M TARTU ULIKOOL

Tuubituletus

® Church’i-stiilis A-arvutustes sisaldavad A-termid piisavalt tiiiibiannotatsioone
ning tiiiibikontroll ja tiilibituletus on lihtne.

® Curry-stiilis siisteemides on termid ilma tiiiibiannotatsioonideta ja tiitibid
on termi korrektsuse predikaadid.
e (Jldjuhul on Curry-stiilis tiiiibisiisteemides tiiiibituletus (ja ka tiiiibikon-
troll) lahendamatud iilesanded.
® Teist-jarku A-arvutus.
® Kuid lihtsamate siisteemide jaoks on tiitibituletus voimalik.

® Lihtsalt tiiiibitud A-arvutus.
® Hindley-Milner’i poliimorfism.

Varmo Vene Funktsionaalprogrammeerimine Stigis 2021



1.2 il TARTU ULIKOOL

Curry-stiilis lihtsalt tiitibitud A-arvutus

® Tiiibid (sama kui A— a’la Church):

T = « tiibimuutuja
| 7= funktsioonitiiiip

® Termid (sama kui puhtas A-arvutuses):

e = =z muutuja
| ee aplikatsioon
|  Az.e abstraktsioon

® Tiilipimisreeglid:
z:oke:T

Tz:7kax:7T I'kXz.e:o—T1

I'tey:o—>71 The:o
I‘I—elegzr
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M TARTU ULIKOOL

Curry-stiilis lihtsalt tiitibitud A-arvutus

Téhistused:
® 3,5,... tiilibisubstitutsioonid
* 71— 3S[r = S(7)];
*I'-T"«<— 35SV D S(I)].
Definitsioon: (T', 7) on termi e printsipiaalne paar parajasti siis, kui
i) Tre:T
) MEe:rT'<—=T =TI A 11
Kinnise termi e printsipiaalses paaris (@, 7) olevat tiiiipi 7 nimetatakse
printsipiaalseks tiiiibiks.

Teoreem: Iga tiilibitava termi e jaoks leidub printsipiaalne paar (T, 7).
See paar on unikaalne tiilibimuutujate imbernimetamise tapsuseni.



1.4 il TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

THiiiibituletuse algoritm:

® Annoteerida iga alamavaldis ja muutuja siduvesinemine unikaalse tiitibimuu-
tujaga.

® Genereeri kitsenduste siisteem kasutades jargnevaid reegleid:

z° e’ Iz*Fef = F
TFzf = {a=p} Tz ef) = {y=a— BJUE
Thef = B THef = B

TH(ef el = {a=8—7}UEBUE;

® Lahenda kitsenduste siisteem leides selle kdige tildisema unifitseerija.
® Kui seda ei leidu = term ei ole tiiiibitav.
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il TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

[ (}\:I:"‘l _()\yaz .()\z“:“ .(:c“4(y°‘5 zcze)&)ﬁz)w )72)73
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il TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

291 ()\yaz .(Az"‘3.(m°‘4(y°‘5 zae)ﬁl)ﬁz)'n )72

[ (}\:I:"‘l _()\yaz .(}\z“:“ .(:c"‘4(y°‘5 zcze)&)ﬁz)w )72)73



1.5 i TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

mal’ yaz [ ()\Zots.(za‘t(yas Zae)/sl)ﬁz )’11
291 ()\yaz'(Aza3.($a4(yasza6)ﬁl)52)71)"/2
[ (}\:c"” .(Ay"‘z.()\zaf‘.(x"“‘(y"‘f’ zaﬁ)ﬁl)ﬂ2)71)72)'73




1.5 il TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

2%, 4%, 2% F (2% (y*02%0)P )P
2%, 4% F (A% (2% (570 2% )PPy
2% (™2 (2% (24 (0 2%0)P1)Pe ) )
F (2% (g™ (A2 (%4 (5 2°0)Pr)Paym ey
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THitibituletus A— a’la Curry jaoks

kg™ ['F (yosze)P1
2%, 4%, 2 (2% (g7 2%0) PP
27,y F (0™ (2% (y270) P )P
27 (g™ (A2 (e (57 2°0) PP ) )
- (O (% (@ (g 2%) PP )




