solutions are plotted in Figs. 4.5 and 4.8.

Figures 4.6, 4.7, 4.9 and 4.10 show the convergence of numerical solutions to

these linear boundary value problems obtained using Chebyshev differentiation,

preconditioned Chebyshev differentiation and Chebyshev integration methods re-

spectively. Trefethen and Trummer [199] have shown that using large real space

Chebyshev differentiation matrices in numerical calculations gives results that are

sensitive to errors introduced by finite precision arithmetic. The figures show

results using as many modes as could be used with the available amout of mem-

ory. Trefethen and Trummer [199] also note that differentiation of the Chebyshev

interpolant of a function using the Fast Fourier Transform is sensitive to errors

introduced by finite precision arithmetic, thus the numerical instability observed

here cannot be alleviated by this method of calculating derivatives. Greengard [86]

showed that, provided the resulting linear systems are solved accurately, by using

an integration matrix formulation the numerical instabilities that occur when ob-

taining the solution and derivatives of the solution to two-point boundary value
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Figure 4.5: Exact solution to eq. (4.37).
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Figure 4.6: Convergence in L2 norm for eq. (4.37). In the legend, Integration 1 —
spectral space Chebyshev integration method ; Integration 2 – real space Cheby-
shev integration method; Differentiation — real space collocation differentiation
method; Preconditioned — spectral space Chebyshev preconditioned differentia-
tion method.
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Figure 4.7: Convergence in W 2,2 norm for eq. (4.37). In the legend, Integration 1
— spectral space Chebyshev integration method; Integration 2 – real space Cheby-
shev integration method; Differentiation — real space collocation differentiation
method; Preconditioned 1 — spectral space Chebyshev preconditioned differen-
tiation method with derivatives obtained using spectral differentiation matrices;
and Preconditioned 2 — spectral space preconditioned Chebyshev differentiation
method with derivatives obtained using the Fast Fourier Transform.

102



−1 −0.5 0 0.5 1
−25

−20

−15

−10

−5

0

5

x

u

Figure 4.8: Exact solution to eq. (4.38).
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Figure 4.9: Convergence in the L2 norm for eq. (4.38). In the legend, Integration 1
— spectral space Chebyshev integration method; Integration 2 – real space Cheby-
shev integration method; Differentiation — real space collocation differentiation
method; Preconditioned — spectral space Chebyshev preconditioned differentia-
tion method.
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Figure 4.10: Convergence in the W 2,2 norm for eq. (4.38). In the legend, Integra-
tion 1 — spectral space Chebyshev integration method; Integration 2 – real space
Chebyshev integration method; Differentiation — real space collocation differenti-
ation method; Preconditioned 1 — spectral space Chebyshev preconditioned differ-
entiation method with derivatives obtained using spectral differentiation matrices;
and Preconditioned 2 — spectral space Chebyshev preconditioned differentiation
method with derivatives obtained using the Fast Fourier Transform.
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problems are avoided. The figures confirm these previous results when extended

to fourth order boundary value problems and show that the real space Chebyshev

differentiation matrix method is a poor method when a large number of modes

are used in both L2 and W 2,2 norms. The preconditioned Chebyshev differentia-

tion method is a good method when accurate results in the L2 norm are required.

If derivatives are obtained using the Fast Fourier Transform, the preconditioned

Chebyshev method is a poor method to use when accurate approximations of the

derivative are required. Finally, the figures show that accurate results in the W 2,2

norm can be obtained using the preconditioned Chebyshev differentation method

when derivatives are found using spectral differentiation matrices in spectral space.

As explained by Hesthaven et al. [92, p. 220], the reason for the difference in the

accuracy of real space differentiation and spectral space differentiation is that, even

though both differentiation matrices are ill conditioned, the accurately computed

spectral expansion coefficients decay sufficiently rapidly to ensure that when they

are multiplied by the spectral differentiation matrices, the results remain accu-

rate. If the Fast Fourier Transform is used to calculate the spectral expansion

coefficients, a computational error is introduced which is then amplified upon dif-

ferentiation (see Higham [94, p. 451] for an analysis of errors introduced by a

simple Fast Fourier Transform algorithm).

The Chebyshev integration method uses more modes, N + 5, as opposed to

N + 1 for the preconditioned Chebyshev differentiation method. Canuto et al. [31,

p. 177] suggest that the Chebyshev integration method should be more accurate

than the preconditioned Chebyshev differentiation method because it has more de-

grees of freedom. It is therefore surprising that the Chebyshev integration method

is slightly less accurate than the preconditioned Chebyshev differentiation method

when more than 100 modes are used. Figures 4.9 and 4.10 show that the precondi-

tioned Chebyshev differentiation method is less accurate when there are less than

100 modes, because here the extra degrees of freedom give better resolution. When

more than 100 modes are used, the preconditioned method seems to give a matrix

which can be solved more accurately. As we have not done a full error analysis

of the solution procedure used by MATLAB’s backslash for these matrix systems,

we do not have a proof which explains this difference in accuracy. It is likely that

since the preconditioned and Chebyshev integration linear systems have similar
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matrix structures, the faster decay of the terms on the right hand side, P̂D
0
f̂ in

eq. (4.7) as opposed to f̂ in eq. (4.22), makes it easier to solve the preconditioned

matrix system more accurately than the Chebyshev integration matrix system –

see Higham [94, p. 120] for an explanation of why this could be the reason for the

difference in accuracy.

4.4 Initial Boundary Value Problems

In this section, the performance of an IMEX time stepping scheme that uses

the Chebyshev integration method and pre-conditioned Chebyshev differentiation

methods to solve semilinear initial boundary value problems is examined. The ac-

curacy and computational cost of two different implementations of the Chebyshev

integration method and of the preconditioned Chebyshev differentiation method

for IMEX time stepping schemes are compared. The modification made to the

Chebyshev integration method is to combine a particular solution of the inhomo-

geneous boundary value problem solved at each time step to solutions of the homo-

geneous boundary value problem presolved before time stepping began so that as

suggested by Coutsias et al. [49], only a banded and not a bordered banded linear

system is solved at each time step. The comparison also includes a fully implicit

time stepping scheme using the Chebyshev integration spatial discretisation. This

section ends with an example of a semilinear equation with a stiff nonlinear term

for which only the fully implicit scheme was stable.

4.4.1 An Implicit-Explicit Temporal Discretisation

A simple second order time stepping scheme is constructed for the equation

ρwtt − βwxxt = γ2
(
w3
x − wx

)
x
− ε2wxxxx, (4.39)

where x ∈ [−1, 1] and t ∈ [0, 1] are the spatial and temporal variables, and ρ, β,

γ and ε are real positive constants. This equation is used as a simplified dynamic

model for phase transformations and has an exact travelling wave solution obtained

by Truskinovsky [200] which we rewrite as

w(x, t) =
√

2 ε
γ

log

{
cosh

[
κx−ωt
κ2

√
ω2

2ε2

(
ρ− β2

6ε2

)
+ γ2κ2

2ε2

]}
− ωβ(κx−ωt)

3κ2
√

2ε
. (4.40)
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In this solution, κ is the wavenumber and ω is the wave frequency. The boundary

conditions, w(−1, t), w(1, t), wx(−1, t) and wx(1, t), and initial conditions w(x, 0)

and wt(x, 0) are obtained from this exact solution. Since single domain spectral

collocation methods cannot approximate discontinuous functions well, only smooth

solutions are used for the numerical comparison, for which the inequality, ω2(ρ−
β2/6ε2) + γ2κ2 ≥ 0, must hold since if it does not the exact solution in eq. (4.40)

is discontinuous as the hyperbolic cosine of a purely imaginary function is actually

the cosine of the magnitude of the purely imaginary function, and the cosine can

be zero for which the logarithm is undefined – this is further explained in Section

2.6.1.

To construct a second order IMEX time stepping scheme, time dependent terms

are discretised using second order finite difference approximations centered at the

next time step. This is done using second order backward differentiation approx-

imations for the terms wtt and wxxt, and an Adams-Bashforth or forward extrap-

olation method for the nonlinear term (w3
x − wx)x. The resulting time stepping

scheme is

ρ
δt2

(
2wj+1 − 5wj + 4wj−1 − wj−2

)
− β

2δt

(
3wj+1

xx − 4wjxx + wj−1
xx

)
(4.41)

= 2γ2
[
(wjx)

3 − wjx
]
x
− γ2

[
(wj−1

x )3 − wj−1
x

]
x
− ε2wj+1

xxxx.

In this equation, the superscript on w denotes the time step at which the function

is evaluated. Equation (4.41) is rearranged to obtain the new iterate wj+1 in terms

of the previous three iterates wj, wj−1 and wj−2

2ρ
δt2
wj+1 − 3β

2δt
wj+1
xx + ε2wj+1

xxxx = ρ
δt2

(
5wj − 4wj−1 + wj−2

)
− β

2δt

(
4wjxx − wj−1

xx

)
(4.42)

+ 2γ2
[
(wjx)

3 − wjx
]
x
− γ2

[
(wj−1

x )3 − wj−1
x

]
x
.

This shows that at each time step, a linear boundary value problem is solved and

so the Chebyshev integration method can be used.

The implementations of Chebyshev integration methods in IMEX time stepping

schemes in the literature differ (see, for example, Coutsias et al. [49], Cox and

Matthews [50] and Lundbladh et al. [141]). For completeness, a description of

the implementation of the numerical scheme in eq. (4.42) using the Chebyshev
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integration method is now provided. A similar approach is used for the spectral

space preconditioned Chebyshev differentiation method and so this is not included.

The highest spatial derivative term in eq. (4.42) is approximated by a truncated

Chebyshev series, wjxxxx ≈
∑N

n=0 a
j
nTn(x). Lower derivative approximations are

found by integration. The sum of the terms in the scheme in eq. (4.42) that were

computed in the previous three time steps in Chebyshev spectral space is stored

in the vector ĝj which is defined as

ĝj := ρ
δt2

(
5ŵj − 4ŵj−1 + ŵj−2

)
− β

2δt

(
4ŵj

xx − ŵj−1
xx

)
+ 2γ2

[
3 ̂(wj

x)2wj
xx − ŵj

xx

]
− γ2

[
3 ̂(wj−1

x )2wj−1
xx − ŵj−1

xx

]
,

where the vectors ŵj and ŵj
xx are the vectors of coefficients of the truncated

Chebyshev polynomials which approximate the solution and its second derivative

at the jth time step. The vectors wjx, and wjxx are the real space approximations to

wx and wxx at the jth time step at the N + 1 collocation grid points.The nonlinear

term, 3 (wjx)
2
wjxx−wjxx, is projected onto the space of N+1 Chebyshev polynomials

by using a Fast Fourier Transform, see, for example, Trefethen [196, p. 75]. In doing

so, aliasing errors are ignored. As explained by Boyd [29, Def. 23, p. 204] and

Trefethen [196, p. 10], aliasing in a collocation scheme is the poor interpolation of

functions with wavenumbers greater than can accurately be interpolated onto the

number of grid points used. Aliasing errors occur because the multiplication of the

finite dimensional approximation of ̂(wj
x)2wj

xx produces components with higher

frequencies than are originally in the original finite dimensional approximations

of ŵj
x and ŵj

xx. However, if the solution is sufficiently well resolved, then the

coefficients for the high frequency components are small and the finite dimensional

approximation of w2
xwxx using the same number of Chebyshev polynomials as the

finite dimensional approximation of wx and wxx will also be accurate, see, for

example, Canuto et al. [31, p. 163]. A sparse, bordered banded system of equations,

L̂ŵj+1
xxxx = ĝj + ̂RBC2

j+1
, (4.43)

where

L̂ := ε2Ŝ0 − 3β
2δt
Ŝ2 + 2ρ

δt2
Ŝ4 + ̂LBC2,
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is then obtained. In these equations: ŵj+1
xxxx is the vector of coefficients of the

Chebyshev polynomials which approximate the solution of the fourth derivative

at the jth time step; ĝj is a vector with entries gjn; the matrices Ŝ0, Ŝ2 and Ŝ4

are the zeroth, second and fourth order integration matrices; ̂LBC2 is a matrix

formed from the equations for the boundary conditions; and ̂RBC2
j+1

is a vector

with the values of the boundary conditions.

In typical implementations of time stepping schemes, eq. (4.42) is multiplied

by δt2. Here by not doing so, the smallest non-zero matrix entries in Ŝ4 do not

become too small relative to the entries in ε2Ŝ0. Finally, if ε2 is small, because

it multiplies the term Ŝ0 which has non-zero entries are of order one, the linear

system can still be accurately solved using finite precision floating point arithmetic.

At each time step, the sparse linear system given by eq. (4.43) is solved and

used to advance in time in the space of Chebyshev polynomials. It is important

to note that, a sufficient condition for the linear operator L̂ in eq. (4.43) used in

this implicit time step to be invertible, is that it includes the integration matrix

for the highest derivative term, Ŝ0. This is because the combination Ŝ0 + ̂LBC2

has full rank as Ŝ0 is equal to an (N + 1) × (N + 1) identity matrix when the

top four rows are not included and the top four rows of ̂LBC2 give a further four

linearly independent equations which fix the last four coefficients that correspond

to the four integration constants for the linear boundary value problem. Since the

equations represented in the top four rows of ̂LBC2 are obtained by integrating

the highest derivative and are evaluated at the collocation points, these equations

are not linearly independent of the equations in the integration matrices Ŝ4 and

Ŝ3 if boundary conditions for the function and its first derivative are specified. We

also note that at least one boundary condition needs to fix Thus the integration

matrix formulation as described here cannot be used in an explicit time stepping

scheme. Coutsias et al. [49] explain that, it is possible to restrict the linear operator

to a subspace where it is invertible, which would allow an explicit time stepping

scheme to be used. However, stability constraints make explicit time stepping

schemes unattractive for the numerical solution of stiff problems that occur in

models for phase transformations with a fourth order spatial derivative.

When solving a system arising from the Chebyshev integration method with

different right hand sides repeatedly, as is done in IMEX time stepping, Coutsias
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et al. [49] suggest that it may be faster to pre-solve a homogeneous boundary

value problem first to obtain a set of solutions which can then be added to satisfy

a variety of boundary conditions. This is because at each time step one can then

solve a well conditioned banded diagonal matrix system. The particular solution

of the well conditioned inhomogeneous boundary value problem does not satisfy

the boundary conditions because the top four rows of the matrix are chosen to

simplify the structure of the matrix. To satisfy the boundary conditions, solutions

of the homogeneous boundary value problem are added to a particular solution

of the inhomogeneous boundary value problem. Cox and Matthews [50] have

implemented a variant of this method using analytic solutions for the homogeneous

boundary value problem when solving the Navier-Stokes equations but, possibly

unaware of Coutsias et al.’s [49] results, did not choose the matrices that are

inverted to solve the inhomogeneous boundary value problem to have a banded

structure. Lundbladh et al. [141] use two different particular solutions to the

inhomogeneous boundary value problem and take a linear combination of these to

satisfy the boundary values. As explained by Cox and Matthews [50], Lundbladh

et al.’s method requires more computations, because two linear systems are solved

at each time step instead of just one.

When using the Chebyshev integration method to do time stepping, as indi-

cated in eq. (4.42), a linear boundary value problem is solved at each time step.

This can be done in several ways, which change the structure of the linear system

that is solved. If a matrix system which contains the full equations for the bound-

ary conditions is solved at each time step, a bordered banded system is obtained.

As explained by Coutsias et al. [49], to solve a banded matrix system at each

time step, one first presolves the linear boundary value problem in eq. (4.42) with

a right hand side that is zero. Four independent solutions to the homogeneous

problem,

ε2whixxxx −
3β
2δt
whixx + 2ρ

δt2
whi = 0, (4.44)

where i can be equal to 1, 2, 3 or 4, are then obtained. The four corresponding
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sets of boundary conditions are

wh1(−1) = 1, wh1(1) = 0, wh1
xx(−1) = 0, wh1

xx(1) = 0, (4.45)

wh2(−1) = 0, wh2(1) = 1, wh2
xx(−1) = 0, wh2

xx(1) = 0, (4.46)

wh3(−1) = 0, wh3(1) = 0, wh3
xx(−1) = 1, wh3

xx(1) = 0, (4.47)

wh4(−1) = 0, wh4(1) = 0, wh4
xx(−1) = 0, wh4

xx(1) = 1. (4.48)

These solutions can either be computed numerically, as suggested by Coutsias et

al. [49], or analytically, as suggested by Cox and Matthews [50] before time stepping

begins. To obtain the particular solution to eq. (4.42), the first four diagonal entries

in the matrix that are used to fix the boundary conditions, ̂LBC2 in eq. (4.43),

are set to be one. All other entries in these rows are zero. Similarly, the four

entries for the boundary conditions in the right hand side vector ̂RBC2
j+1

in eq.

(4.43) are set to zero.

In the numerical examples computed using the bordered banded matrices, the

matrix systems were solved by the sparse LU factorisation implemented in MAT-

LAB. The banded linear systems were also solved by a sparse LU factorisation

using MATLAB’s backslash, but the default settings were changed to ensure that

a band solver was used. Other solvers such as KLU and UMFPACK 5.0.2 (this is

a slightly newer version of UMFPACK than that which is installed in MATLAB

7.3) which are part of Suitesparse [58] were also tested and found to give similar

results. Since the best sparse solution method is architecture and solver setting

dependent, we have not done an extensive numerical comparison of sparse solvers.

An introduction to numerical methods for solving sparse linear systems can be

found in Davis [59].

In starting the multi-step time stepping scheme, the starting values w0, w−1

and w−2, need to be obtained. The initial conditions give w0 and w0
t . To obtain

w−1 and w−2, we follow Kress [123] and use a Taylor expansion, the initial velocity

and the partial differential equation, eq. (4.39) to extrapolate backwards in time

and still have O(δt2) accuracy. Thus,

w−1 := w0 − δtw0
t + δt2

2
w0
tt (4.49)
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and

w−2 := w0 − 2δtw0
t + (2δt)2

2
w0
tt. (4.50)

The initial acceleration, w0
tt, is not given explicitly by the initial conditions, but

by differentiating the initial conditions w0 and w0
t with respect to x, w0

x, w
0
xxxx

and w0
xxt can be calculated and then the partial differential equation can be used

to get

w0
tt = ρ−1

{
βw0

xxt + γ2
[
(w0

x)
3 −w0

x

]
x
− ε2w0

xxxx

}
. (4.51)

This can then be substituted into eq. (4.49) and (4.50) to calculate w−1 and w−2

so that a second order accurate numerical approximation of the true solution can

be calculated.

4.4.2 A Fully Implicit Temporal Discretisation

Time stepping schemes for variational problems that nearly conserve momentum

or nearly conserve energy are often used in computational solid mechanics where

it is expected that dissipation is small. Reviews of these methods can be found in

Hairer et al. [88, p. 204], Kane et al. [111], Leok [128], Lew [130], Lew et al. [131]

and Marsden and West [147]. In most solid mechanics applications, explicit time

integration schemes are used because it can be computationally costly to solve

equations that arise in fully implicit schemes. Here, a fully implicit scheme is

used because stiff nonlinear and higher order capillarity terms make explicit and

IMEX schemes unstable for practical time steps. Note that, because a Chebyshev

spatial discretisation is used, a full analysis of the scheme would show that it is

variational in a weighted energy space. However, because well resolved spectral

spatial discretisations give very accurate approximations of analytic solutions, it

is expected that the scheme will retain the good energy dissipation properties that

variational integration schemes have.

To introduce a stiff nonlinear term, we consider the equation,

ρwtt − β
[
wxt
(
1 + w2

x

)]
x

= γ2
(
w3
x − wx

)
x
− ε2wxxxx + f(x, t), (4.52)
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for x ∈ [−1, 1] and t ∈ [0, 1]. The forcing function, f(x, t), the initial and the

boundary conditions are chosen so that eq. (4.52) has the exact solution

w = sin (6πxt) . (4.53)

The dissipation term in eq. (4.52),[
wxt
(
1 + w2

x

)]
x
,

differs from that in eq. (4.39) because it is nonlinear. This unusual dissipation

term is chosen because in frame indifferent viscoelastic models, the dissipation

term in Lagrangian coordinates is also nonlinear (see, for example, Lew [130], Lew

et al. [131] and Chapter 2 in this thesis).

Equation (4.52) is approximated using the following temporal discretisation,

ρw
j+1−2wj+wj−1

δt2

− β w
j+1
xx −wj−1

xx

2δt

[
1 + (wjx)

2
]
− β w

j+1
x −wj−1

x

2δt
(2wjx)w

j
xx

= γ2

2

[(
wj+1
x +wjx

2

)3

−
(
wj+1
x +wjx

2

)]
x

+ γ2

2

[(
wjx+wj−1

x

2

)3

−
(
wjx+wj−1

x

2

)]
x

− ε2

4
(wj+1

xxxx + 2wjxxxx + wj−1
xxxx) + f (x, tj). (4.54)

This time discretisation can be obtained by approximating the Lagrange-D’Alembert

variational principle using the generalised midpoint rule, see Kane et al. [111],

Lew [130] and Marsden and West [147] for further details. An error analysis using

finite difference approximations in time at wj can be used to show that this scheme

is second order accurate.

A measure of the accuracy of the scheme is to check how well it conserves

energy. Testing eq. (4.52) with wt and integrating by parts in space and then

integrating in time, we find that∫ 1

−1

ρ

2
w2
t (t = T ) +

γ2

4

[
w2
x(t = T )− 1

]2
+
ε2

2
w2
xx(t = T )dx

−
∫ 1

−1

ρ

2
w2
t (t = 0) +

γ2

4

[
w2
x(t = 0)− 1

]2
+
ε2

2
w2
xx(t = 0)dx

=

∫ T

0

∫ 1

−1

−βw2
xt

(
1 + w2

x

)
+ wtfdx+ γ2(w3

x − wx)wt|1x=−1 − ε2wxxxwt|1x=−1 + ε2wxxwxt|1x=−1dt.

(4.55)
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The corresponding discrete energy equality from which eq. (4.54) is obtained, is

found by approximating the terms on the left of eq. (4.55) by

wt ≈
wj+1 − wj

δt
, wx ≈

wj+1
x + wjx

2
and wxx ≈

wj+1
xx + wjxx

2
.

The terms on the right of eq. (4.55) are approximated by

wt ≈
wj+1 − wj−1

2δt
and wxt ≈

wj+1
x − wj−1

x

2δt
.

Thus, the discrete energy equality is∫ 1

−1

ρ

2

(
wj+1 − wj

δt

)2

+
γ

4

[(
wj+1
x + wjx

2

)2

− 1

]2

+
ε2

2

(
wj+1
xx + wjxx

2

)2

dx

−
∫ 1

−1

ρ

2

(
w1 − w0

δt

)2

+
γ

4

[(
w1
x + w0

x

2

)2

− 1

]2

+
ε2

2

(
w1
xx + w0

xx

2

)2

dx

= −δt
j∑

k=1

{∫ 1

−1

β

(
wk+1
x − wk−1

x

2δt

)2 [
1 +

(
wkx
)2
]

dx

−
∫ 1

−1

f

(
wj+1 − wj−1

2δt

)
dx

− βw
j+1(1)− wj−1(1)

2δt

[
1 +

(
wjx(1)

)2
]

+ β
wj+1(−1)− wj−1(−1)

2δt

[
1 +

(
wjx(−1)

)2
]

+ γ
wj+1(1)− wj−1(1)

2δt

[(
wjxx(1)

)3 − wjxx(1)
]

− γw
j+1(−1)− wj−1(−1)

2δt

[(
wjxx(−1)

)3 − wjxx(−1)
]

+ ε2
wj+1
x (1)− wj−1

x (1)

2δt
wjxx(1)

− ε2w
j+1
x (−1)− wj−1

x (−1)

2δt
wjxx(−1)

− ε2w
j+1(1)− wj−1(1)

2δt
wjxxx(1)

+ε2
wj+1(−1)− wj−1(−1)

2δt
wjxxx(−1)

}
. (4.56)

To implement eq. (4.54) numerically, following Condette, Melcher and Süli [42]

the nonlinear terms are computed by using fixed point iterations. We shall let
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wj+1,k+1 denote iterate k+1 for w at time step j+1. Then, in these iterations, we

solve a linear boundary value problem to obtain wj+1,k+1, wj+1,k+1
xx and wj+1,k+1

xxxx

until wj+1,k+1 − wj+1,k converges to a specified tolerance in the W 2,2 norm. The

fixed point iteration scheme is

ρw
j+1,k+1

δt2
− β w

j+1,k+1
xx

2δt
+ ε2

4
wj+1,k+1
xxxx

= ρ2wj−wj−1

δt2
− β w

j−1
xx

2δt
− ε2

4
(2wjxxxx + wj−1

xxxx)

+ β w
j+1,k
xx −wj−1

xx

2δt

[
2 (wjx)

2
+ (wjx)

4
]

+ 4β w
j+1,k
x −wj−1

x

2δt

[
(wjx)

3
+ wjx

]
wjxx

+ γ2

2

[(
wj+1,k
x +wjx

2

)3

−
(
wj+1,k
x +wjx

2

)]
x

+ γ2

2

[(
wjx+wj−1

x

2

)3

−
(
wjx+wj−1

x

2

)]
x

+ f
(
x, tj

)
. (4.57)

In starting the fixed point iterations, the first iterates for w, wx and wxx are ob-

tained by extrapolation from the previous two solutions, for example, wj+1,1 =

2wj − wj−1. For this fully implicit scheme we will only use the Chebyshev in-

tegration formulation with a bordered banded matrix system. In the numerical

examples, convergence of the iterative scheme was deemed to have been achieved

once ∥∥wj,k+1 − wj,k
∥∥
W 2,2 < tol,

where tol is a set tolerance. Since the solution procedure for the linear systems

found at each iterate is the same as for the IMEX scheme detailed in the previ-

ous subsection, that discussion is not repeated here. Similarly, the second order

accurate starting values are obtained using extrapolation as shown in eqs. (4.49),

(4.50) and (4.51).

4.4.3 Numerical Convergence Results for Initial Boundary
Value Problems

In this section, the numerical convergence of Chebyshev methods to the smooth

exact travelling wave solution of eq. (4.39) given by eq. (4.40) is examined. The
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convergence of the fully implicit scheme to the solution of eq. (4.52), which has

nonlinear dissipation term, is also demonstrated.

A numerical solution to eq. (4.39) was computed using MATLAB for x ∈ [−1, 1]

and from t = 0 to t = 1 using boundary conditions from the exact solution. The

exact solution was also used to provide the initial conditions w0 and w0
t and from

these, the startup values for the numerical approximation scheme were obtained

by extrapolation. The parameter values in the simulations were ρ = 2, ε = 0.1,

β = 0.001, ω = 1 and κ = 1, and a plot of the exact solution is in Fig. 4.11.

Smaller values of ε and larger values of ρ were also tried. However, the numerical

results showed that the spectral Chebyshev integration scheme which combines

homogenous and particular solutions performs even more poorly for more realistic

values of capillarity and density, while the other schemes retained their convergence

properties. We have therefore chosen to present a comparison using these values,

even though, in typical applications ρ will be larger and ε smaller.

In these simulations, the maximum difference in the L2 andW 2,2 norms between

the exact solution and the numerical solution during the time interval of simulation

were calculated. Figures 4.12, 4.13 and 4.14 show the results for simulations done

with 1025 Chebyshev modes to assess how the accuracy and computation time

changed as the time step was reduced. For the fully implicit scheme, the tolerance

for determining convergence of the fixed point iterations was 10−14 and upto 3000

fixed point iterations were allowed – although for this comparison this limit was

never reached. Figures 4.15, 4.16 and 4.17 show the results of simulations done with

a fixed time step of 10−3 to assess how the accuracy and computation time changed

as the number of modes increased. In measuring the computational time in these

simulations, only the time required for time stepping was measured, because the

main interest is in estimating computation times for simulations which require

many time steps and for which the setup time is a negligible proportion of the

total time required.

Figure 4.12 shows that the real space Chebyshev integration method and the

preconditioned Chebyshev method are as accurate as the Chebyshev integration

method when the full linear system is solved, but Fig. 4.17 shows that they are

computationally more expensive. This is expected because the Chebyshev dif-

ferentiation matrices in spectral space are dense upper triangular matrices, the
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Figure 4.11: Exact travelling wave solution to eq. (4.39).
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Figure 4.12: L∞([0, 1];L2) error vs. time step with 1025 Chebyshev modes. In
the legend, BBI – spectral space Chebyshev integration method using the IMEX
time stepping scheme where the linear systems are solved by LU factorisation of
the bordered banded matrix; BIA – spectral space Chebyshev integration method
using the IMEX time stepping scheme where the homogeneous equation is pre-
solved analytically and then the inhomogeneous equations are solved by sparse LU
factorisation at each time step; RI – real space Chebyshev integration method using
the IMEX time stepping scheme; SD – spectral space preconditioned differentiation
method using the IMEX time stepping scheme where derivatives are obtained
by spectral differentiation matrices at each time step; BBIIMP - spectral space
Chebyshev integration method using the fully implicit time stepping scheme and
the linear systems are solved by LU factorisation of the bordered banded matrix.
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Figure 4.13: L∞([0, 1];W 2,2) error vs. time step with 1025 Chebyshev modes. In
the legend, BBI – spectral space Chebyshev integration method using the IMEX
time stepping scheme where the linear systems are solved by LU factorisation of
the bordered banded matrix; BIA – spectral space Chebyshev integration method
using the IMEX time stepping scheme where the homogeneous equation is pre-
solved analytically and then the inhomogeneous equations are solved by sparse LU
factorisation at each time step; RI – real space Chebyshev integration method using
the IMEX time stepping scheme; SD – spectral space preconditioned differentiation
method using the IMEX time stepping scheme where derivatives are obtained
by spectral differentiation matrices at each time step; BBIIMP – spectral space
Chebyshev integration method using the fully implicit time stepping scheme and
the linear systems are solved by LU factorisation of the bordered banded matrix.
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Figure 4.14: Computation time vs. time step with 1025 Chebyshev modes. In
the legend, BBI – spectral space Chebyshev integration method using the IMEX
time stepping scheme where the linear systems are solved by LU factorisation of
the bordered banded matrix; BIA – spectral space Chebyshev integration method
using the IMEX time stepping scheme where the homogeneous equation is pre-
solved analytically and then the inhomogeneous equations are solved by sparse LU
factorisation at each time step; RI – real space Chebyshev integration method using
the IMEX time stepping scheme; SD – spectral space preconditioned differentiation
method using the IMEX time stepping scheme where derivatives are obtained
by spectral differentiation matrices at each time step; BBIIMP – spectral space
Chebyshev integration method using the fully implicit time stepping scheme and
the linear systems are solved by LU factorisation of the bordered banded matrix.
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Figure 4.15: L∞([0, 1];L2) Error vs. number of Chebyshev modes with a time step
of 10−3. In the legend, BBI – spectral space Chebyshev integration method using
the IMEX time stepping scheme where the linear systems are solved by LU factori-
sation of the bordered banded matrix; BIA – spectral space Chebyshev integration
method using the IMEX time stepping scheme where the homogeneous equation is
pre-solved analytically and then the inhomogeneous equations are solved by sparse
LU factorisation at each time step; RI – real space Chebyshev integration method
using the IMEX time stepping scheme; SD – spectral space preconditioned dif-
ferentiation method using the IMEX time stepping scheme where derivatives are
obtained by spectral differentiation matrices at each time step; BBIIMP – Cheby-
shev integration method using the fully implicit time stepping scheme and the
linear systems are solved by LU factorisation of the bordered banded matrix.
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Figure 4.16: L∞([0, 1];W 2,2) Error vs. number of Chebyshev modes with a time
step of 10−3. In the legend, BBI – spectral space Chebyshev integration method
using the IMEX time stepping scheme where the linear systems are solved by
LU factorisation of the bordered banded matrix; BIA – spectral space Chebyshev
integration method using the IMEX time stepping scheme where the homoge-
neous equation is pre-solved analytically and then the inhomogeneous equations
are solved by sparse LU factorisation at each time step; RI – real space Chebyshev
integration method using the IMEX time stepping scheme; SD – spectral space pre-
conditioned differentiation method using the IMEX time stepping scheme where
derivatives are obtained by spectral differentiation matrices at each time step;
BBIIMP – spectral space Chebyshev integration method using the fully implicit
time stepping scheme and the linear systems are solved by LU factorisation of the
bordered banded matrix.
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Figure 4.17: Computation time vs. number of Chebyshev modes with a time step
of 10−3. In the legend, BBI – spectral space Chebyshev integration method using
the IMEX time stepping scheme where the linear systems are solved by LU factori-
sation of the bordered banded matrix; BIA – spectral space Chebyshev integration
method using the IMEX time stepping scheme where the homogeneous equation is
pre-solved analytically and then the inhomogeneous equations are solved by sparse
LU factorisation at each time step; RI – real space Chebyshev integration method
using the IMEX time stepping scheme; SD – spectral space preconditioned dif-
ferentiation method using the IMEX time stepping scheme where derivatives are
obtained by spectral differentiation matrices at each time step; BBIIMP – Cheby-
shev integration method using the fully implicit time stepping scheme and the
linear systems are solved by LU factorisation of the bordered banded matrix.
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Chebyshev integration matrices in real space are dense and full, but the Cheby-

shev integration matrices in spectral space are sparse. Surprisingly, the actual

computational cost of solving the bordered banded matrix system that immedi-

ately satisfies the boundary conditions was less than first pre-solving to obtain

homogeneous solutions and then repeatedly solving banded systems for particular

solutions to which linear combinations of the solutions to the homogeneous equa-

tion were added to satisfy the boundary conditions. The reason for the difference is

that the computational cost of adding the homogeneous solutions to the particular

solution outweighs the savings in solving a banded matrix system.

Figures 4.12, 4.13 and 4.14 show that for a given time step, when less than 129

discretisation points are used, it is faster to use the real space Chebyshev integra-

tion method, than the spectral space Chebyshev integration method. This is not

surprising since as explained by Canuto et al. [31, p. 90], it can be computationally

quicker to use the matrix multiply version of the Fourier transform instead of the

Fast Fourier Transform when solving small problems. Although the fully implicit

scheme is computationally more costly than the IMEX schemes, it has better L2

accuracy. In particular, for a time step of 10−4, the implicit scheme is five times

more accurate in the L2 norm than the IMEX scheme but it only takes twice as

long to compute. Figures 4.13 and 4.14 show that the conclusions in the W 2,2

norm have similar trends provided the time step is not too small or too large. One

exception to this is that the W 2,2 error for the real space Chebyshev integration

method begins to increase once the time step is less than 0.5× 10−3 due to finite

precision effects. These are made worse by the large number of operations required

for dense matrices.