1.5 il TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

TF y* T 2
kg™ ['F (yosz%e)P1
2%, %, 2 (% (57 2%0) P )P
27,y F (0™ (2% (y270) P )P
27 (g™ (A" (e (57 270) PP ) )
- (0w (S (@ (g 2%) PP )




1.5 il TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

aer TRy T 2
'kz* = F ['F (yosz%e)P1
2%, 4", 27 (2% (g™ 2%0) P )P
27,y F (0™ (2% (y270) P )P
27 (g™ (A" (e (57 270) PP ) )
- (0w (S (@ (g 2%) PP )

Kitsendused:
Ei = {ai1=oa4}
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THitibituletus A— a’la Curry jaoks

y*? el
zaer  THy™ =B TFz%
'z = B ['F (yosz%e)P1

2%, 4%, 2% F (2% (y*02%0 )P )P
2%, Y% F (2% (2% (372 2% )P )P
2% (™2 (2% (24 (0 2%0)P1)Pe)m )
F (2% (g™ (A2 (%3 (5 2°0)Pr)Pay T ey e

Kitsendused:
Ei = {ai1=oa4}
Ey = {ax=oas}
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
aer  ThHy™ =B TFz* = B
'z = B ['F (yosz%e)P1

2%, 4%, 2% F (2% (y*02%0 )P )P
2%, Y% F (2% (2% (372 2% )P )P
2% (™2 (2% (24 (0 2%0)P1)Pe)m )
F (2% (g™ (A2 (%3 (5 2°0)Pr)Pay T ey e

Kitsendused:
Ei = {ai1=oa4}
Ey = {ax=oas}
Ez = {az=oas}
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
ser  THy™ =B TF™ = &
'z* = B I‘I—(y"‘-”z"‘e)ﬁ1 = F,

2%, 4%, 2% F (2% (y*02%0 )P )P
2%, Y% F (2% (2% (372 2% )P )P
2% (™2 (2% (24 (0 2%0)P1)Pe)m )
F (2% (g™ (A2 (%3 (5 2°0)Pr)Pay T ey e

Kitsendused:
Ei = {ai1=oa4}
Ey = {ax=oas}
Ez = {az=oas}
Es = {as=oas— P1}

J B> U B3
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
ser  THy™ =B TF™ = &
'z* = B I‘I—(y"‘-”z"‘e)ﬁ1 = F,

T, Y2 223 | (g4 (y*s270)P1)P2 = [y
27,y b (A (% (g™ 270 )Py P
27 F (W™ (A2 (274 (y527) PPy )
- (e (g (% (%4 (57025

Kitsendused:
E1 = {a1=oa4} Es = {as=p1— B2}UEIUE,
Ey = {ax=oas}
Ez = {az=oas}
By = {as=as— p1}

U B2 U E3
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
ser  THy™ =B TF™ = &
'z* = B I‘I—(y"‘-”z"‘e)ﬁ1 = F,

T, Y2 223 | (g4 (y*s270)P1)P2 = [y
%, Y2 | (A2 . (24 (y*5220)P1)P2 )" = [y
2% F (A7 (A2 (% (57 2°0) P )P )
- O™ O™ (e (% (g 220 )

Kitsendused:
E1 = {a1=oa4} Es = {as=pB1— P21UEIUE,
By = {az=as} Es = {y1=az— B2}UEs
Ez = {az=oas}
Es = {as=oas— P1}

U B2 U E3



1.5 il TARTU ULIKOOL
THitibituletus A— a’la Curry jaoks
y*2? el 2% el
1 e I"l—y"‘5:>E2 'k 2% = E;
'z* = B I‘I—(y"‘-”z"‘e)ﬁ1 = F,
:Eal’ yaz’ 293 | (maz}(yaszaa)ﬁl)ﬁz = B
zOq’ yaz [ (Aza3.(za4(ya52‘16),51)ﬁZ)'Yl = Fg
291 (}\yaz'(}\za3_($a4(y0¢520‘6)ﬁ1)ﬁ2)71)72 = B,
[ (}\m"‘l.()\y"‘z.()\z"‘3.(x°‘4(y°‘5 zaﬁ)ﬁl)52)71)72)73
Kitsendused:
E1 = {a1=oa4} Es = {as=pB1— P21UEIUE,
By = {az=as} EBs = {y1=oa3— B2}UEs
Bz = {az=as} Er = {y2=a2 = 71}UEs
By = {as=as— p1}