Again, examining Figs. 4.12 and 4.13 we find that combining solutions of the

homogeneous boundary value problem with the solution of the inhomogeneous

boundary value problem solved at each time step gives poor accuracy when the

time step is less than 10−3 – thus when using these methods particular care should

be taken to ensure that an accurate solution method is used. The reason for

the poor accuracy in the time dependent case when combining solutions of the

homogeneous boundary value problem with the solution of the inhomogeneous

boundary value problem, is that the rounding errors obtained when satisfying

the boundary conditions at each time step accumulate – we note that the initial
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curve has a second order convergence rate, and then displays the characteristic ‘U’

shape that is typically observed when rounding errors dominate. The reason for

the poor accuracy is not that the diagonal banded portion of the matrix system

is not strictly diagonally dominant – it is known that linear systems that are

strictly diagonally dominant can be solved in a numerically stable manner (see, for

example,, Higham [94, p. 170]), for linear systems that are not strictly diagonally

dominant, it is in general difficult to prove that the resulting system can be solved

in a numerically stable manner. This is because all three implementations of

the Chebyshev integration method discussed here were equally accurate for the

linear boundary value problem eq. (4.38), which has a similar structure to the

boundary value problem solved at each time step when the time step is small.

We conclude that for boundary value problems, there is no time integration, so

the effect of rounding errors created by enforcing the boundary conditions does

not grow. Higham [94, p. 79] explains that it is possible to use compensated

summation to reduce the cumulative effect of rounding errors when obtaining

multiplicative coefficients for the homogeneous solutions and adding them to the

particular solution. We have not investigated the effectiveness of compensated

summation because it depends on how floating point operations are implemented,

and so this is not a portable method for reducing the effects of rounding errors.

Figures 4.15, 4.16 and 4.17 show how the computational accuracy and compu-

tational time vary as the number of modes is increased. Again, it is fastest to use

the spectra space Chebyshev integration method and solve the bordered banded

matrix system rather than to obtain a particular solution to which solutions of the

homogeneous boundary value problem are added. When more than 256 Cheby-

shev modes are used, it is more computationally costly to use the spectral space

preconditioned differentiation Chebyshev method with spectral differentiation in

the IMEX time stepping schemes.

A particularly interesting feature in Figs. 4.15 and 4.16 is that, as the number

of modes is increased, a smaller time step is not required to ensure the stability of

the IMEX schemes. Greengard [86] has hinted that the spectral space Chebyshev

integration method may overcome the time step restrictions for explicit time step-

ping schemes using the real space Chebyshev differentiation method pointed out by

Trefethen and Trummer [199] and Weideman and Trefethen [210]. Trefethen and
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Embree [198, p. 287] review the stability of spectral spatial discretisations of initial

boundary value problems and show that due to small perturbations due to finite

precision arithmetic, the solutions to linear systems obtained during time stepping

with real space Chebyshev differentiation matrices are poor approximations of the

actual solutions. Trefethen and Embree [198] show that only very small perturba-

tions are needed to make large Chebyshev differentiation matrices singular. The

Chebyshev spectral integration matrices used here are not normal, but their eigen-

values and singular values are clustered near the origin in such a manner that, as

the size of the discretisation grows, the largest eigenvalues and singular values are

bounded independently of the size of the discretisation. This would suggest that,

provided the resulting linear systems are solved accurately, IMEX time stepping

methods using Chebyshev integration matrices will have stability properties that

are independent of the spatial resolution.

Finally, we examine the fully implicit scheme with a nonlinear dissipation term.

For these simulations, the tolerance to stop iterative refinement was 10−15 and the

maximum number of allowed iterations was 30, 000. The maximum number of

allowed iterations which was reached only when 4097 modes were used. Figure

4.18 shows the exact solution to eq. (4.52) given by eq. (4.53) plotted over the

simulation time. Figures 4.19 and 4.20 demonstrates second order convergence of

the implicit scheme in eq. (4.54). The residual at a particular timestep j is defined

as

res(j) =ρw
j+1−2wj+wj−1

δt2
− β w

j+1
xx −wj−1

xx

2δt

[
1 + (wjx)

2
]
− β w

j+1
x −wj−1

x

2δt
(2wjx)w

j
xx

− γ2

2

[(
wj+1
x +wjx

2

)3

−
(
wj+1
x +wjx

2

)]
x

− γ2

2

[(
wjx+wj−1

x

2

)3

−
(
wjx+wj−1

x

2

)]
x

+ ε2

4
(wj+1

xxxx + 2wjxxxx + wj−1
xxxx) + f (x, tj), (4.58)

and in Fig. 4.21 we plot the L∞([0, 4];L2) norm of res(j). Figure 4.21 shows that

the residual when satisfying the equations for the implicit time stepping scheme

(eq. (4.54)) increases as the time step decreases and also as the number of modes

used increases – this is due to errors in performing finite precision arithmetic

operations. Together, Figs. 4.19, 4.20 and 4.21 show that to perform accurate

simulations, greater than second order accurate time stepping schemes will be

very useful. Figure 4.22 demonstrates that energy is approximately conserved by
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Figure 4.18: Exact solution to eq. (4.52) given by eq. (4.53) .
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Figure 4.19: Temporal convergence results for the fully implicit scheme eq. (4.54)
for the numerical solution of the initial boundary value problem with nonlinear
dissipation given in eq. (4.52).
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Figure 4.20: Temporal convergence results for the fully implicit scheme eq. (4.54)
for the numerical solution of the initial boundary value problem with nonlinear
dissipation given in eq. (4.52).
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Figure 4.21: The maximum in time as a function of timestep value of the L2 norm
of the residual in satisfying the fully implicit scheme eq. (4.54) for the numerical
solution of the initial boundary value problem with nonlinear dissipation given in
eq. (4.52).
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Figure 4.22: Demonstration that the variational scheme exhibits conservation
of energy when approximating eq. (4.52) using a timestep of 10−4 and 1025

Chebyshev modes. The dissipation is given by
∫ T

0

∫ 1

−1
βw2

xt(1 + w2
x)dxdt, the total

energy by
∫ 1

−1
ρ
2
w2
t + γ

4
(w2

x − 1)
2

+ ε2

2
w2
xxdx and the work done by

∫ T
0

∫ 1

−1
fwtdxdt.

To check whether conservation of energy holds, we check that

Total Energy + Dissipated energy - Work done = Constant.
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the numerical method. In these simulations 1025 Chebyshev modes were used and

the physical parameters were ρ = 1.0, ε = 10−1 and β = 1.0.

4.5 Discussion

The work contained in this chapter has been numerical. The numerical methods

used appear to be stable and convergent, but this has not been proved. A proof of

stability and convergence would be a useful addition. Perhaps more importantly,

a careful study of errors introduced by finite precision arithmetic will indicate how

to obtain good results

We have used fixed time stepping schemes in comparing the different collocation

Chebyshev methods. The equations for viscoelastic dynamics with small capillarity

can exhibit long lived metastable states. For such equations, significant reductions

in computation times can be obtained by using adaptive time stepping. It is

possible to obtain an adaptive scheme using the implicit method to advance the

solution in time and the IMEX method to construct an alternative solution. The

difference between the numerical solutions obtained by the two schemes can be

used to estimate the error due to the time stepping. The time step can then be

adjusted to keep the error for each advancement of the numerical solution below a

user determined threshold – the Milne device, a full description of which is given in

Iserles [101, p. 107]. Preliminary tests indicate using the Milne device is effective

in the one dimensional case, and it is worthy of further investigation. A rigorous

error analysis is required to determine the overall accuracy of the scheme and

whether it is suitable in the multi-dimensional case.

We have only examined collocation and pseudospectral methods. These have

errors due to aliasing. In collocation, the residual at the discretisation points is

made to be zero – this introduces unresolved high frequencies which implies that

the solution obtained is not quite as good as the best approximation in the natural

Chebyshev norm even though it has the same order of accuracy. Similarly when

nonlinear terms are computed by pseudospectral methods, unresolved high fre-

quencies are introduced which imply that the approximation is not quite as good

as the best approximation in the natural Chebyshev norm. To get the best ap-

proximation in the Chebyshev norm, Galerkin methods should be used. However,
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our results indicate that since the Chebyshev integration formulation in spectral

space is sparse, for a wide range of problems, it is computationally feasible to

obtain accuracy that is correct to machine precision. Shen [183] has shown that

sparse Chebyshev Galerkin approximations can be constructed using some of the

relationships between Chebyshev polynomials that were used in the construction

of the Chebyshev integration method. Unfortunately, Shen’s [183] algorithm scales

like O(N2) for a one dimensional fourth order problems and is ill-conditioned, so

cannot be used for high resolution simulations. It seems likely that a Galerkin

implementation of the Chebyshev integration method similar to that used by Ze-

bib [217] would be well conditioned and would also scale like O(N logN), provided

that any nonlinear terms could be solved using a scalable iterative procedure, such

as the fixed point implementation in eq. (4.57). We leave the exploration of this

idea for future work.

4.6 Conclusion

The spectral space Chebyshev integration method allows one to obtain high reso-

lution simulations to semilinear initial boundary value problems on finite nonpe-

riodic intervals with time dependent boundary conditions. If less than 100 modes

are required and accurate results in the L2 norm are needed, the standard real

space Chebyshev differentiation method is easiest to use. If less than 100 modes

are required and accurate results in the W 2,2 norm are needed, the real space

Chebyshev integration method is most appropriate. If high resolution simulations

are required, and the function only needs to be approximated correctly in the

L2 norm, then the preconditioned Chebyshev differentiation method is the best

method to apply. When a wide range of scales are present in smooth solutions to

high-order initial boundary value problems and spatial derivatives of the function

need to be estimated, then the spectral space Chebyshev integration method is

the most appropriate method to use for numerical investigation of these solutions.

An optimised implementation of the Chebyshev integration method will soon be

a part of the NAG library.
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Chapter 5

Suggestions of Convergence from
Computations of Regularised
Variational Models in Materials
Science: The Aviles-Giga and
Kohn-Müller Models

Abstract

We show how the Aviles-Giga and Kohn-Müller models arise as simplified two-

dimensional scalar models for viscoelastic solid dynamics with capillarity. We

then examine how minimisers of these models behave as the capillarity parameter

becomes very small. We show that for the Aviles-Giga functional with boundary

conditions that are not zero, the minimiser obtained in the vanishing capillarity

limit can differ from the minimiser obtained by assuming equipartition of energy

and then taking the vanishing capillarity limit. The example implies that for con-

vex domains with non-constant boundary conditions, the Aviles-Giga conjecture is

false. For the Kohn-Müller model, we demonstrate that it is possible to compute

that the scaling of the total energy is proportional to two thirds of the capillarity,

when the capillarity is small enough. The results suggest that it may be possible

to estimate convex hulls of non-convex energies numerically – in the vectorial case

similar ideas may allow estimation of the quasi-convex and rank-one convex hulls

of non-convex energies numerically.
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5.1 Introduction

There are several mathematical methods for understanding solutions to non-convex

variational problems that arise in models for materials. The first is the method

of viscosity solutions which is described in among others Crandall et al. [51],

Evans [77, p. 539], Dacorogna and Marcellini [54, p. 15, 59] and Lions [137], in

which a maximum principle is used to define limiting solutions in terms of coin-

cidences of super-solutions and sub-solutions; the original method did this for a

regularisation obtained by adding a linear second-order gradient term to transform

a nonlinear equation in a first gradient to a semilinear equation. As explained by

Dacorogna and Marcellini [54, p. 95], the method of viscosity solutions suffers

from the fact that it does not generalise well to problems in more than one dimen-

sion and there are examples for which there is no viscosity solution. The second

method is referred to as convex integration, and an introduction to this can be

found in Dacorogna and Marcellini [54, p. 17]. In this case no regularisation is

assumed and, instead, one seeks to build sequences of approximate solutions of a

variational problem and then show that for a range of boundary conditions it is

possible for these approximate solutions to converge to a suitable weak solution of

the variational problem. The third method Dacorogna and Marcellini [54] describe

is the main focus of their text, the Baire category method. The idea here is to

find a relaxed notion of a non-convex variational problem and then use a density

argument to show that the relaxed problem can be approximated by a sequence of

solutions to the original non-convex problem. A fourth method is Γ–convergence,

in which one shows convergence in energy of solutions to a regularised non-convex

variational problem to the original non-convex problem without regularisation, an

introduction to this method can be found in Braides [30].

The approach we use here differs because it is primarily computational, but is

closest in spirit to the viscosity and Γ–convergence methods. Motivated by a series

of studies by Tadmor and his co-authors [37, 87, 143, 144, 190], we will refer to

our method as the vanishing capillarity method. In many cases of physical interest

for which a non-convex functional is being minimised, there is often a regularising

singular perturbation term. This term typically involves a small length scale and
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in the past, most effort has been expended on finding solutions to problems with-

out resolving the effects of the singular perturbation term. Today, computational

power has advanced enough that it is now sometimes possible to obtain numerical

solutions to these problems, resolving many of the effects due to the singular per-

turbation. Computations can help in showing if solutions to singularly perturbed

problems converge to specially selected solutions of the unregularised problems –

simulations can also show how this convergence occurs. As explained by Conti

et al. [47], this is a challenging numerical problem, for which standard finite ele-

ment methods have so far not provided great insight. We shall therefore illustrate

how spectral methods can capture asymptotic behaviour for singularly perturbed

problems in simplified settings that have been partially analysed. In particular

we shall examine numerical solutions to the Aviles-Giga [8] functional and to the

Kohn-Müller [120, 121] model for branching in martensites. In both these cases we

consider scalar functions, w, that depend on two dimensions, that is w : R2 → R.

In this first section we will show how these functionals arise in solid mechanics.

In the following sections, results of some simulations which demonstrate when it

is possible to converge to a sharp interface model when the regularisation is very

weak are provided.

5.2 The Reduction from Three-Dimensional Ge-

ometrically Nonlinear Viscoelastic Models to

Scalar Two-Dimensional Dynamical Viscoelas-

tic Models

The Aviles-Giga and Kohn-Müller energy functionals are two-dimensional scalar

models. Two-dimensional scalar models can arise in finite elasticity as anti-plane

shear deformations which have the form U = (x, y, z + w(t, x, y)), in which w is

the out-of-plane displacement. We find that the deformation gradient tensor is

F =

 1 0 0
0 1 0
wx wy 1

 ,
for which detF = 1, so the deformation is incompressible.

137



To obtain dynamical equations for anti-plane shear, we shall first determine

what a three-dimensional frame-indifferent viscous dissipation term reduces to.

Since anti-plane shear motions are incompressible, the frame-indifferent dissipation

potential given in Demoulini [61] and the frame-indifferent dissipation potential

given in eq. (2.4) are the same. To calculate the viscosity in the resulting equations

of motion, we first find that

Ft =

 0 0 0
0 0 0
wxt wyt 0


and then that

τ =

 0 0 wxt
0 0 wyt
wxt wyt −wxwxt − wywyt


and hence that

∇·τ = (0, 0,∆wt). (5.1)

This shows that a frame-indifferent dissipation potential can lead to a much simpler

linear dissipation term for an anti-plane shear deformation. Consequently, we shall

use a linear dissipation term for the models studied in this section.

5.3 The Aviles-Giga Energy Functional

There are many studies of minimisers of the Aviles-Giga functional. We will not

give a full review here, but relevant studies include Aviles and Giga [8, 9], Conti

and De Lellis [46], DeSimone et al. [62], Ercolani and Taylor [75], Ercolani and

Venkatarami [76], Jin and Kohn [108], Glassner [83], Ortiz and Gioia [158], Poli-

akovsky [168] and Swart and Holmes [188]. Conti and De Lellis [46] give a short

historical overview of work on understanding asymptotic behaviour for the Aviles-

Giga energy functional. We now consider how frame-indifferent strain energy po-

tentials can give rise to the Aviles-Giga energy functional. The Green strain tensor

in anti-plane shear is,

ENL =

 w2
x wywx wx

wywx w2
y wy

wx wy 0

 .
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Using this in the strain energy function below, we find that

1
4

[Tr(ENL)− 1]2 = 1
4

(
w2
x + w2

y − 1
)2
.

The strain energy function [Tr(ENL)− 1]2 can be obtained from the three-dimensional

model in eq. (2.7) by setting b = c = d = e = 0 and f = 1/4. This strain energy

function is polyconvex as a function of ENL because it satisfies the conditions

given by Ball [11, Thm. 5.2] as can be verified by observing that Tr(ENL) =

λ1 + λ2 + λ3 − 3, where λi are the singular values of the Cauchy-Green strain

tensor – this strain energy function is not polyconvex as a function of F . The

corresponding simplified energy for the anti-plane shear motion is∫
ρ
2
w2
t + 1

4

(
w2
x + w2

y − 1
)2

+ ε2

2
(∆w)2 dxdy. (5.2)

When wt = 0, and after dividing by ε, this energy functional corresponds to the

Aviles-Giga functional, for which a question of current interest is the Γ-limit as

ε→ 0, see for example, Aviles and Giga [8], Conti and DeLellis [46] and DeSimone

et al. [62]. The equation of motion is obtained by using the Lagrange D’Alembert

principle with the energy,∫ ∫
ρ
2
w2
t + 1

4

(
w2
x + w2

y − 1
)2

+ ε2

2
(∆w)2 dxdydt

and the dissipation potential, 1
2
|∇wt|2, to get

ρwtt − β∆wt =
[
wx(w

2
x + w2

y − 1)
]
x

+
[
wy(w

2
x + w2

y − 1)
]
y
− ε2∆2w. (5.3)

Hoffman and Rybka [95, 96] show this equation is well posed and that solutions

to this equation converge to stationary points of the underlying energy. Hence, by

solving this equation numerically, we can find stationary points of the associated

static energy given in eq. (5.2).