U B2 U E3
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
ser  THy™ =B TF™ = &
'z* = B I‘I—(y"‘-”z"‘e)ﬁ1 = F,

T, Y2 223 | (g4 (y*s270)P1)P2 = [y
%, Y2 | (A2 . (24 (y*5220)P1)P2 )" = [y
% (Ay®2.(A292. (24 (y@5 220)P1)P2 1) 12 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)7s = [y

Kitsendused:
E1 = {a1=oa4} Es = {as=pB1— P21UEIUE,
By = {az=as} EBs = {y1=oa3— B2}UEs
Bz = {asz=ae} E;r = {v2=a2—->m}UBEs
Es = {as=oas— P1} Es = {y3=ai1—>7y2}UEr

U B2 U E3
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1.5
THitibituletus A— a’la Curry jaoks
y*? el z* el
¥t e Pl-ya5:>E2 FFZO‘G:}E3
Ttz = B Ik (y*52%0)fr = B,
T y%2 293 b (za‘;(yaszae)ﬁl)ﬁz = B
T, y%? ()\za3_($a4(yasza6)ﬁ1)ﬁz)‘n = Fg
%1 (}\yaz_(}\za3_($a4(yasza6)ﬁ1),32)’11)"/2 = B,
[ ()\qu.(Ayaz.()\zas.(Imz(yaszae)ﬁ)ﬁz)vl)72)’73 = Eg
Kitsendused:

By = {a1=a4, az=as, az = as,
as = ag — f1, aa = f1 — P2,
71 = a3z — B,
Y2 = a2 =71,
V3 = a1 — v2}
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1.5
THitibituletus A— a’la Curry jaoks
y*? el z* el
¥t e Pl-ya5:>E2 Fl—z°‘5:>E3
Ttz = B Ik (y*52%0)fr = B,
T y%2 293 b (za‘;(yaszae)ﬁl)ﬁz = B
T, y%? ()\za3_($a4(yasza6)ﬂ1)/32)‘71 = Fg
%1 (}\yaz_(}\za3_($a4(yasza6)ﬁ1),32)’11)"/2 = B,
[ ()\qu.(Ayaz.()\zas.(Imz(yaszae)ﬁ)ﬁz)vl)72)’73 = Eg
Kitsendused:

Egs = {o1 = as, a2 =as, a3z = as,
as = ag — f1, aa = f1 — P2,
71 = a3z — B,
Y2 = a2 71,
V3 = ag — Y2}
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1.5
THitibituletus A— a’la Curry jaoks
y*? el z* el
¥t e Pl-ya5:>E2 Fl—z°‘5:>E3
Ttz = B Ik (y*52%0)fr = B,
T y%2 293 b (za‘;(yaszae)ﬁl)ﬁz = B
T, y%? ()\za3_($a4(yasza6)ﬂ1)/32)‘71 = Fg
%1 (}\yaz_(}\za3_($a4(yasza6)ﬁ1),32)’11)"/2 = B,
[ ()\qu.(Ayaz.()\zas.(Imz(yaszae)ﬁ)ﬁz)vl)72)’73 = Eg
Kitsendused:

Egs = {o1 = s, az = as, az = as,
as = ag — f1, aa = f1 — P2,
71 = a3z — B,
Y2 = a5 1,
V3 = ag — Y2}
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1.5
THitibituletus A— a’la Curry jaoks
y*? el z* el
¥t e Pl-ya5:>E2 Fl-za6:>E3
Ttz = B Ik (y*52%0)fr = B,
T y%2 293 b (za‘;(yaszae)ﬁl)ﬁz = B
%y ()\za3_($a4(yasza6)ﬂ1)/32)‘71 = Fg
%1 (}\yaz_(}\za3_($a4(yasza6)ﬁ1),32)’71)72 = B,
[ ()\qu.(Ayaz.()\zas.(Imz(yaszae)ﬁ)ﬁz)vl)72)’73 = Eg
Kitsendused:

Egs = {o1=as, az =as, a3z = as,
as = ag — f1, aa = f1 — P2,
71 = as — B,
Y2 = a5 1,
V3 = ag — Y2}
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
PFy® = F, Tk 2% = Fj

zt el
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
%, Y2 | (A2, (224 (y@5 220)P1)P2) 1 = [y
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1=as, az =as, a3z = as,
a5:a6~>,31,0¢4=ﬁ1—>ﬁ2:
71 = as — B,
72 = (a6 — B1) — 71,
V3 = ag — Y2}
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Fl-ya5:>E2 Fl-za6:>E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
%, Y2 | (A2, (224 (y@5 220)P1)P2) 1 = [y
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1=as, az =as, a3z = as,
a5:a6~>,31,0¢4:ﬂlﬂﬁ2:
71 = as — B,
Y2 = (26 — B1) — 71,
¥3 = (B1 — B2) = 72}
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Fl-ya5:>E2 Fl—za6:>E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
%, Y2 | (A2, (224 (y@5 220)P1)P2) 1 = [y
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1=as, az =as, a3z = as,
a5:a6—>,31,0¢4=,31—>/32:
71 = as — Pa,
v2 = (a6 — B1) — as — P2,
¥3 = (B1 — B2) = 72}
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THitibituletus A— a’la Curry jaoks

y>2 el 2% €T
=N Pl_ya5:>E2 Pl_Za6:>E3
Tkz™ = B Tk (y*2z%)P = By

T, Y2, 223 | (g4 (y*s270)P1)P2 = [y
%, Y2 | (Az%3 (g4 (y@52%0)P1)P2 )1 = Ey
o (Ay®2.(Az93. (24 (y@s 220)P1)P2 )12 = |,
F (Az®.(Ay®2.(Az92 (224 (y@s 220)P1)P2)11)12)s = [y

Kitsendused:

Es = {oa1 = a4, az =as, az = as,
as = ag — P1, ag = B1 — P2,
71 = as — P2,
v2 = (a6 — B1) — as — P2,
3 = (B1 — B2) = (@6 — P1) = as — B2}
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THitibituletus A— a’la Curry jaoks

y*? el z* el
2% € T THy* = E, I'F 2% = Es
Tz = B Dk (y*5z%)Pr = B,

T, yo2 223 | (g4 (y*s2°0)P1)P2 = [y
o, Y2 | (A293 (224 (y@5220)P1)P2) 1 = [y
% (Ay®2.(Az2. (24 (yo5 226)P1)P2 1) 12 = |,
F Azt (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Tuletatud tiiip:

13 = (B2 (a—=B)2a—y
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Vorrandite lahendamine unifitseerimisega

® Vorrandeid saab lahendada lihtsustusreeglite korduva rakendamise
kaudu.

® Kaks peamist reeglit:
® asenda vordus kujul 71 — T2 = 73 — T4 kahe vOrdusega 71 = T3 ja
T2 = T4
® olgu vordus kujul « = 7. Kui a € FV(7) siis raporteeri viga, vastasel
korral asenda koigis vordustes o asemel 7.
® Abireeglid:
® eemalda reeglid kujul o = «, Bool = Bool, jne.;
® asenda 7 = « vordusega a = T;
® kui leidub v8rdus T = 72, kus peatiiiibikonstruktorid on erinevad (niit.
Bool = a1 — a2), siis raprorteeri viga.
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Type inference for A— a'la Curry

F (Az™.2°2)% (Ag®4.g%%)%0)7
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il TARTU ULIKOOL

Type inference for A— a'la Curry

F (Az%t.g>2)es F (Az%4.z>5)%e

F (A2 .2°2)% (Ag®4 .25 )%0)7
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il TARTU ULIKOOL

Type inference for A— a'la Curry

% g2 % g5

F (Az%t.g2)es F (Az%4.z>5)%e

F (A2™.2°2)% (Ag™4.g%%)%0) T
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Type inference for A— a'la Curry

xal E {mal} $a4 e {.’130(4}
2% = B Tz 2% = By
F (Az%t.g2)es F (Az%4.z>5)%e
F ((Az®t.z%2)93 (Ag™e.g*5)%0)*7