We will use the Avies-Giga functional to show that computations can illustrate

how the convergence of regularised smooth interface model to a sharp interface

model occurs as the regularising parameter is made weaker. The standard Aviles-

Giga energy functional is∫
1
4ε

(w2
x + w2

y − 1)2 + ε
2

(∆w)2 dxdy. (5.4)
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The Aviles-Giga conjecture is that as ε → 0, for suitable boundary conditions

and convex domains, minimisers of eq. (5.4) converge to solutions of the eikonal

equation,

w2
x + w2

y = 1

which minimise the energy concentrated along one-dimensional interfaces given by∫
J∇w

√
2

12
|[∇w]|3 dH1, (5.5)

where [·] is the jump in the value of a piecewise continuous function, H1 is the 1

dimensional Hausdorff measure and J∇w is the set where ∇w jumps.

To understand this conjecture, we shall follow Ortiz and Gioia [158]. First,

let us assume that interfaces are one-dimensional, in particular wx = 0. At a

stationary point, the energy functional in eq. (5.2) reduces to∫
1
4

(
w2
y − 1

)2
+ ε2

2
w2
yydxdy. (5.6)

If there is only one interface, then far away from the interface wy ≈ ±1 and

wyy ≈ 0. Under these assumptions the solution to the Euler-Lagrange equation is

given by

wy(x, y) = tanh
(

y√
2ε

)
.

In the limit ε → 0, the energy per unit length of interface in the y direction is

given by
2
√

2ε
3
. (5.7)

From this, the total energy of the system divided by ε can be obtained by counting

the length of the interfaces as demonstrated in eq. (5.5). To understand why the

energy depends on |[∇w]|3, we observe that the Euler-Lagrange equation implies

that the energy contributions from the strain energy term and the capillarity term

are equal, that is throughout the domain,

1
4

(
w2
y − 1

)2 ≈ ε2

2
w2
yy.

To derive this result, we observe that the Euler-Lagrange equation is[
wy
(
w2
y − 1

)]
y

= ε2wyyyy.
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Integrating this once and using the fact that wy → ±1 away from the interface,

we find that

wy
(
w2
y − 1

)
= ε2wyyy.

Multiplying by wyy and integrating again, we find that

1
4

(
w2
y − 1

)2
= ε2

2
w2
yy,

as claimed, which implies that

dy =

√
2ε

1− w2
y

dwy.

Using these identities, we find that the energy of an interface is now given by∫ ∞
−∞

1
4

(
w2
y − 1

)2
+ ε2

2
w2
yydy

=

∫ ∞
−∞

1
2

(
w2
y − 1

)2
dy

=

∫ 1

−1

ε√
2

(
1− w2

y

)
dwy

= ε√
2

[
wy − 1

3
w3
y

]1
−1

= 2
√

2ε
3
.

Ortiz and Gioia [158] have used the idea that the interfaces are one-dimensional

and that interfaces far enough apart do not interact, to find approximate solutions

to the original fourth-order problem. Unfortunately, this assumption does not

recognise that solutions of the eikonal equation obtained in the vanishing capillarity

limit are quite rigid. By rigid, we mean that the structure of the nonlinear term

is such that it prevents the formation of microstructure – this idea is explained in

DeSimone et al. [62], but was not known to Ortiz and Gioia [158] at the time they

were writing their article. This implies that the assumption of non-interacting one-

dimensional interfaces may not always be true. In a series of articles, Ercolani and

his co-authors [74, 75, 76] have used the assumption of a pointwise equipartition

of energy, without assuming one-dimensionality, to reduce the solution of finding

critical points of the Aviles-Giga functional to finding solutions of

1
4ε

(w2
x + w2

y − 1)2 = ε
2

(∆w)2 ,

141



or after a slight re-arrangement

w2
x + w2

y − 1 = ±
√

2ε∆w.

In the limit ε → 0, for a bounded smooth convex and connected domain, this

equation has the viscosity solution given by

w(x, y) = ± min
(x̂,ŷ)∈∂Ω

{w(x̂, ŷ) + |x̂− x|+ |ŷ − y|} , (5.8)

where ∂Ω is the boundary of the domain for which Dirichlet boundary conditions

given in w(x̂, ŷ) taken from the original fourth-order boundary value problem are

used. For this viscosity solution to be applicable, it is required that the boundary

conditions are compatible with the constraint that the absolute value of the gradi-

ent is less than or equal to one. It is also required that the second set of boundary

conditions in the original fourth-order boundary value problem are asymptotically

consistent with the resulting limiting solution.

Our computations will show that when the interfaces are one-dimensional, they

have the scaling predicted in eq. (5.7). We will also show that there are boundary

conditions for which the energy is not always equipartitioned pointwise. The com-

putations suggest that to understand the limiting functional and function spaces

in these cases, one needs to determine how to characterise the behaviour of the

pointwise concentrations observed for small but finite ε. Ercolani and Venkatara-

mani [76] have made a first step in this direction by extending the ideas of Jin and

Kohn [108] to construct ansatz free lower bounds that allow for point defects.

Figures 5.1–5.6 show critical points found by solving eq. (5.3) numerically.

In both cases, periodic boundary conditions are used in one direction and fixed

boundary conditions are used in the other. The simulations were done using a

Fourier-Chebyshev pseudo-spectral discretisation and parallelised using OpenMP

to take full advantage of the power available on multicore laptop and desktop ma-

chines. In all cases, the semi-implicit time stepping scheme described in Chapter 4

was used to advance in time from the initial iterate with zero initial velocity. The

simulations were done using 128×129, 256×257 or 512×513 grid points and a time

step of 0.01. The simulations were stopped once the energy showed changes that

were less than can accurately be resolved in double precision arithmetic. While
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not a proof that this implies a local minimum of the energy has been found, it is

strong evidence since numerical perturbations are likely to prevent critical points

that are not local minima persisting for very long times.

In all the simulations we ran, for the boundary conditions shown, only two

possible end states were found. The end states were very similar and differed

primarily in whether the function was mostly positive or mostly negative1. Figures

5.1 and 5.2, show that the function values of the numerical solutions are close to

those of the viscosity solution. In this case, the fact that we are not working with

a bounded convex set implies that the viscosity solution given in eq. (5.8) may be

inappropriate. However, the solution has no dependence in the x direction, and so

is one-dimensional, and hence effectively lives on a bounded convex set.

Table 5.1 shows the energy of the minimal solutions. For the boundary condi-

tions, w(y = ±1) = 0, there is equipartition of energy between the strain energy

term and the higher order gradient terms. The predictions of the scaling of the

energy in this case from the simple ansatz in eq. (5.7) are also very accurate, for

example, 2
√

2ε
3

is equal to 0.00943 when ε = 0.01 and is equal to 0.0471 when

ε = 0.05

Figures 5.3 to 5.7 have non-zero boundary conditions at y = ±1. The motiva-

tion for looking at these boundary conditions is that for non-convex sets, Aviles

and Giga [9], and Jin and Kohn [108] have shown that vanishing viscosity and

vanishing capillarity can pick out different solutions because the defect set may

no longer be one-dimensional. We want to show that the same effect occurs in

convex domains for nonzero, but still admissible boundary conditions. In this

case we find that although the energy does concentrate on the interfaces, it is not

equipartitioned pointwise, hence the vanishing viscosity solution differs from the

vanishing capillarity solution. We2 can use eq. (5.8) to find the viscosity solution

fairly easily. In the case under consideration, the boundary condition is given by

w(x,±1) = A sin(2πx).

1In contrast, for simulations of the anisotropic Aviles-Giga functional
∫ (
u2
x + δu2

y − 1
)2 +

ε2 (∆u)2 dxdy introduced by Jin and Kohn [108], with δ 6= 1 and δ > 0 there were a multitude
of local minimisers.

2I am indebted to R. Kohn for suggesting the method of calculation of the viscosity solution
used here.
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(b) Final iterate. Colours show the func-
tion, w.
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(c) Viscosity solution.
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(e) Contour plot of interface energy term
ε2

2 (∆w)2 in the final iterate.
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(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.1: The global minimum for the Aviles-Giga functional given in eq. (5.4)
obtained by simulating the equations of motion given in eq. (5.3) with ρ = 1.0,
β = 1.0 and ε = 0.05. The function has boundary conditions w(y = ±1) = 0 and
wyy(y = ±1) = 0.
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(a) Initial iterate. Colours show the func-
tion, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Viscosity solution.
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final iterate.
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(e) Contour plot of interface energy term
ε2

2 (∆w)2 in the final iterate.
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(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.2: The global minimum for the Aviles-Giga functional given in eq. (5.4)
obtained by simulating the equations of motion given in eq. (5.3) with ρ = 1.0,
β = 1.0 and ε = 0.01. The function has boundary conditions w(y = ±1) = 0 and
wyy(y = ±1) = 0.
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(c) Contour plot of 1
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final iterate.
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(d) Contour plot of interface energy term
ε2

2 (∆w)2 in the final iterate.
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(e) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.3: The global minimum for the Aviles-Giga functional given in eq. (5.4)
obtained by simulating the equations of motion given in eq. (5.3) with ρ = 1.0,
β = 1.0 and ε = 0.05. The function has boundary conditions w(y = ±1) =
−0.005 sin(2πx) and wyy(y = ±1) = 0.
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(a) Initial iterate. Colours show the func-
tion, w.

(b) Final iterate. Colours show the func-
tion.
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(c) Contour plot of 1
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final iterate.
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(d) Contour plot of interface energy term
ε2

2 (∆w)2 in the final iterate.
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(e) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.4: The global minimum for the Aviles-Giga functional given in eq. (5.4)
obtained by simulating the equations of motion given in eq. (5.3) with ρ = 1.0,
β = 1.0 and ε = 0.01. The function has boundary conditions w(y = ±1) =
−0.005 sin(2πx) and wyy(y = ±1) = 0.
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(b) Final iterate. Colours show the func-
tion, w.
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(c) Contour plot of 1
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x + w2
y − 1)2 in the

final iterate.
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(d) Contour plot of interface energy term
ε2

2 (∆w)2 in the final iterate.
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ferent energy components.

Figure 5.5: The global minimum for the Aviles-Giga functional given in eq. (5.4)
obtained by simulating the equations of motion given in eq. (5.3) with ρ = 1.0,
β = 1.0 and ε = 0.05. The function has boundary conditions w(y = ±1) =
−0.05 sin(2πx) and wyy(y = ±1) = 0.
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(b) Final iterate. Colours show the func-
tion, w.
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final iterate.
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(d) Contour plot of interface energy term
ε2

2 (∆w)2 in the final iterate.
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Figure 5.6: The global minimum for the Aviles-Giga functional given in eq. (5.4)
obtained by simulating the equations of motion given in eq. (5.3) with ρ = 1.0,
β = 1.0 and ε = 0.01. The function has boundary conditions w(y = ±1) =
−0.05 sin(2πx) and wyy(y = ±1) = 0.
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(a) Initial iterate. Colours show the func-
tion, w.

(b) Final iterate. Colours show the func-
tion, w.
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(c) Contour plot of 1
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final iterate.
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(d) Contour plot of interface energy term
ε2

2 (∆w)2 in the final iterate.
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Figure 5.7: The global minimum for the Aviles-Giga functional given in eq. (5.4)
obtained by simulating the equations of motion given in eq. (5.3) with ρ = 1.0,
β = 1.0 and ε = 0.0025. The function has boundary conditions w(y = ±1) =
−0.05 sin(2πx) and wyy(y = ±1) = 0.
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In all the cases considered in Figs. 5.3 to 5.7, A is small enough that 2Aπ sin(2πx) <

1 and as a result, we also find that x̂ = x and so the viscosity solution is given by

||y| − 1| .

The viscosity solution does not satisfy the boundary condition in a classical sense

– this behaviour of viscosity solutions is described by Crandall et al. [51] in the

one-dimensional case.

To further demonstrate that the solutions picked out by vanishing viscosity

differ from vanishing capillarity solution of the Aviles-Giga functional, we shall

calculate the solutions with finite viscosity given by,

w2
x + w2

y − 1 = −
√

2ε∆w,

with periodic boundary conditions in the x direction with period one and the

boundary conditions w(x, y = ±1) = A sin(2πx), where A is a constant. Following

Newell et al. [155], we shall suppose that the solution for ε > 0 is smooth and

bounded – the calculations show that this is indeed correct. We can therefore use

the transformation

w =
√

2ε log (ŵ) , (5.9)

to find that ŵ satisfies

ŵ − 2ε2∆ŵ = 0, (5.10)

and the Dirichlet boundary condition transforms to

ŵ(x, y = ±1) = exp

(
A sin(2πx)√

2ε

)
.

We note that eq. (5.10) has non-trivial solutions only when non-zero Dirichlet

boundary conditions are specified, this will always be the case since eq. (5.9) will

give zero boundary conditions for ŵ if w(x, y = ±1) = −∞, which is unrealistic.

Since ŵ is periodic in the x direction and symmetric in the y direction, we can

find its solution in terms of the Fourier series,

ŵ = α0

cosh
(

y

ε
√

2

)
cosh

(
1
ε
√

2

) +
∞∑
k=1

αk sin(2kπx)
cosh

[
y
√

1
2ε2

+ 4k2π2
]

cosh
[√

1
2ε2

+ 4k2π2
] .
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The constants αk are given by,

α0 =

∫ 1

0

exp

[
A sin(2πx)√

2ε

]
dx and αk = 2

∫ 1

0

exp

[
A sin(2πx)√

2ε

]
sin(2kπx)dxdy.

We evaluated these constants by numerical integration to find an approximation

to the viscosity solution given by

w =
√

2ε log

α0

cosh
(

y

ε
√

2

)
cosh

(
1
ε
√

2

) +
∞∑
k=1

αk sin(2kπx)
cosh

[
y
√

1
2ε2

+ 4k2π2
]

cosh
[√

1
2ε2

+ 4k2π2
]
 . (5.11)

Figure 5.8 shows the resulting solutions. The solutions of eq. (5.10) in Fig. 5.8 are

similar to the corresponding minimisers of the Aviles-Giga functional found nu-

merically in Figs. 5.1, 5.3 and 5.4. Both solutions have gradients that have norm

close to one and have a concentration of energy along a single one-dimensional

interface. However, the solutions are not exactly the same. The Aviles-Giga func-

tional has sharper concentrations of energy compared to the viscosity solutions

with exactly the same parameters. This shows that there are admissible bound-

ary conditions where vanishing viscosity (assuming equipartition of energy) and

vanishing capillarity pick out very different states.

A further observation is that the interfaces become sharper as ε is reduced,

but in Fig. 5.5 and 5.6, the reduction in the size of the interface is not as large as

compared to Figs. 5.1 and 5.2 for which the influence of the boundary values on

the solution is greater. This is because as explained by Ercolani and Venkatara-

mani [76] in a related Aviles-Giga model, when ε is small enough relative to the

lengthscale at the boundary, the topology of the level sets for the elastic energy

changes and the interfaces do actually become sharper as observed in Figs. 5.3 and

5.4. In comparing Figs. 5.3 and 5.5, we anticipate that in the limit of ε→ 0, a mea-

sure of interfacial energy that depends on the location along the one-dimensional

interface will be required to fully describe the limiting system for boundary con-

ditions that vary as a function of x. Such a measure cannot solely be related to

the jump of the gradient across the interface. We conclude that the Aviles-Giga

conjecture is only likely to be true for special choices of domains and boundary

conditions, the reason for this is that as shown in Fig. 5.7, energy concentrates on

points and lines, not just on lines.
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(a) A plot showing a solution to eq.
(5.10) with w(y = ±1) = 0.
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(b) A plot showing
1
4 (w2

x + w2
y − 1)2 = ε2

2 (∆w)2 for a solu-
tion to eq. (5.10) with w(y = ±1) = 0.

(c) A plot showing a solution to eq. (5.10)
with w(y = ±1) = −0.005 sin(2πx).
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(d) A plot showing
1
4 (w2

x + w2
y − 1)2 = ε2

2 (∆w)2 for
a solution to eq. (5.10) with
w(y = ±1) = −0.005 sin(2πx).

(e) A plot showing a solution to eq. (5.10)
with w(y = ±1) = 0.05 sin(2πx).
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(f) A plot showing
1
4 (w2

x + w2
y − 1)2 = ε2

2 (∆w)2 for
a solution to eq. (5.10) with
w(y = ±1) = −0.05 sin(2πx).

Figure 5.8: Finite viscosity solutions to eq. (5.10) obtained with ε = 0.05.
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DeSimone et al. [62] explain that to prove the Aviles-Giga conjecture, one needs

to show that

i. the Γ–limit is infinite unless ∇w = 1 almost everywhere

ii. the proposed sharp interface limit 1
3
|∇w| is correct

iii. the asymptotic energy lives on a one dimensional defect set, and so lower

dimensional singularities carry no energy.