Kitsendused:
Eq
B>

{o1 = a2}

{os = a5}
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Type inference for A— a'la Curry

2%t € {z°} g € {z*}
2% = B Tz 2% = By
F (Az®t.z*2)* = B F (Az*4.2%5)% = Fy

F (A2™.2°2)% (Ag™4.g%%)%0) T

Kitsendused:
Ei = {a1=oa2}
By = {a4 = a5}
Bz = {az=oa1 > ax}UE
By, = {aa = o4 — oc5} U B
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Type inference for A— a'la Curry
2% € {z*1} ™4 € {z%4}
2% = B Tz 2% = By
F (Az®t.z*2)* = B F (Az*4.2%5)% = Fy
|— ((}‘mou_maz)as(kxa4.wa5)ae)a7 = E5
Kitsendused:

{az = a1 = a2} U By
:a4—>o¢5}UE2
{ag:a5—>a7}UE'3UE4
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Type inference for A— a'la Curry

z*t € {z*} z™ € {4}
1 %2 = B % 2% = By
F (A2 .2%2)% = f, F (Az%4.2%%)% = f,

|- ((}\;zal.:caz)QS(}\xa4.$a5)a6)a7 = E5

Kitsendused:
Es = {a1=a2, ag=as,
a3z = a1 — a,
ag — ag — as,
o3 =ae — ar}
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Type inference for A— a'la Curry

z*t € {z*} z™ € {4}
1 %2 = B % 2% = By
F (A2 .2%2)% = f, F (Az%4.2%%)% = f,

|- ((}\;zal.:caz)QS(}\xa4.$a5)a6)a7 = E5

Kitsendused:
Bs = | ag = as,
a3z = a2 — a,
ag — ag — as,
o3 =ae — ar}
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Type inference for A— a'la Curry

z*t € {z*} z™ € {4}
1 %2 = B % 2% = By
F (A2 .2%2)% = f, F (Az%4.2%%)% = f,

|- ((}\;zal.:caz)QS(}\xa4.$a5)a6)a7 = E5

Kitsendused:
EBs = {
a3z = a2 — a,
ag = as — as,
o3 =ae — ar}



1.7 i TARTU ULIKOOL

Type inference for A— a'la Curry

z*t € {z*} z™ € {4}
1 %2 = B % 2% = By
F (A2 .2%2)% = f, F (Az%4.2%%)% = f,

|- ((}\;zal.:caz)QS(}\xa4.$a5)a6)a7 = E5

Kitsendused:

g — a5 — A5,
oy — o = as —> arr
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Type inference for A— a'la Curry

z*t € {z*} z™ € {4}
1 %2 = B % 2% = By
F (A2 .2%2)% = f, F (Az%4.2%%)% = f,

|- ((}\;zal.:caz)QS(}\xa4.$a5)a6)a7 = E5

Kitsendused:

a2 = a6,
g = a5 — A5,
oy = ar}
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Type inference for A— a'la Curry

z*t € {z*} z™ € {4}
1 %2 = B % 2% = By
F (A2 .2%2)% = f, F (Az%4.2%%)% = f,

|- ((}\;zal.:caz)QS(}\xa4.$a5)a6)a7 = E5

Kitsendused:
a2 = a5 — as,

oy = ar}
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Type inference for A— a'la Curry

z*t € {z*} z™ € {4}
1 %2 = B % 2% = By
F (A2 .2%2)% = f, F (Az%4.2%%)% = f,

|- ((}\;zal.:caz)QS(}\xa4.$a5)a6)a7 = E5

Kitsendused:

a7 = ay — a5
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THitibituletus A— a’la Curry jaoks

F (Az®t. (z2g™3)*4)>s
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THitibituletus A— a’la Curry jaoks

:chl '_ ($CX2$CX3)CX4
F (Az®t. (z2g™3)*4)*s
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THitibituletus A— a’la Curry jaoks

%1 | g2 % | o3
:chl '_ (:chz $a3 )CX4
F (Az®t. (z2g™3)*4)>s
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THitibituletus A— a’la Curry jaoks

mal c {xal} mal c {zc"l}

%1+ %% = B % %3 = Fs

:chl '_ (:chz $a3 )CX4
F (Az®t. (z2g™3)*4)>s

Kitsendused:
By
E>

{01 = a2}
{o1 = a3}



1.8 i TARTU ULIKOOL
THitibituletus A— a’la Curry jaoks
Ial c {xal} mal c {zal}
%1+ %% = B % %3 = Fs
z F (2%2293)% = F3
F (Az®t. (z2g™3)*4)>s
Kitsendused:

BE1 = {oa1=oa2}
Ey = {ai1=a3}
Es = {ag:a3—>a4}UE1UE2



1.8 i TARTU ULIKOOL
THitibituletus A— a’la Curry jaoks
z% € {z*} z* € {z**}
%1+ %% = B % %3 = Fs
z F (2%2293)% = F3
F (Az®t. (z¥22%3)%4)*s = Fy
Kitsendused:

BE1 = {oa1=oa2}

Ey = {ai1=a3}

Es = {ag:a3—>a4}UE1UE2

By, = {a5 = a1 — 0(4} U E3



1.8 i TARTU ULIKOOL
THitibituletus A— a’la Curry jaoks
z% € {z*} z* € {z**}
% 222 = F % %3 = Fs
z F (2%2293)% = F3
F Azt (z*22>3)*4)* = [y
Kitsendused:

By = {e1=az, a1 =as,
a2 = a3 — a4,
a5 = 1 — 04

}



1.8 i TARTU ULIKOOL
THitibituletus A— a’la Curry jaoks
z% € {z*} z* € {z**}
% 222 = F % %3 = Fs
z F (2%2293)% = F3
F Azt (z*22>3)*4)* = [y
Kitsendused:

Es = { az = as,
a2 = a3 — a4,
a5 = Qg — 04



1.8 i TARTU ULIKOOL
THitibituletus A— a’la Curry jaoks
z% € {z*} z* € {z**}
% 222 = F % %3 = Fs
z F (2%2293)% = F3
F Azt (z*22>3)*4)* = [y
Kitsendused:

a3 = a3 — a4,
a5 = Qa3 — 04



1.8 i TARTU ULIKOOL
THitibituletus A— a’la Curry jaoks
z% € {z*} z* € {z**}
% 222 = F % %3 = Fs
z F (2%2293)% = F3
F Azt (z*22>3)*4)* = [y
Kitsendused:

a3 = a3 — a4,
a5 = Qa3 — 04

Error!
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Tuubituletus

® Viga suure tiilibiga term:

let pair = Azyz.zz y in
let 21 = Ay.pawryy in
let 2o = Ay.z1(z1 y) in
let z3 = Ay.z2(22 y) in
let zz = Ay.z3(23 y) in
let zs = Ay.za(z2 y) in
z5(Ay.y)



M TARTU ULIKOOL

Motivatsioon

Naide:
Pildito6tlusprogramm, mis rakendab pildile (baitide massiiv) mingit filtrit.

® Puhtal FP-1 on eeliseid aga peame muutmisel tegema koopiaid.

® Lahendus 1: Modelleerime programmi puhaste arvutuste ja
massiivimuudatuste jadana. (sarnaselt 10-le)

® Puhta FP eelised kaovad ara.

® Lahendus 2: Kitsendame keelt nii, et "vana" vaartust ei tohi kasutada
ja kopeerimise asemel hoopis muudame vaartust.

Tehniline lahendus (2): kvantitatiivne tiiiibiteooria, ehk muutujatele
lisatakse info, mis maaral seda tohib kasutada.

Varmo Vene ja Kalmer Apinis Funktsionaalprogrammeerimine Stigis 2022
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M TARTU ULIKOOL

Kvantitatiivne tiiibiteooria

Kolm arvu: null, uks ja suva.

Arve saab kirjutada let-i muutuja ja funktsiooni tiilibi parameetri ette.
Naiteks (1 x : Int) — Bool.

let-1 muutuja arvu piitiab Idris tuletada.
Vaikimisi on arvuks suva.