The numerical calculations indicate that the first point is correct, but the third

one is not since Fig. 5.7 shows that energy can concentrate on points – Lorent [138]

has also observed that energy can concentrate on points for circular domains with

zero Dirichlet boundary conditions. To illustrate that the second point is correct,

we sketch a construction for an upper bound and prove a lower bound for the

energy which achieve the scaling. The proof for the lower bound follows Jin and

Kohn [108].

Lemma 5.3.1. With the boundary conditions

w(x, y = 1) = w(x, y = −1) = −0.05 sin(2πx),

w(x, y = 1)yy = w(x, y = −1)yy = 0

and periodic boundary conditions in the y direction, if in the limit ε→ 0, minimis-

ers of the Aviles-Giga functional in eq. (5.4) have an Aviles-Giga energy, given in

eq. (5.4), which is bounded from above, then the minimisers also have an Aviles-

Giga energy, given in eq. (5.4), which is bounded from below by a positive constant

which is independent of ε for all ε > 0.

Proof. Let us consider

Σ =
Σ1

4
+

Σ2

4

where

Σ1 = 2

(
wy −

2w3
y

3
, wx −

2w3
x

3

)
and

Σ2 =

(
wx −

w3
x

3
− wxw2

y,
w3
y

3
+ wyw

2
x − wy

)
.
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As explained by Jin and Kohn [108], a calculation and an application of Young’s

inequality shows that

∇ ·Σ1 = 4wyx
(
1− |∇w|2

)
≤ (1− |∇w|2)

2

2ε
+ 2εw2

yx

and

∇ ·Σ2 = (wxx − wyy)
(
1− |∇w|2

)
≤ (1− |∇w|2)

2

2ε
+ ε

(wxx − wyy)2

2
.

To obtain a lower bound for the Aviles-Giga energy in eq. (5.4), we observe that

because of the finite ε independent upper bound, for our choice of boundary con-

ditions an integration by parts implies that for solutions of the Euler-Lagrange

equations, there is a constant c, which is also bounded independently of ε, so that∫
Ω

εw2
yxdxdy =

∫
Ω

εwxxwyydxdy + cε.

This implies that adding ∇·Σ1 to ∇·Σ2 we can obtain the following lower bound∫
∂Ω

Σ · ndx

=

∫
Ω

∇ ·Σdxdy

=

∫
Ω

(wxx − wyy + 2wyx)
(
1− |∇w|2

)
dxdy

≤
∫

Ω

(1− |∇w|2)
2

4ε
+ ε

(∆w)2

2
dxdy + cε.

For the choice of boundary conditions

w(x, y = ±1) = f(x) = −0.05 sin(2πx),

the upper bound implies that the solution minimises (|∇w|2 − 1)
2

so that

w(x, y = ±1)2
y + f 2

x = 1.

To obtain the minimal number of interfaces in the interior, symmetry considera-
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tions imply that w(x, y = 1)y = −w(x, y = −1)y, we then find that∫
∂Ω

Σ · ndx

=

∫ 1

0

2wy(1− f 2
x)−

2w3
y

3
dx

=
2

3

∫ 1

0

(
1− f 2

x

)3/2
dx

≈ 0.6182.

As explained by Jin and Kohn [108], this lower bound is not sharp because it

is not the best lower bound for the choice of boundary conditions. However, this

lower bound demonstrates that asymptotically, the energy in eq. (5.4) should be

independent of ε and thus the energy in eq. (5.6) should scale as ε as demonstrated

in Table 5.1.

Lacking a complete proof, based on a suggestion by Robert Kohn, we sketch

the construction of an upper bound for the energy and demonstrate a numerical

solution which can be used to find an upper bound. If the energy is bounded as

ε→ 0, then we expect that

w2
x + w2

y = 1

almost everywhere. If we consider the boundary values

w(x, y = ±1) = −0.05 sin 2πx,

then we can find wx(x, y = ±1) and hence

wy(x, y = ±1) :=
√

1− w2
x(x, y = ±1).

Symmetry considerations imply that w(x, y) = w(x,−y) for y ∈ [−1, 1]. We then

find that if wx and wy exist, then

w(x,−1 + δy) ≈ w(x,−1) + (δy)
√

1− w2
x(x, y = −1).

Thus, we can construct a solution to the eikonal equation by marching from y = −1

to y = 0, and then using symmetry to construct the solution from y = 0 to y = 1.
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Such a solution is plotted in Fig. 5.9 for the boundary condition w(x, y = ±1) =

−0.05 sin 2πx. This solution satisfies the eikonal equation classically everywhere

except y = 0, where the contribution to the energy can be estimated by 2
√

2
3

using

eq. (5.7) since wx(x, y = 0+) ≈ −1 and wx(x, y = 0−) ≈ 1.

Finally, we note that it is possible to obtain exact solutions to the eikonal

equation in parametric form by using the method of characteristics, see for exam-

ple, Moskalensky [151]. Unfortunately these solutions are not uniquely defined, so

some care is required in picking out a solution that will give the smallest upper

bound energy.

5.4 Branching in the Kohn-Müller Model

Branching is a self-similar refinement towards a boundary that is observed in some

martensitic and ferroelectric materials. There are many works on this subject in

the literature. We will not perform a survey here; however a few examples of

work in this area are Basinski and Christian [22, 23], Conti [43, 44, 45], Jacobs,

Cunroe and Desai [104], James, Kohn and Sheild [106], Li [136], Salje et al. [176],

Schreiber [179], Schryvers [180], Schryvers et al. [182] and Swart and Holmes [188].

Kohn and Müller [120] have tried to model the essential phenomenon responsible

for branching using a scalar non-convex variational model with minima at two

points in space – we will refer to this as a double-point potential. To obtain

a double-point potential, Kohn and Müller [120] assume a geometrically linear

piecewise quadratic energy with multiple wells (see Bhattacharya [24, p. 204] for

an introduction to piecewise quadratic energy models for martensitic phase trans-

formations). They then reduce this to a double-point potential. We will give a

situation in which we can obtain a double-point potential from a three-dimensional

geometrically nonlinear elasticity model by again assuming an anti-plane shear de-

formation. To obtain a double-point potential for an anti-plane shear deformation,

we set b = b′, c = 0, d = 2b′, e = e′ and f = e′ in the cubic to tetragonal energy

functional given in eq. (2.7). We would like to minimise the strain energy potential∫
Ω

b′(w2
x − w2

y)
2 + e′(w2

x + w2
y)

2dxdy. (5.12)
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w(y = ±1) ε
∫

1
4(w2

x + w2
y − 1)2

∫
ε2

2 (∆w)2 Total energy Total Energy
ε

0 0.05 0.0235 0.0236 0.0472 0.944
0 0.01 0.00471 0.00471 0.00942 0.942

−0.005 sin(2πx) 0.05 0.0235 0.0237 0.0471 0.942
−0.005 sin(2πx) 0.01 0.00471 0.00471 0.00942 0.942

0.05 sin(2πx) 0.05 0.0217 0.0261 0.0478 0.956
0.05 sin(2πx) 0.01 0.00451 0.00458 0.00909 0.909
0.05 sin(2πx) 0.0025 0.000846 0.00132 0.00217 0.868

Table 5.1: A table showing the energies of the numerically computed minimisers
of the Aviles-Giga energy functional for different values of ε and for three sets of
boundary conditions.

Figure 5.9: A solution to the eikonal equation with w(x, y = ±1) = −0.05 sin 2πx
and periodic boundary conditions in the x direction.
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Let us suppose that the boundary conditions in the y direction are such that the

displacement is almost linear and is approximated by w = y+ w̃, where we expect

w̃ and w̃y to be small. We substitute this back into the strain energy potential to

find that we want to minimise∫
Ω

b′
(
w̃2
x − 1− 2w̃y − w̃2

y

)2
+ e′

(
w̃2
x + 1 + 2w̃y + w̃2

y

)2
dxdy. (5.13)

We choose b′ = 15/4 and assume for the purposes of this heuristic derivation that

b′ >> e′, although this will not be true in all the simulations we perform. Since

w̃y is small, then at minima of the energy w̃2
x ≈ 1 and also |w̃y|>> w̃2

y. With these

approximations, the strain energy potential becomes,∫
Ω

b′
(
w̃2
x − 1

)2
+ e′ (2 + 2w̃y)

2 dxdy =

∫
Ω

15
4

(
w̃2
x − 1

)2
+ e′

(
4 + 8w̃y + 4w̃2

y

)
dxdy.

(5.14)

We recognise that ∫
Ω

4 + 8w̃ydxdy

is a null Lagrangian, and so an effective energy that gives rise to the same Euler-

Lagrange equation is∫
Ω

γ
2
w2
y + 15

4

(
w2
x − 1

)2
+ ε2

2
(∆w)2 dxdy, (5.15)

where γ = 8e′. The corresponding energy, including the kinetic energy, is∫ ∫
Ω

ρ
2
w2
t + 15

4

(
w2
x − 1

)2
+ γ

2
w2
y + ε2

2
(∆w)2 dxdydt. (5.16)

By applying the Lagrange D’Alembert principle, we find the balance of linear

momentum,

ρwtt − β∆wt = 15(3w2
x − 1)wxx + γwyy − ε2∆2w. (5.17)

In this equation, the dissipation term ∆wt is obtained from eq. (5.1). Kohn and

Müller [120] suggest that for small ε, the dominant component of the surface energy

term is wxxxx – numerical computations do indeed confirm this. If we neglect the

other surface energy contributions, the equation of motion becomes

ρwtt − β∆wt = 15(3w2
x − 1)wxx + γwyy − ε2wxxxx. (5.18)
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The corresponding total static energy is∫
Ω

γ
2
w2
y + 15

4

(
w2
x − 1

)2
+ ε2

2
w2
xxdxdy. (5.19)

Hoffman and Rybka [95, 96] have shown that eq. (5.17) is well posed and that as

time tends towards infinity, the equation evolves the solution to a critical point

of the energy. There are no such results for eq. (5.18); however the simulations

suggest that similar results should hold.

In the branching regime, Kohn and Müller [120, 121] suggest that the total

static energy of the global minimiser should scale as ε2/3 when ε tends to zero.

To obtain this prediction for the scaling of the total energy with ε, Kohn and

Müller [120] assume that the interface energy and the non-convex double well

potential is equipartitioned to obtain a sharp interface model that is simpler to

analyse. The suggested correspondence between the two models is∫
Ω

γ
2
w2
y + 15

4

(
w2
x − 1

)2
+ ε2

2
w2
xxdxdy ≈

∫
Ω

γ
2
w2
ydxdy +

∫
Jwx

2ε
√

10
3
|[wx]|3 dH1.

(5.20)

Here, [·] is the jump in the value of a piecewise continuous function, H1 is the

one dimensional Hausdorff measure and Jwx is the set where wx jumps. There

is a reduction in the complexity of the problem, because to find the scaling for

the global minimum of the energy, Kohn and Müller [120, 121] now only need

to analyse piecewise affine deformations. Unfortunately, as for the Aviles-Giga

functional, there is no rigorous connection between the smooth (the model with

wxx) and sharp interface models (the model with |[wx]|3).

Since, we have not proven that the numerical solutions will find the global

minimum of the energy, our simulations can only cast doubt on the appropriateness

of sharp interface models for predicting the scaling of the minimum energy for

branching. The fact that a similar sharp interface ansatz does not work for the

simpler Aviles-Giga model, makes it rather unlikely that sharp interface models

are always appropriate asymptotic limits for the more complicated Kohn-Müller

model for branching. Our numerical solutions demonstrate two scenarios, one for

which the scaling of the total energy as ε2/3 is obtained, and another for which the

scaling of the total energy is ε1/2.
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In a related work, Swart and Holmes [188] have simulated eq. (5.18) with ε = 0

to try and avoid resolving the effects of the singular perturbation term. As ex-

plained by Chipot and Müller [38] and Lorent [139, 140], discrete approximations

introduce regularisation even in the case when ε = 0, thus, in this case by having

ε > 0 and resolving all scales, we aim to control the amount of numerical regu-

larisation that is introduced so that an accurate estimate of the interfacial energy

can be made. We simulate this equation with ε > 0 both to understand whether

viscoelastic dynamics can lead to branching with the minimum possible energy,

and to understand whether dynamics alone is responsible for the fact that in ex-

perimental investigations of branching in Nickel-Aluminum by Schryvers [180], no

definitive conclusions on the scaling of self-similar branching patterns could be

made – clearly it is rather unlikely that the experimental observations will agree

with the theory since the link between the model and the material is rather ten-

uous. Nevertheless one might hope for a qualitative correspondence between the

two.

The simulations were done using a Fourier-Chebyshev pseudo-spectral dis-

cretisation with a implicit-explicit time stepping scheme and parallelised using

OpenMP. Further descriptions of the time stepping routine and the Chebyshev

integration discretisation numerical can be found in Chapter 4. The description of

the Chebyshev integration method in Chapter 4 is for a fourth-order problem, the

implementation for second-order problems used here is not described since it is sim-

ilar to that for fourth-order problems. Descriptions of the Chebyshev integration

method for second-order problems can be found in among others, Clenshaw [41],

Greengard [86] and Coutsias et al. [49]. Other references on this method are in

Chapter 4. Chebyshev modes are used in the y direction and Fourier modes in

the x direction. Thus, in the simulations, periodic boundary conditions are used

in one direction and in the non-periodic direction, free boundary conditions are

used on one side, wy = 0 when y = −1 and clamped boundary conditions on

the other, w = 0 when y = 1. With these boundary conditions, it is very easy

to nucleate new interfaces on the side with clamped boundary conditions, y = 1,

because these conditions ensure that at the boundary y = 1, if wy = 0 then this

is a saddle point of the energy – that is these conditions give a critical point for

the strain energy function (w2
x−1)2

4
+ γ

2
w2
y + ε2w2

xx that is neither a local minimum
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nor a local maximum. All simulations were started with a prescribed non-zero

displacement,

w(x, y) = 0.001 sin (πx) sin2
[
π 1−y

4

]
,

and zero initial velocity. This initial iterate is chosen so that during the evolution,

the interfaces grow into the interior of the domain. We therefore expect, but have

not proved, that we have found a global energy minimiser because as many inter-

faces as are energetically favourable to nucleate can be nucleated. The simulations

were stopped once the energy showed changes that were less than can accurately be

resolved in double precision arithmetic. The simulations used between 4097×2048

and 1025× 512 grid points and a time step of 0.01.

Figures 5.10 to 5.19 show the results of simulations for increasing values of

γ, the elasticity coefficient in the y direction, and two values of the capillarity

ε = 0.0316 and ε = 0.001. As γ increases, the number of interfaces at the free end

of the sample, y = −1 increases. For small values of γ, it is energetically preferable

to have branching near the clamped end, y = 1. As γ increases, a smaller value of

the capillarity ε is required for it to be favourable to have branching near y = 1.

This is reflected in the scaling for the energies shown in Fig. 5.20 and reported

in Table 5.2. For ε sufficiently small and γ not too large, the scaling of the total

energy as ε2/3 is captured numerically. In this regime the primary mode of energy

reduction is to have branching and fine oscillations near the end y = 1 and then

coarser oscillations near the free end y = −1. If γ is large and ε is not too small,

then the total energy scales as ε1/2 because in this case, the sample is too short for

branching to occur and most of the energy reduction occurs through the production

of extra equally spaced interfaces.

We now examine the numerical results more closely. Away from the boundary

y = 1, we find that the interfaces are almost sharp and one-dimensional. Close

to this boundary, there is a layer where the interfaces are not sharp. In this

boundary layer, the strain energy dominates and the interfacial energy is negligible

as is seen in Figs. 5.10 to 5.13. The dominant energy components are the strain

energy terms, γ
2
w2
y and 15

4
(w2

x − 1)2. The dominant energy contribution comes

from matching the boundary conditions and is in the boundary layer near the

fixed boundary. In this region, γ
2
w2
y ≫ 15

4
(w2

x − 1)2 � ε2

2
w2
xx. This suggests that
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(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 5
2w

2
y in the final iterate. (f) A plot showing the evolution of the dif-

ferent energy components.

Figure 5.10: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 5 and
ε = 0.0316.
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(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 150
2 w2

y in the final iter-
ate.

(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.11: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 150 and
ε = 0.0316.
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(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 500
2 w2

y in the final iter-
ate.

(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.12: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 500 and
ε = 0.0316.
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(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 1500
2 w2

y in the final iter-
ate.

(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.13: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 1500
and ε = 0.0316.

166



(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 5000
2 w2

y in the final iter-
ate.

(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.14: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 5000
and ε = 0.0316.
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(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 5
2w

2
y in the final iterate. (f) A plot showing the evolution of the dif-

ferent energy components.

Figure 5.15: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 5 and
ε = 0.001.
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(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 150
2 w2

y in the final iter-
ate.

(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.16: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 150 and
ε = 0.001.

169



(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 500
2 w2

y in the final iter-
ate.

(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.17: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 500 and
ε = 0.001.

170



(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 1500
2 w2

y in the final iter-
ate.

(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.18: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 1500
and ε = 0.001.
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(a) Initial configuration. Colours show the
function, w.

(b) Final iterate. Colours show the func-
tion, w.

(c) Contour plot of ε2

2 w
2
xx. (d) Contour plot of 15

4 (w2
x− 1)2 in the final

iterate.

(e) Contour plot of 5000
2 w2

y in the final iter-
ate.

(f) A plot showing the evolution of the dif-
ferent energy components.