Arvud on ainult vahend. API looja vastutab turvalisuse eest.



2.3 il TARTU ULIKOOL

Null

® Null arvuga muutujate ei tohi/saa "kasutada".

® S.t. seda saab kasutada vaid argumendis null arvuga parameetrile.

® Null arvuga parameetrid kustutatakse kompileerimisel.

Naide:
test® : (0 _: Int) — Int
test® x =
let ® y : Int = x + 10 in
100

NB! Implitsiitsed (tiiiibi)parameetrid on vaikimisi arvuga null.
Naiteks a tiiiibis a — a.



2.4 il TARTU ULIKOOL

Uks

e Uks arvuga muutujat peab téipselt iiks kord kasutama.
® S.t. lisaks iihele kasutuskorrale suvaline arv null-kasutuskordi.

e Uks arvuga argumendi puhul on ka tagastusvaitrus iiks-arvuga.

Naide:

testl : (1 _: Int) — Int

testl x =
let 0 y : Int = test® x + 10 in
let 1 z : Int = testl x in -- lé6pmatu tsiikkel
let 0 y : Int = z in



2.5 il TARTU ULIKOOL

Suva

® Suva arvuga muutujat saab suvaline arv kordi kasutada.
® S.h. null voi iiks parameetri argumendina.

® Suva arvuga argumentide puhul on ka tagastusvadtrus suva-arvuga.

Naide:

tests : Int — Int

tests x =
let y : Int = test® x in
let z : Int = testl x in
z + z



2.6 il TARTU ULIKOOL

Lineaarsus

Kirjanduses kasutatakse ltneaarsuse moistet.

Meie kontekstis:
® x-ga tehakse koigepealt teisendus f, siis g ja siis h. Ehk g (f x).

® Vilistab, et vddrtust x ja £ x tulemust peaks korraga méalus hoidma.
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Turvalisus

® Mustrisobitus on iiks "kasutus", ehk kui andmestruktuuri sees pole
lineaarset resurssi, siis saame lineaarsust rikkuda.
testb : (1 _ : Bool) — Int
testbh x =
case x of

True = 1
False = 2

® API looja iilesanne on, et lineaarset resurssi saaks turvaliselt kasutada.

® Enamasti on arvuga iiks:

® abstraktsed tiiiibid véi liidesed,
® spetsiaalsed lineaarsed konteinerid.
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Naide: lineaarsed massiivid

infix 5 #

public export
data L : Type — Type — Type where

(#) : (1 _:a) —-b—>Lab
export
interface Array arr where
write : (1 a : arr) — Nat — Double — arr
read : (1 a : arr) — Nat — L arr Double
size : (1 a: arr) — L arr Nat

withArray : Nat — ((1 a : arr) — L arr c¢) — ¢
export

Array (List Double) where

export
Array LinArray where -- LinArray "private"
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export

Naide: testimiseks listid

Array (List Double) where
write [] n d = []
write (x :: xs) 0 d =d :: xs
write (x :: xs) (S k) d =x :: write xs k d

read [] n=[] # 0.0

read (x :: Xs)
read (x :: xs)
let _ # r
XuXs # r
size []

size (x :: xs)

withArray 1 f
let _ # r
r

® = (x::xs) # X
(S n) =
= read xs n in

=[0I #0
= (x : xs) # (length (x :: xs))

f (replicate 1 0.0) in
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Naide: kompileerimiseks LinArray-d

export
data LinArray — MkLinArray (IOArray Double)

private
newIOArr : List Double — IO (IOArray Double)
newIOArr xs =...

export
Array LinArray where
withArray n f =
unsafePerformIO (do a < newArray (cast n)
let (_ # r) = £ (MkLinArray a)
pure r )

size (MkLinArray a) = MkLinArray a # (cast (max a))

write (MkLinArray a) i v =
unsafePerformIO (do ok < writeArray a (cast i) v
pure (MkLinArray a))
read (MkLinArray a) i =
unsafePerformIO (do r < readArray a (cast i)
case r of

Just v = pure (MkLinArray a # v)
Nothing = pure (MkLinArray a # 0))
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