Figure 5.19: A local minimum for the Kohn-Müller energy functional given in eq.
(5.19) obtained by solving eq. (5.18) numerically with ρ = 1, β = 0.1, γ = 5000
and ε = 0.001.
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(b) Scaling for γ = 150.
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(c) Scaling for γ = 500.
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(d) Scaling for γ = 1500.
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(e) Scaling γ = 5000.

Figure 5.20: Energy scaling of minimisers for the Kohn-Müller energy functional
given in eq. (5.19) obtained by solving eq. (5.18) numerically with ρ = 1 and
β = 0.1.
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the model used by Kohn and Müller [121], and subsequently modified and analysed

by Conti [45] makes use of an inappropriate estimate of the balance between the

energy terms in this boundary layer region. Consequently, the scaling of the total

energy in this region is unlikely to always be simply proportional to ε2/3 because

the behaviour in the boundary layer is strongly influenced by the elastic energy

and strain incompatibility, with the primary role of the surface energy being to

ensure that displacements are at least twice continuously differentiable. In fact,

Winter [211] has shown that the assumption of an equipartition of energy between

the double well energy, 15
4

(w2
x − 1)2 and the interfacial energy, ε2

2
w2
xx, leads to a

limiting sharp interface solution which does not have finite W 1,∞ norm. This is

surprising since it is expected that the strain gradient should be bounded. The

simulations show that in the asymptotic regime where ε is small, the energy is not

equipartitioned between the interfacial and double well terms in this boundary

layer.

Branching is very well explained by the Kohn-Müller model and the equipar-

tition of the strain and interfacial energies, ε2

2
w2
xx ≈ 15

4
(w2

x − 1)2, away from the

boundary layer and away from the ends of the needles is striking. To show that the

Kohn-Müller model is valid in this region, we estimate the limiting energy density

along an interface in a similar mannner to that for the Aviles-Giga functional. If

we assume that wy ≈ 0, then the relevant energy to minimise is∫
15
4

(
w2
x − 1

)2
+ ε2

2
w2
xxdxdy.

We can solve the Euler-Lagrange equation by assuming that there is a single in-

terface and far away from the interface wx ≈ ±1 and wxx ≈ 0 so that

wx(x, y) = tanh
(
x
ε

√
15
2

)
.

In the limit ε → 0, the energy per unit length of interface in the y direction is

given by

2ε
√

10
3
. (5.21)

The contributions to this from the capillarity term ε
2
w2
xx and from the strain term,

15
4

(w2
x − 1)2, are equal, which shows that the sharp interface model is valid in this

region. The maximum observed values of the interface and strain energies away
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from the boundary y = −1 is 3.5, independent of the capillarity ε and of the elastic

constant in the convex direction γ. Since

wx(x, y) ≈ tanh
(
x
ε

√
15
2

)
near an interface, the maximum value of w2

x is 1 and the minimum value is 0. When

w2
x = 0, the pointwise value of the strain energy is 15

4
= 3.5. This is exactly what is

obtained in the simulations which also show that this is the same maximum value

for the interfacial energy.

The simulations also offer a partial explanation for why Schryvers [180] exper-

imental observations could not be reliably fitted to show self-similar branching.

Our computations show that to understand the scaling of the energy with ε, un-

less the domain under consideration is very large and the elastic constants are

appropriately scaled, one needs to model the elastic interactions in the boundary

layer, even in the ideal case where the evolution takes the energy of the system

to a global minimum. Thus in contrast to the sharp interface model introduced

by Kohn and Müller [120, 121] which predicts that branching is always favourable

for the boundary conditions used here, we find that in a diffuse interface model,

branching is only favourable once the capillarity is small enough and the elastic

constant in the convex direction is not too large relative to the size of the domain.

Conti [45] has completed Kohn and Müller’s [120, 121] proof to show that when

a boundary condition which allows for some deformation at y = 1 is applied, for

small enough ε, there is a transition from an asymptotic regime where the total en-

ergy scales as ε1/2 and has a laminar microstructure to a regime where the energy

scales as ε2/3 and has a branched microstructure. The soft boundary condition

allows the sharp interface model to exhibit a transition region from the branched

region to a flat region where there are no oscillations. Our numerical simulations

suggest that a similar change in the scaling of the total energy with ε occurs for a

smooth interface model with a hard boundary condition.

Finally, the numerical results obtained here show that by adding a surface

energy term, it is possible to regularise a non-convex model and obtain approx-

imations to solutions which have microstructure everywhere. Friesecke [80] and

Cellina [34, 35] have shown that for the boundary conditions considered here, when
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ε = 0, the energy minimising solutions have microstructure everywhere. These so-

lutions should have mean value zero and mean absolute value of the gradient equal

to one. The simulations shown in Figs. 5.10 to 5.19 indicate that such solutions

can be approximated by considering sequences of local minimisers obtained by

numerically solving the evolution eq. (5.18) for well chosen initial conditions, for

increasingly small values of ε. In the simulations shown here, the regularisation

and the dynamics pick out a subset of minimisers of the energy 15
4

(w2
x − 1)2 + γ

2
w2
y,

which converge as ε→ 0, to functions which have microstructure everywhere, have

mean value converging to zero and have gradients with an absolute value of one

almost everywhere. This is most clearly demonstrated in Fig. 5.19, where there are

many fine oscillations. This figure is also rather unusual because the oscillations

are not all of the same magnitude. For the solution to be a minimiser, it should

have oscillations which are evenly spaced and of the same magnitude at y = −1.

We expect that the failure of this to occur in the numerical solution is that the

driving forces are so small they cannot be adequately resolved with the accuracy

of the numerical algorithm used. It is hoped that further computations with the

recently developed NAG implementation of the Chebyshev integration method will

better demonstrate this convergence.

5.5 Conclusion

The new computational and analytical results introduced here show that while

sharp interface models give simple ways of understanding the structure of solu-

tions to non-convex variational problems with small lengthscales, they may not

always be appropriate and can miss out on features near the boundaries of the

relevant domains. There can also be cases where the small lengthscale is dominant

in the interior of the domain. In particular the numerical solutions for minimis-

ers of the Aviles-Giga functional show that when the non-convex functional has

some rigidity, this prevents solutions approximating lower energy functions in the

convex hull. In such cases it is not possible to use simple sharp interface models

to help understand the structure of variational problems with a small lengthscale

since rigidity prevents the formation of microstructure. Computations can show

situations for which simple sharp interface models may be appropriate and also
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suggest why sharp interface models are inappropriate in the other cases. Computa-

tions may also help in suggesting useful reduced models other than sharp interface

models. Finally, the computations for the Kohn-Müller functional suggest that in

this case it is possible to find functions in the convex hull of the energy in the

vanishing capillarity limit.
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γ Range of ε
∫

25
2 w

2
y

∫
15
4 (w2

x − 1)2
∫
ε2

2 w
2
xx Total energy

5 0.1–0.0075 0.22ε0.22 6.1ε0.67 2.2ε0.54 7.9ε0.58

5 0.0075-0.001 2.4ε0.73 6.2ε0.67 2.8ε0.58 11.0ε0.65

150 0.1–0.00316 2.7ε0.43 11.0ε0.65 1.6ε0.35 14.0ε0.52

150 0.00316–0.001 32.9ε0.83 11.0ε0.65 4.25ε0.55 37.7ε0.69

500 0.1–0.01 0.40ε−0.16 14.0ε0.62 5.7ε0.59 15.0ε0.45

500 0.01–0.001 13.2ε0.64 16.3ε0.66 4.1ε0.50 31.8ε0.61

1500 0.1–0.0316 0.32ε−0.44 0.32ε−0.44 5.6ε0.68 12.5ε0.31

1500 0.0316–0.001 3.9ε0.39 23.5ε0.66 3.0ε0.40 25.3ε0.52

5000 0.1–0.0316 0.20ε−0.58 26.5ε0.62 0.0618ε−0.70 14.7ε0.30

5000 0.0316–0.001 18.6ε0.70 16.9ε0.50 1.18ε0.14 24.7ε0.45

Table 5.2: A table showing the scaling of the energy for the numerically computed
minimisers of the Kohn-Müller energy as ε and γ are changed.
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Chapter 6

Strong Linear Scaling of Spectral
Simulations on Distributed
Memory Supercomputers

Abstract

We discuss strategies to obtain good scalability of spectral simulations on dis-

tributed memory supercomputers.1

6.1 Introduction

We solve time dependent semilinear partial differential equations using collocation

spectral methods on distributed memory supercomputers. Previous attempts to

use spectral methods to solve evolutionary partial differential equations have scaled

poorly on distributed memory machines because the time stepping algorithms used

required fast global all-to-all communications. Consequently, primarily expensive

supercomputers with fast interprocessor communications have been used to do

large scale spectral simulations – see, for example, Yokokawa et al. [214]. More

common distributed memory machines do not have the fastest possible interpro-

cessor communications. By using a modified finite difference time stepping scheme,

we overlap communication and computation to obtain close to linear strong scaling

1Part of the work presented in this chapter is based on joint work with Raul De la Cruz and
Harald Servat.
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for up to 256 processors on a two-dimensional scalar partial differential equation

with 8192 × 8193 grid points on the supercomputer Marenostrum. We then ex-

amine the scalability of similar schemes on a computer with fast interprocessor

communications, Hector.

6.2 Scalar Equations on Marenostrum

Marenostrum[36] is an IBM built distributed memory supercomputer. It uses

commodity components and a commodity interconnect, and so while a large ma-

chine with over 10,000 cores, as of December 2005, for its size it is fairly cheap.

Unfortunately, at the dates the tests were done, December 2005, the internode

communication was not the fastest possible, and it was not clear whether one

could use such a machine to solve partial differential equations with numerical

methods that have demanding communication requirements. Partial differential

equations which are solved using pseudospectral methods have very demanding

global communication requirements because the fast Fourier transform used in

these numerical methods require that every core communicates with every other

core at each time step. To examine whether a pseudospectral numerical scheme

could be used on Marenostrum we numerically solved

ρwtt − β∆wt = (w3
x − wx)x + wyy − ε2∆2w,

where ρ is the material density, w is the displacement, t is time, β is the viscosity,

x is the original position in the reference configuration and ε is the capillarity.

Mathematical results and related references on this viscoelastic model can be found

in Chapter 5. Space is discretised using Fourier modes in the x direction and

Chebyshev modes in the y direction. If we let the superscript n denote the time

step, then the standard implicit-explicit (IMEX) second order finite difference time

stepping scheme is

ρ
δt2

(
2wn+1 − 5wn + 4wn−1 − wn−2

)
− β

2δt

(
3wn+1

xx − 4wnxx + wn−1
xx

)
= 2(wnx)3

x − (wn−1
x )3

x − wn+1
xx + wn+1

yy − ε2∆2wn+1. (6.1)
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The parallel implementation of this scheme is described in Algorithm 6.1 and in

Fig. 6.1. A modified IMEX second order finite difference time stepping scheme

which may have better parallel scalability is

ρ
δt2

(
2wn+1 − 5wn + 4wn−1 − wn−2

)
− β

2δt

(
3wn+1

xx − 4wnxx + wn−1
xx

)
= 4(wn−2

x )3
x − 3(wn−3

x )3
x − wn+1

xx + wn+1
yy − ε2∆2wn+1. (6.2)

The parallel implementation of this scheme is described in Algorithm 6.2 and in

Fig. 6.2. In both these schemes, time stepping takes place in spectral space. To

obtain the nonlinear term in the modified scheme, (wn−2
x )3

x, w
n−2
x is transformed

to real space where the multiplication (wn−2
x )3 is performed, after which (wn−2

x )3

is transformed back to spectral space and differentiated.

On a single processor the new solution, wn+1, is obtained using a loop over the

linearly uncoupled Fourier modes in which a linear Chebyshev system is solved.

Once a solution for each Fourier mode is obtained, it is transformed out of Cheby-

shev space using a one dimensional fast Chebyshev transform. A loop over the

Chebyshev modes is then done where the x derivative of the solution, wn+1
x , is

transformed from Fourier space to real space, the nonlinear term, (wn+1
x )3, is com-

puted transformed back to Fourier space and then differentiated. Then a loop

over the x direction is initiated in which the appropriate combination of stored

nonlinear terms, 4(wn−1
x )3

x− 3(wn−2
x )3

x, is transformed to Chebyshev space and the

solution at the next time step is computed.

When the schemes are parallelised, one dimensional fast transforms are still

done on single processors, thus, as shown in Fig. 6.3, each processor holds a por-

tion of the modes of wx and of [wx]
T , so that Chebyshev transforms are done on wx

and Fourier transforms are done on [wx]
T . As described in Algorithm 6.1 and Fig.

6.1, in the standard time stepping scheme, wn+1 is computed using an approxima-

tion to the nonlinear term, (w3
x)x, that depends on wnx , and so fast interprocessor

communications are required to transpose wnx and obtain the nonlinear term (wnx)3
x.

The modified time stepping scheme hides latency, because the nonlinear term is

extrapolated using wn−2
x and wn−3

x and so as shown in Algorithm 6.2 and Fig. 6.2,

once wn+1
x is calculated, and sent, wn+2 is calculated using (wn−1

x )3 and (wn−2
x )3,

which should have already been received, and so interprocessor communication

does not need to be as fast.

181



Initialisation

Computation of

new iterate

Compute nonlinear

term

Send nonlinear

Receive nonlinear

   Check

maximum
  iterates

Yes

No

Terminate

if reached

Send gradient to

do a matrix

transpose

Receive gradient

to finish a matrix

transpose

term to do a

matrix transpose

term to finish a 

matrix transpose

Figure 6.1: A flowchart demonstrating the parallel implementation of the standard
time stepping algorithm given in Algorithm 6.1 and in eq. (6.1).
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Figure 6.2: A flowchart demonstrating the parallel implementation of the modified
time stepping algorithm given in Algorithm 6.2 and in eq. (6.2).
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Figure 6.3: Shaded area shows data for wx held on one of many cores.
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Figure 6.4: Comparison of ideal speedup with measured speedup on Marenostrum.
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Figure 6.4 shows strong scaling for a discretisation with 8192×8193 grid points.

For the strong scaling results shown, communication was organised using non-

blocking point-to-point message passing. The switch network on Marenostrum is

such that for the number of cores used, this communication could be organised

in a pairwise manner which ensures that messages can be transmitted without

blocking each other. We note that since a real to complex transform is used, the

grid size is 4097×8193, hence on 512 processors, there are approximately 8 modes

per processor in one direction and 16 modes per processor in the other. There

is also a slight load imbalance because an odd number of modes are used, so the

graph shows that close to theoretical scalability is observed for this algorithm. We

believe that there are two reasons for the decrease in scalability when trying to

use 1024 processors. The first is the slight load imbalance because the number of

modes is not perfectly divisible by the number of processors. The second is that

Mareonsotrum is configured in cabinets with 336 processors per rack, and so when

one attempts to use four racks, the slower inter-rack communication compared to

communication between processors in the same rack, and the much reduced overlap

of communication and computation serve to prevent optimal strong scaling.

To show that the modified time stepping scheme is stable and second order

accurate, we tested it on

ρwtt − βwxxt = γ2
(
w3
x − wx

)
x
− ε2wxxxx,

where x ∈ [−1, 1] and t ∈ [0, 1]. As described in Chapter 4, this model for phase

transformations and has an exact traveling wave solution obtained by Truski-

novskii [200] which we rewrite as

w(x, t) =
√

2 ε
γ

log

{
cosh

[
κx−ωt
κ2

√
ω2

2ε2

(
ρ− β2

6ε2

)
+ γ2κ2

2ε2

]}
− ωβ(κx−ωt)

3κ2
√

2ε
. (6.3)

In this solution, κ is the wavenumber and ω is the wave frequency. The boundary

conditions, w(−1, t), w(1, t), wx(−1, t) and wx(1, t), and initial conditions w(x, 0)

and wt(x, 0) used in the simulations are obtained from this exact solution. Figure

6.5 shows the second order accuracy of the modified implicit explicit scheme. It

shows that the scheme has slightly lower accuracy than the standard IMEX scheme

and also has a smaller maximum allowable time step for which the scheme is stable.
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However, for these slight costs, much better scalability on distributed parallel

machines can be obtained.

6.3 Scaling Studies on Hector

In the previous section, we showed that by employing a novel time stepping tech-

nique, it is possible to obtain good speed up on upto 250 cores for pseudospectral

codes on distributed memory supercomputers with slow interprocessor communi-

cations. There are presently computers with tens of thousands of cores, and we

investigated whether the previous technique of overlapping computation and com-

munication is effective on such machines. Hector (phase 1) is a Cray XT4/XT5

architecture, which as of April 2009 had 11,328 AMD Opteron 2.8 GHz cores on

dual-core chips. Hector (phase 2a) was upgraded to use quad-core chips during

the summer of 2009, and so as of September 2009 has 22,656 AMD Operon 2.3

GHz cores. The communications hardware was not changed during the upgrade.

Further information on Hector can be found at www.hector.ac.uk.

To examine scaling on Hector, we solved the Allen-Cahn equation

wt = w − w3 + ε2∆w,

with periodic boundary conditions. This is a simpler equation than the equation

of viscoelasticity, and so is easier to use for scaling studies where we are primarily

testing communication requirements. This equation is a gradient flow for the

energy ∫ ∫
1
4

(
w2 − 1

)2
+ ε2

2
|∇w|2 dxdy

and any initial solutions of this equation will decrease this energy until they reach

a stationary point of this energy. Computing the energy at each time step serves

as a simple test that the numerical solution is behaving as expected.

Space is discretised using Fourier modes in both the x direction and y direc-

tions. The first scheme is an implicit-explicit finite difference time stepping scheme

composed of a backward Euler scheme for the linear terms and a forward Euler

explicit scheme for the nonlinear term. The resulting scheme is,

1
δt

(
wn+1 − wn

)
= wn+1 − (wn)3 + ε2∆wn+1
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Figure 6.5: Comparison of the accuracy of the standard (Std) time stepping scheme
given in eq. (6.1) and of the modified (Mod) time stepping scheme given in eq.
(6.2).
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where the superscript n denotes the time step. Time stepping takes place in spec-

tral space, but to obtain the nonlinear term, w3, wn is transformed to real space

where the multiplication (wn)3 is performed, after which (wn)3 is transformed back

to spectral space to obtain the next iterate. The new solution is obtained using a

loop over the linearly uncoupled Fourier x modes. Once a solution for each Fourier

mode is obtained, the modal solution is transformed out of Fourier space. The ma-

trix with the new solution wn+1 is transposed and a loop over the y modes is done

where the solutions are transformed to real space, the nonlinear term is computed

and transformed back to Fourier space. The matrix with the nonlinear term is then

transposed, and a new loop over the x direction is initiated in which the nonlinear

term is transformed to Fourier space, and the solution at the next time step is com-

puted. The transpositions in this scheme are done using MPI ALLTOALL. The

implementation of this scheme is similar to that in Algorithm 6.1 with a data dis-

tribution similar to that in Fig. 6.3 which ensures that ensures that data is evenly

distributed and that Fourier transforms and computations are easily vectorisable.

Many computers do not have communications systems that allow for a fast

transpose of a distributed matrix held on many processors. Consequently, this

often reduces the efficiency of pseudospectral methods on these massively parallel

machines. To try overcome this barrier, we suggested the use of a time stepping

scheme that allows an overlap of communication and computation. Such a scheme

for the Allen-Cahn equation is,

1
δt

(
wn+1 − wn

)
= wn+1 −

(
wn−2

)3
+ ε2∆wn+1.

As in the previous scheme, on parallel computers, one dimensional fast transforms

are done on single processors, thus, as shown in Fig. 6.3, each processor holds a

portion of the modes of w and of [w]T , where by [w]T we mean the transpose of

the discretised approximation for w. In the standard time stepping schemes wn+1

is computed using a nonlinear term that depends on wn, and so fast interprocessor

communications are required to transpose wn and obtain the nonlinear term (wn)3.

The time stepping scheme used here hides latency, because the nonlinear term

is extrapolated using wn−2. When the spatial discretisation of this scheme is

parallelised, wn+1 is computed while simultaneously receiving the nonlinear term

(wn−1)3. The nonlinear term [(wn)3]
T

is then calculated while [wn+1]
T

is received.
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In the next iterate, wn+2 is computed using (wn−1)3 while (wn)3 is received. The

implementation of this scheme is similar to that in Algorithm 6.2 with a data

distribution similar to that in Fig. 6.3 which ensures that data is evenly distributed

and that Fourier transforms and computations are easily vectorisable.

We tested several implementations of these schemes. These are:

i. A pure MPI implementation using MPI ALLTOALL with the standard time

stepping scheme.

ii. A pure MPI implementation using MPI non-blocking communications us-

ing MPI STARTALL and MPI WAITALL to overlap communication with

computation with the modified time stepping scheme.

iii. A hybrid MPI-OpenMP implementation where all computational loops are

parallelised using static scheduling and the master thread performs the com-

munication using MPI ALLTOALL simultaneously with the computation,

with the modified time stepping scheme.

iv. A hybrid MPI-OpenMP impelementation where all computational loops are

parallelised using static scheduling and the master thread performs the com-

munication using MPI non-blocking communications using MPI STARTALL

and MPI WAITALL simultaneously with the computation, with the modi-

fied time stepping scheme.

Figures 6.6 and 6.7 illustrates strong scaling results. In these tests, the stan-

dard setup was used and no attempt was made to optimise memory allocated for

communications or job placement. We observe that on Hector phase 1 which has

two cores per chip, it is advantageous to use MPI ALL2ALL with the standard

time stepping scheme. The reason for this is that the communication pattern

for MPI ALL2ALL is optimised to avoid network congestion, this is not the case

for multiple point-to-point messages, even though in theory, this scheme should

perform better. At the time of the scaling study shown in Fig. 6.6, Hector had

two cores per node, and so one core handled interprocessor communications, while

the other did computations. Hector has recently been upgraded to four cores per
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Figure 6.6: Strong scaling results on Hector (phase 1), a Cray XT4/5 machine.
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Figure 6.7: Strong scaling results on Hector (phase 2a), a Cray XT4/5 machine.
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processor. In this case, one core can do the communication three cores do the com-

putations. As shown in Fig. 6.7, the hybrid MPI-OpenMP code which overlaps

computation and communication performs better than MPI ALL2ALL with the

standard time stepping scheme for between 800 and 2,000 cores. For fewer than

800 cores, MPI ALL2ALL works better than the hybrid MPI-OpenMP code which

overlaps computation and communication, probably because communication time

is a lower fraction of the total time. For greater than 2,000 cores, MPI ALL2ALL

works better than the hybrid MPI-OpenMP code which overlaps computation and

communication, the reason for this is unclear.

6.4 Extension to Two-Dimensional Vectorial Prob-

lems

The previous sections examined parallel scalability on scalar partial differential

equations. Many partial differential equations of physical interest are vectorial. In

this section we demonstrate that it is possible to use the standard and modified

time stepping schemes for the two-dimensional geometrically linear model for the

square to rectangle transformation given by,

ρUtt − βLUt = ∇ · σ (∇U)− ε2∆2U (6.4)

where U = (u, v) : Ω ⊂ R2 → R2 is the displacement and x and y are the original

positions in the reference configuration. The operator L acting on Ut : R2 → R2,

is defined to be

LUt :=

[
2uxxt + uyyt + vxyt
2vyyt + vxxt + uxyt

]
. (6.5)

When the geometrically nonlinear model is simulated, the dissipation function

described in Chapter 2, can be split in to linear and nonlinear terms, for which

the linear dissipation operator L remains the same and a further nonlinear term

is added to the right hand side. Since similar schemes can also be used for the

geometrically nonlinear model and for Fourier-Chebyshev discretisations, we will

not describe these here.
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6.4.1 Time Stepping Schemes for Two-Dimensional Vecto-
rial Problems

We will consider the parallelisation of implicit and IMEX time stepping schemes

described in Chapter 4. If we let the superscript k denote the iterate in a sequence

of fixed point iterations, then the modified second order implicit-explicit finite

difference time stepping scheme is

ρ
δt2

(
2un+1 − 5un + 4un−1 − un−2

)
− 2β

2δt

(
3un+1

xx − 4un−1
xx + un−2

xx

)
− β

2δt

(
3un+1

yy − 4un−1
yy + un−2

yy

)
− β

2δt

(
3vn+1

xy − 4vn−1
xy + vn−2

xy

)
=

[
4∇ · σ

(
∇Un−2

)
− 3∇ · σ

(
∇Un−3

)]
1
− ε2∆2un+1

ρ
δt2

(
vn+1,k+1 − 2vn + vn−1

)
− 2β

2δt

(
3vn+1

xx − 4vn−1
xx + vn−2

xx

)
− β

2δt

(
3vn+1

yy − 4vn−1
yy + vn−2

yy

)
− β

2δt

(
3un+1

xy − 4un−1
xy + un−2

xy

)
=

[
4∇ · σ

(
∇Un−2

)
− 3∇ · σ

(
∇Un−3

)]
2
− ε2∆2vn+1. (6.6)

where the superscript n denotes the time step. This time stepping scheme differs

from the standard scheme

ρ
δt2

(
2Un+1 − 5Un + 4Un−1 − Un−2

)
− β

2δt
L
(
3Un+1 − 4Un + Un−1

)
= 2∇ · σ (∇Un)−∇ · σ

(
∇Un−1

)
− ε2∆2Un+1,

because the nonlinear terms are extrapolated using data available from two and

three time steps back instead of from the last two time steps. In this modified

scheme, time stepping takes place in spectral space, but to obtain the nonlinear

term, ∇Un−2 is transformed to real space where the multiplication required for

the nonlinear term are performed, after which σ (∇Un−2) is transformed back to

spectral space and differentiated to obtain ∇ · σ (∇Un−2).

The modified implicit time stepping scheme uses the same idea to allow an

overlap of computation and communication. In this case, rather than change the

time stepping scheme, the iteration procedure is modified. In vectorial form, the

time stepping scheme is

ρ
δt2

(
Un+1 − 2Un + Un−1

)
− β

2δt
L
(
Un+1 − Un−1

)
= 1

2
∇ · σ

(
∇Un+1

)
+ 1

2
∇ · σ

(
∇Un−1

)
− ε2

2
∆2
(
Un+1 + 2Un + Un−1

)
. (6.7)
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The nonlinear terms are obtained using the fixed point iteration scheme,

ρ
δt2

(
un+1,k+1 − 2un + un−1

)
− β

2δt

(
2un+1,k+1

xx − 2un−1
xx

)
− β

2δt

(
un+1,k+1
yy − un−1

yy

)
− β

2δt

(
vn+1,k−2
xy − vn−1

xy

)
= 1

2

[
∇ · σ

(
∇Un+1,k−2

)
+∇ · σ

(
∇Un−1

)]
1

− ε2

2
∆2
(
un+1,k+1 + 2un + un−1

)
ρ
δt2

(
vn+1,k+1 − 2vn + vn−1

)
− β

2δt

(
2vn+1,k+1

xx − 2vn−1
xx

)
− β

2δt

(
vn+1,k+1
yy − vn−1

yy

)
− β

2δt

(
un+1,k−2
xy − un−1

xy

)
= 1

2

[
∇ · σ

(
∇Un+1,k−2

)
+∇ · σ

(
∇Un−1

)]
2

− ε2

2
∆2
(
vn+1,k+1 + 2vn + vn−1

)
. (6.8)

The index, k denotes the iterate and [∇ · σ]i denotes the ith component of the

vector ∇ · σ. We now describe the parallel implementation of the two-dimensional

geometrically nonlinear model with the geometrically nonlinear dissipation. Recall

that the geometrically nonlinear equations of motion are given by,

ρutt

− 4β (2uxxt + uyyt + vxyt)

= 4β

 2(uxtvy − vxuyt)
2vy(uxt + uxtvy − vxuyt)

−uy(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)


x

+ 4β

 −2vx(uxt + uxtvy − uytvx)
+(uxuyt − uyuxt + vxtvy − vytvx)

+ux(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)


y

+


(1 + ux)

[
2b2ηNL,2(η2

NL,2 − b2
3)2

+4
(
b1 + b2η

2
L,2

) (
η3
L,2 − b2

3ηL,2
) ]

+2b4(1 + ux)ηNL,1 + b5uyηNL,3


x

+


−uy

[
2b2ηNL,2

(
η2
NL,2 − b2

3

)2

+4
(
b1 + b2η

2
NL,2

)
(η3

2 − b2
3ηNL,2)

]
+2b4uyηNL,1 + b5(1 + ux)ηNL,3


y

− ε2∆2u (6.9)
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and

ρvtt

− 4β (2vyyt + vxxt + uyxt)

= 4β

 2(vytux − uyvxt)
+2ux(vyt + vytux − uyvxt)

−vx(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)


y

+ 4β

 −2uy(uxt + uxtvy − uytvx)
+(uxuyt − uyuxt + vxtvy − vytvx)

+vy(uyt + vxt + uxuyt − uyuxt + vxtvy − vytvx)


x

+


vx

[
2b2ηNL,2(η2

NL,2 − b2
3)2

+4
(
b1 + b2η

2
L,2

) (
η3
L,2 − b2

3ηL,2
) ]

+2b4vxηNL,1 + b5(1 + vy)ηNL,3


x

+


− (1 + vy)

[
2b2ηNL,2

(
η2
NL,2 − b2

3

)2

+4
(
b1 + b2η

2
NL,2

)
(η3

2 − b2
3ηNL,2)

]
+2b4(1 + vy)ηNL,1 + b5vxηNL,3


y

− ε2∆2v. (6.10)

We shall let τNL(∇U,∇Ut) denote the nonlinear part of the dissipation tensor that

is on the right hand side of the above equations. Similarly, we shall let σNL(∇U)

denote the nonlinear strain tensor. The resulting scheme is,

ρ
δt2

(
un+1,k+1 − 2un + un−1

)
− β

2δt

(
2un+1,k+1

xx − 2un−1
xx

)
− β

2δt

(
un+1,k+1
yy − un−1

yy

)
− β

2δt

(
vn+1,k−2
xy − vn−1

xy

)
=

[
∇ · τNL

(
∇Un,∇Un+1,k−2−Un−1

2δt

)]
1

1
2

[
∇ · σNL

(
∇Un+1,k−2

)
+∇ · σNL

(
∇Un−1

)]
1

− ε2

2
∆2
(
un+1,k+1 + 2un + un−1

)
ρ
δt2

(
vn+1,k+1 − 2vn + vn−1

)
− β

2δt

(
2vn+1,k+1

xx − 2vn−1
xx

)
− β

2δt

(
vn+1,k+1
yy − vn−1

yy

)
− β

2δt

(
un+1,k−2
xy − un−1

xy

)
=

[
∇ · τNL

(
∇Un,∇Un+1,k−2−Un−1

2δt

)]
2

1
2

[
∇ · σNL

(
∇Un+1,k−2

)
+∇ · σNL

(
∇Un−1

)]
2

− ε2

2
∆2
(
vn+1,k+1 + 2vn + vn−1

)
, (6.11)
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where [∇ · σNL]i denotes the ith component of the vector ∇ · σNL and [∇ · τNL]i

denotes the ith component of the vector ∇ · τNL.

In the numerical simulations reported in Chapter 7, the dissipative term in the

geometrically nonlinear model was calculated using the iteration scheme,

1

2

[
∇ · τNL

(
∇U

n+1,k−2 + Un

2
,∇U

n+1,k−2 − Un

δt

)]
i

+
1

2

[
∇ · τNL

(
∇U

n + Un−1

2
,∇U

n − Un−1

δt

)]
i

. (6.12)

We hope to perform simulations using the scheme in eq. (6.11), because for this

scheme it is easier to check whether the energy identity is approximately satisfied.

A convergence analysis of these schemes would also be interesting as it would give

greater confidence that the simulations in Chapter 7 represent the real behaviour

of the solution to the partial differential equation. A convergence analysis may also

provide a proof of existence and uniqueness of solutions to the partial differential

equation.

Finally, we note that in both the implicit and implicit-explicit schemes, at

the core of the algorithm is the solution of a constant coefficient linear system

which then allows the next iterate or time step to be computed. The parallel

implementation of the two schemes is therefore quite similar. This schemes are

designed so that the linear systems to be solved are local to the processor being

used and so that the resulting linear systems are one dimensional and vectorise

easily. When carefully implemented, this allows for a further level of parallelisation

over the components of U . Numerical experiments show good strong scaling results

for 2048× 2048 discretisations on upto several hundred processors on a variety of

architectures.

6.5 Conclusion

We have discussed several parallelisation strategies for performing spectral simu-

lations on distributed memory supercomputers where the barrier to scalable sim-

ulations is the global communication requirement. Further testing is required to

ascertain which of these strategies gives the best results when large volumes of

data need to be communicated, such as occurs for three-dimensional simulations.
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Initialisation;1

while n less than maximum allowed value do2

Compute wn+1 using wn, wn−1, wn−2, (wnx)2 and (wn−1
x )

2
;3

Transform wn+1
x from Chebyshev space;4

Send wn+1
x to all other processors to do a matrix transpose;5

Receive wn+1
x from other processors which sent it at 6;6

Transform wn+1
x from Fourier space to real space;7

Compute (wn+1
x )

3
;8

Transform (wn+1
x )

3
from real space to Fourier space;9

Send (wn+1
x )

3
to all other processors to do a matrix transpose;10

Receive (wn+1
x )

3
from other processors which sent it at 11;11

Transform (wn+1
x )

3
to Chebyshev space;12

n← n+ 1;13

end14

Cleanup;15

Algorithm 6.1: The parallel implementation of the standard time step-
ping algorithm in eq. (6.1).
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Initialisation;1

Send wnx obtained from initial data ;2

while n is less than maximum allowed value do3

Compute wn+1 using wn, wn−1, wn−2, (wn−2
x )

3
and (wn−3

x )
3
;4

Transform wn+1
x from Chebyshev space;5

Send wn+1
x to all other processors to do a matrix transpose;6

Receive wnx from other processors which sent it at 6 in previous7

loop or from 2;
Transform wnx from Fourier space to real space;8

Compute (wnx)3;9

Transform (wnx)3 from real space to Fourier space;10

Send (wnx)3 to all other processors to do a matrix transpose;11

Receive (wn−1
x )

3
from other processors which sent it at 11 in12

previous loop;
Transform (wn−1

x )
3

to Chebyshev space;13

n← n+ 1;14

end15

Receive (wnx)3 from 11 to complete communications;16

Cleanup;17

Algorithm 6.2: The parallel implementation of the modified time
stepping algorithm in eq. (6.2).
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Chapter 7

Computations of Geometrically
Linear and Nonlinear
Ginsburg-Landau Models for
Martensitic Pattern Formation

Abstract

Computations show that a two-dimensional geometrically nonlinear Ginsburg-

Landau model with inertia exhibits long lived metastable states, having martensite

domains with split tips and bent needles similar to those observed in Nickel Alu-

minum. In comparison, the geometrically linear model quickly relaxes to states

with twins which extend all the way across the sample and have only short lived

tip splitting and needle bending1.

7.1 Introduction

Martensitic phase transformations involve a change of shape in the underlying

crystal lattice from a high symmetry phase to several lower symmetry phases.

As can be seen in Bhattacharya [24, Chap. 1], these lead to complex microstruc-

tural patterns of twinned laminates that involve a wide range of length scales.

These displacive phase transformations can have strains greater than 10% and

1The computational work reported here on comparing geometrically linear and geometrically
nonlinear models is joint work with Umut Salman.
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large rotations relative to the original undeformed state. Most dynamic simula-

tions of models for martensitic phase transformations have used models that are

geometrically linear under the assumption that geometric nonlinearities have only

a small effect, see for example Ahluwalia and Ananthakrishna [1], Bouville and

Ahluwalia [28] and Jacobs [102]. Analytical studies by Bhattacharya [24] and

Dolzmann and Müller [64, 65] of static energy minimising geometrically nonlinear

models and their geometrically linear counterparts indicate that there can be sig-

nificant differences between the two models. These studies do not show whether

these differences are significant in physically relevant situations.

7.2 Viscoelastic Models for Martensitic Phase

Transformations

The square to rectangle martensitic transformation can be modeled using an

isothermal energy comprised of kinetic, strain and interfacial terms,∫
Ω

ρ
2
U2
t + Φ(F ) + ε2

2
|∆U |2 dx. (7.1)

Here Ω ⊂ R2 is the reference configuration, Φ is the strain energy potential, ρ is the

mass density in the reference configuration, U = (u, v) is the current configuration,

F = ∇U is the deformation gradient, t denotes time, ε is the capillarity and

x ∈ R2 is the spatial coordinate in the reference configuration. By introducing a

dissipation potential G(F ,Ft), an equation of motion can be obtained,

ρUtt = ∇ · σ(F ) +∇ · τ (F ,Ft)− ε2∆2U, (7.2)

in which τ = ∇FtG and σ = ∇F Φ. This framework allows comparison of geomet-

rically nonlinear and linear models of martensitic phase transformations. Antonelli

et al. [5] and Davenport et al. [57] and Hao and Marris [89] show that ultrasonic

techniques can be used to measure the dispersion relation in a material from which

it is possible to estimate elastic, dissipation and capillarity constants using the

geometrically linear model2. By using a strain energy function of Saint-Venant

2We note that Antonelli et al. [5] and Hao and Marris [89] do not include dissipation effects
when fitting analytical expressions for the dispersion relation to experimental results. This can
give a capillarity term with the wrong sign.
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Kirchhoff type, the same parameters can be used in a geometrically nonlinear

model that is suitable for moderate strains and large rotations – see Chapter 2 for

a discussion on the range of applicability of Saint-Venant Kirchhoff type models.

As explained in Chapter 2, the strain tensor invariants which characterise the

square to rectangle transformation are,

η1 = e11 + e22, η2 = e11 − e22, η3 = e12 = e21, (7.3)

where eij is the ij entry of the linear strain tensor,

EL = 1
2

(
F + F T − 2I

)
or its nonlinear counterpart,

ENL = 1
2

(
F TF − I

)
.

The second invariant corresponds to the deviatoric strain and is the order pa-

rameter which characterises the square to rectangle transformation. Jacobs’ [102]

simple strain energy model for the square to rectangle transformation is

Φ = b1

(
η2

2 + b2

) (
η2

2 − b2
3

)2
+ b4η

2
1 + b5η

2
3. (7.4)

The constants b1 ≥ 0, b2 ≥ 0, b3 > 0, b4 ≥ 0 and b5 ≥ 0 are chosen so that Φ is

bounded from below and has multiple minima at different values of η2 and with

η1 = η3 = 0.

A frame-indifferent dissipation potential is

GNL(F ,Ft) = β det(F )2Tr
[
FtF

−1 + (FtF
−1)T

]2
= βTr

{
Ftadj(F ) + [Ftadj(F )]T

}2

, (7.5)

where β is the viscosity. In geometrically linear viscoelasticity, the linearisation of

the geometrically nonlinear dissipation will be used and is given by the Rayleigh

dissipation function

GL(F ,Ft) = βTr(Ft + F T
t )2. (7.6)
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7.3 Numerical Results

The equations of motion are solved using a Fourier spectral collocation method,

with periodic boundary conditions and with the implicit parallel finite difference

timestepping scheme described in Chapter 6. The simulations use 512× 512 grid

points and were typically run on 32 cores. A typical simulation took approximately

one hour of real time. In the simulations shown here, the time step was 5×10−4 ps.

The simulation box is 0.1µm× 0.1µm, which as shown in Fig. 7.1 from Schryvers

et al. [181], is approximately the length scale for which microstructure is visible in

splat cooled Nickel Aluminum. We will calculate energies that are representative of

a three-dimensional model so that we can relate the results of our two-dimensional

computations to experimental values. In calculating energies therefore, we will

assume that the computational sample has a depth of 0.1µm. In all examples

shown here, the simulations started with zero initial velocity and the low strain

energy initial configuration given by

f = tanh {100 sin [10(x+ y + 0.5)π]

× sin [20(y − x+ 0.25)π]} ,

u =x+ 10−4(f − 1) sin [70(x− y)π]

+ 10−4(f + 1) cos [70(y + x)π)]

+ 10−6 sin(20xπ) (7.7)

and

v =y + 10−4(f − 1) sin [70(x− y)π]

− 10−4(f + 1) cos [70(y + x)π] , (7.8)

where x and y measured in µm. This initial configuration is almost a double

laminate microstructure as can be seen in Fig. 7.2(a).

To compare our results to physical experiments, parameters that are reflec-

tive of the martensitic material Nickel Aluminum are used. Nickel Aluminum is

examined because the maximum change in the entries of the martensite trans-

formation matrix relative to the identity (the austenite phase) is approximately
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13%. This is larger than in most other martensitic transformations, see Bhat-

tachrya [24, p. 49-56]. Furthermore, as demonstrated in Fig. 7.1, microstructures

in Nickel Aluminum have bent needles and interesting macrotwin configurations.

Numerical results not presented here show that in small domains, when smaller

maximum transformation strains are used, the differences in microstructural mor-

phology between the geometrically linear and geometrically nonlinear models are

not as pronounced.

A model where Φ has minima only for the martensite phases is simulated. At

these minima, the symmetric and positive definite strain matrices in the geomet-

rically nonlinear theory are

F1 =

[
1.118 0

0 0.866

]
and F2 =

[
0.866 0

0 1.118

]
.

In the geometrically linear theory, Φ is minimised at

F1 =

[
1.125 0

0 0.875

]
and F2 =

[
0.875 0

0 1.125

]
.

These choices correspond to Φ being minimised at η2 = ±0.25 in both the ge-

ometrically nonlinear and geometrically linear theories. Thus b3 = 0.25. No

attempt is made to fit elastic constants in all directions, and for simplicity sim-

ulations are done with b4 = b5 = 100 GPa to obtain elastic constants of the

correct order of magnitude for martensitic systems [2, 57, 129, 150]. To fix Φ,

b1 = 100 GPa and b2 = 0.05 are chosen so that microstructures computed in both

models resembled those observed in experiments as closely as possible. Nickel-

Aluminum has a density of 6, 600 Kg m−3 [57, 150]. The capillarity is chosen to

be ε2 = 2.5 × 10−11 Kg m s−2 so that smooth interfaces can be resolved numer-

ically. As explained by Dondl et al. [66], this gives a minimum interface width

of approximately 6 nm ≈
√

0.25ε2/(b1b2b4
3). This interface width is up to twenty

times larger than typically observed, but allows for feasible computations. To

demonstrate the effect of using a larger value of the capillarity than is physically

realistic, computational results with ε2 = 2.5 × 10−9 Kg m s−2 are also presented.

Analytical studies in one dimension by Hattori and Mischikaow [91] and Nico-

laenko and Qian [156] suggest that the ratio β2/ε2 is important in determining

the timescale for metastable states. A larger viscosity of β = 0.15 Kg m−1 s−1 is
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used instead of the experimentally measured values close to β = 0.015 Kg m−1 s−1

obtained by Ahluwalia et al.[2] and Parlinska-Wojtan [161], because our smallest

choice of ε2 is larger than we would like. Our simulations are two-dimensional and

it has not been possible to fit realistic strain, dissipation and capillarity potentials,

hence only qualitative agreement between computed and experimentally observed

microstructure morphology is expected.

Figure 7.2 shows that in both the geometrically linear and nonlinear models,

there is an initial fast transient to a metastable state which then evolves slowly.

Jumps in the kinetic energy which can be seen in Fig. 7.2 correspond to changes

in microstructure topology and based on these numerical observations, we deduce

that these are related to acoustic emission and avalanches that have been observed

in experiments by among others, Carillo and Ort́ın [33], Landa et al. [125], Yu and

Clapp [216], and in other numerical studies by Ahluwalia and Ananthakrishna [1]

and by Salman [178]. These jumps in kinetic energy occur over longer time periods

in the geometrically nonlinear model.

Figure 7.4 shows that in the geometrically linear model, once a critical time

has been reached, the metastable microstructure relaxes to become a simple lam-

inate. Similar behaviour is observed in the geometrically nonlinear model with

large capillarity as shown in Fig. 7.5. Figure 7.3 shows that the numerical solution

to the geometrically nonlinear model with small capillarity evolves slowly. The

morphology of the microstructure in Fig. 7.3(c) is close to that observed in ex-

periment shown in Fig. 7.1. Figure 7.3(d) also shows that most of the energy is

concentrated along boundaries between martensitic variants.

7.4 Discussion

There are several other computations of geometrically nonlinear models for marten-

sitic phase transformations in the literature [6, 7, 66, 103, 135, 142], but none of

these has compared geometrically linear and geometrically nonlinear models. Only

Dondl et al. [66], Jacobs [103] and Klouc̆ek and Luskin [119] simulate geometrically

nonlinear models which include a capillarity term. Neither Dondl et al. [66] nor

Klouc̆ek and Luskin [119] simulate macrotwin interfaces. Jacobs [103] uses conju-

gate gradient energy minimisation to find low energy states. Jacobs [103] shows
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that tip splitting is either a low energy or long lived metastable energy state, but

this study does not use very high spatial resolution or show that the persistence of

the split tips is due to geometric nonlinearity which introduces many metastable

states.

Kerr et al. [114] observed transient tip splitting in a geometrically linear phase

field model but did not find this as a long lived metstable state. Levitas and

Lee [129] observed long lived microstructures in a geometrically linear model in

the presence of large defects, but experiments by Schryvers and his co-authors [27,

181, 182] do not show large defects near split tips. The results presented here

show that even without large defects, the geometrically nonlinear model gives rise

to long lived microstructures that are similar to those observed in experiments.

The numerical results show that the metastable states observed in the geomet-

rically nonlinear viscoelastic models eventually relax to become simple laminates

– as explained by Dolzmann and Müller [64, 65]. This is to be expected in models

with interfacial energy. A surprising result is that for the geometrically nonlin-

ear model with small surface energy, we observe long lived metastable states for

which a continuum of points on the wells participate. Such states are expected

minimisers for geometrically nonlinear models without surface energy as explained

by Pedregal [164, p. 59]. Our results indicate that the smaller the capillarity, the

longer lived these metastable states are. Hattori and Mischaikow [91] give a proof

of exponentially slow relaxation in scalar one dimensional models, and we might

expect similar behaviour here.

The duration of the metastable states is strongly influenced by geometric non-

linearity and the size of the capillarity and viscosity terms. It is also likely to

depend on the height between the wells. As explained by Dondl et al. [66], it

is possible to use potentials with greater heights between the wells which, if the

experimental situation can really be represented by a two-well model, should give

metastable patterns that persist on physically realistic timescales of months or

years instead of the microseconds calculated here. It is unclear whether such

heights are physically realistic. We note that Dolzman and Müller [64] also prove

that in three dimensions, only simple laminates should occur for minimisers of the

three well geometrically linear cubic to tetragonal model with interfacial energy –

they conjecture similar results for the geometrically nonlinear model, but this is
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still unproved. Nevertheless, this suggests that these metastable states may also

be relevant in the realistic three-dimensional setting.

Alternative possibilities to give long lived metastable states are anisotropic

dissipation and interfacial energy terms. The interfacial energy term we have

included, ε2

2
|∆U |2, is crude and gives an interface width significantly larger than

is observed in most experiments. It is also contentious as to how to interpret

such a model as an approximation for atomistically sharp interfaces observed in

some martensitic materials. The physics of interfaces is rather complicated, see

for example, Sutton and Baluffi [186], and so the simple term used here will not

capture all relevant physical effects. Ball and Mora-Corral [21] analyse a multiscale

interface model and also suggest some other models which may better capture

interface behaviour.

Dolzmann and Müller [64, 65] have shown that minimisers for the geometrically

linear and geometrically nonlinear rigid well models without interfacial energy can

be very different in the presence of boundary conditions. The results presented

here show that with small interfacial energy and periodic boundary conditions,

long lived states for non-rigid well geometrically linear and geometrically nonlinear

models also differ considerably. The numerical results support an idea expressed

in Ball [14, p. 40], that study of models with small interfacial energy can also give

insight into models without interfacial energy.

The qualitative features of the simulations appear to be robust. However, the

accuracy of the simulations has not been demonstrated. Tests that check the

residual and also how well the energy identity is satisfied would be good additions

to the current work to show how much the numerical results can be trusted.

It would be interesting to extend these computations to a three-dimensional

model for a martensitic phase transformation, for which it would be possible

to perform realistic comparisons to experiments. We note that in the three-

dimensional case, much less is known about the possible microstructures in the

case with constrained wells and no surface energy, see for example, Dolzmann [63]

or Müller [152]. Most of the information available consists of explicit constructions,

many of which can be found in Bhattacharya [24, p. 105]. Numerical simulations

here would truly be an enlightening and exploratory tool. Finally, we note that

it would also be interesting to augment this viscoelastic model with a plasticity
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model, both to better describe the motion of interfaces and to better model energy

dissipation. We leave this for future work.

7.5 Further Work

While we have suggested extending these studies to three-dimensional models,

there are still several interesting areas that can be investigated in the two-dimensional

setting. As explained in Chapter 5, Kohn and Müller [120, 121] have analysed a

simple scalar two-dimensional model for such a situation in which surface energy is

added. They show that well chosen boundary conditions can lead to conditions for

which there is self-similar refinement away from the boundary – a situation which,

in the absence of surface energy, would give microstructure almost everywhere.

Friesecke [80] also gives conditions for scalar non-convex variational problems with

no interfacial energy to form microstructure throughout the domain. Such a situ-

ation appears in the simulations of Swart and Holmes [188]. At present, no large

computations of such microstructures have been done in vectorial situations, how-

ever Ball [13] reports on initial work by Plechác̆ where a vectorial two-dimensional

model with surface energy displays refinement towards the boundary, much as

predicted in the scalar models.

There are examples of four pairwise incompatible wells which, when all four are

combined together, can still allow microstructures to be formed. These are known

as T-4 configurations. As explained by Müller and S̆verák [154], these configu-

rations can be used to construct wildly oscillating solutions to nonlinear elliptic

partial differential equations in the two-dimensional vectorial setting. Szekelyi-

hidi [189] also uses T-5 configurations to construct wildly oscillating solutions to

nonlinear elliptic partial differential equations from a polyconvex function on two

by two matrices. The density of smooth functions in the Sobolev space W 1,p for

1 ≤ p <∞ implies that these microstructures can be approximated by continuous

functions. A possible method of doing this is by numerically finding long lived

metastable states in the vanishing capillarity limit. This is of interest since it

suggests that we should be able to simulate these complicated microstructures for

both single well and multiple well potentials.
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In Chapter 3, we examined models for which austenite and martensite were

nearly compatible. We plan to perform numerical simulations of these models to

see if we can understand superelasticity in this context and to check whether the

estimates obtained to predict the minimum strains required to observe superelas-

ticity are reasonable. To do these simulations, we will make use of the Chebyshev

spectral method in a vectorial setting. This will allow us to specify displacement

and/or stress loading boundary conditions.
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Figure 7.1: A macro-twin interface in NiAl [181].
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(a) Initial configuration. Colours show η2 in
the geometrically nonlinear model.
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(b) Geometrically nonlinear theory.
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(c) Geometrically linear theory.
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(d) Geometrically nonlinear theory – larger
capillarity.

Figure 7.2: Energy evolution and initial iterate.
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(a) 1 ps. Colours show η2. (b) 15 ps. Colours show η2.

(c) 15 ps. Closeup of needles. Colours show η2. (d) 15 ps. Closeup of needles. Colours show
energy density in mJ/µm2.

Figure 7.3: Deformed configurations during geometrically nonlinear evolution.
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(a) 1 ps. (b) 3 ps.

(c) 5 ps. (d) 15 ps.

Figure 7.4: Deformed configurations during geometrically linear evolution. Colours
show η2.
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(a) 1 ps. (b) 7 ps.

(c) 8 ps. (d) 15 ps.

Figure 7.5: Deformed configuration during geometrically nonlinear evolution with
larger capillarity. Colours show η2.
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