M TARTU ULIKOOL

Interaktiivne teoreemitoestus

® Curry-Howardi vastavus iitleb: saame teha tdestusi prog. keelega

Loogikareegel:

nimi
C

Loogikareegel Idrises:

® To6o6tab, kuna Idrises on puhtad ja taielikud funktsioonid.
® Tdielikuse jaoks votmesdna total vOi kogu failile %default total

® Motivatsioon: saame toestada midagi oma programmi kohta.

Kalmer Apinis, Varmo Vene

Funktsionaalprogrammeerimine Stigis 2023
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Naide: konjunktsioon

conj;

Idrises:

infixl 10 /\
data (/\) : Type — Type — Type where
Conl : a — b
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— a

conEr : a /\' b

— b
conEr = ?conEr_v
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— b
conEr (Conl x y) =y
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Vordused + rewrite

-- defineeritud standardteegis
data (= : a — b — Type where
Refl

plusNull : (n:Nat)

plusNull n = ?pl_null
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Vordused + rewrite

-- defineeritud standardteegis
data (= : a — b — Type where
Refl

plusNull : (n:Nat)

plusNull @ = Refl
plusNull (S k) = rewrite plusNull k in Refl

® Mitme rewrite puhul voib tekkida segadus. Kirjuta vahetulemused
kommentaari!
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Naide

plusAssoc : (m:Nat) — (n:Nat) — (q:Nat)

— m+ (n+q@ =@+ n) +q

plusAssoc ® n g =
{- plus n ¢ = plus n q -}
Refl

plusAssoc (S k) n q =
{- S (plus k (plus n q@)) =S (plus (plus k n) q) -}
rewrite plusAssoc knq in {- k+ (n+ q) =k +n) +q -}
{- S (plus (plus k n) q) =S (plus (plus k n) q) -}
Refl
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vaar + absurd

-- defineeritud standardteegis
data Void : Type where
-- konstruktoreid pole

absurd : (p: Type) — Void

absurd _ q impossible
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vaar + absurd

-- defineeritud standardteegis
data Void : Type where
-- konstruktoreid pole

absurd : (p: Type) — Void

absurd _ q impossible

Kokkuvotteks:

® Tiilibiteooria on hea alus tdestussiisteemile!

® Idris sobib oppimiseks kuid pole piisavalt kiips suurte tdestuste jaoks.

® Soovitame kasutada muid vahendeid. Nditeks Agda voi Coq.
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Tuubituletus

® Church’i-stiilis A-arvutustes sisaldavad A-termid piisavalt tiiiibiannotatsioone
ning tiiiibikontroll ja tiilibituletus on lihtne.

® Curry-stiilis siisteemides on termid ilma tiiiibiannotatsioonideta ja tiitibid
on termi korrektsuse predikaadid.
e (Jldjuhul on Curry-stiilis tiiiibisiisteemides tiiiibituletus (ja ka tiiiibikon-
troll) lahendamatud iilesanded.
® Teist-jarku A-arvutus.
® Kuid lihtsamate siisteemide jaoks on tiitibituletus voimalik.

® Lihtsalt tiiiibitud A-arvutus.
® Hindley-Milner’i poliimorfism.

Varmo Vene Funktsionaalprogrammeerimine Stigis 2023
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Curry-stiilis lihtsalt tiitibitud A-arvutus

® Tiiibid (sama kui A— a’la Church):

T = « tiibimuutuja
| 7= funktsioonitiiiip

® Termid (sama kui puhtas A-arvutuses):

e = =z muutuja
| ee aplikatsioon
|  Az.e abstraktsioon

® Tiilipimisreeglid:
z:oke:T

Tz:7kax:7T I'kXz.e:o—T1

I'tey:o—>71 The:o
I‘I—elegzr
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Curry-stiilis lihtsalt tiitibitud A-arvutus

Téhistused:
® 3,5,... tiilibisubstitutsioonid
* 71— 3S[r = S(7)];
*I'-T"«<— 35SV D S(I)].
Definitsioon: (T', 7) on termi e printsipiaalne paar parajasti siis, kui
i) Tre:T
) MEe:rT'<—=T =TI A 11
Kinnise termi e printsipiaalses paaris (@, 7) olevat tiiiipi 7 nimetatakse
printsipiaalseks tiiiibiks.

Teoreem: Iga tiilibitava termi e jaoks leidub printsipiaalne paar (T, 7).
See paar on unikaalne tiilibimuutujate imbernimetamise tapsuseni.
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THitibituletus A— a’la Curry jaoks

THiiiibituletuse algoritm:

® Annoteerida iga alamavaldis ja muutuja siduvesinemine unikaalse tiitibimuu-
tujaga.

® Genereeri kitsenduste siisteem kasutades jargnevaid reegleid:

z° e’ Iz*Fef = F
TFzf = {a=p} Tz ef) = {y=a— BJUE
Thef = B THef = B

TH(ef el = {a=8—7}UEBUE;

® Lahenda kitsenduste siisteem leides selle kdige tildisema unifitseerija.
® Kui seda ei leidu = term ei ole tiiiibitav.
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THitibituletus A— a’la Curry jaoks

[ (}\:I:"‘l _()\yaz .(}\z“:“ .(:c"‘4(y°‘5 zcze)&)ﬁz)w )72)73
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THitibituletus A— a’la Curry jaoks

291 ()\yaz'(Aza3.(ma4(yasza6)ﬁl)52)71)"/2
[ (}\:I:"‘l .(Ay"‘z.()\zaf‘.(x"“‘(y"‘f’ zaﬁ)ﬁl)ﬂ2)71)72)'73
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THitibituletus A— a’la Curry jaoks

mal’ yaz [ ()\Zots.(za‘t(yas Zae)/sl)ﬁz )’11
291 ()\yaz'(Aza3.($a4(yasza6)ﬁl)52)71)"/2
[ (}\:c"” .(Ay"‘z.()\zaf‘.(x"“‘(y"‘f’ zaﬁ)ﬁl)ﬂ2)71)72)'73
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THitibituletus A— a’la Curry jaoks

2%, 4%, 2% F (2% (y*02%0)P )P
2%, 4% F (A% (2% (570 2% )PPy
2% (™2 (2% (24 (0 2%0)P1)Pe ) )
F (2% (g™ (A2 (%4 (5 2°0)Pr)Paym ey
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THitibituletus A— a’la Curry jaoks

kg™ ['F (yosze)P1
2%, 4%, 2 (2% (g7 2%0) PP
27,y F (0™ (2% (y270) P )P
27 (g™ (A2 (e (57 2°0) PP ) )
- (O (% (@ (g 2%) PP )
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THitibituletus A— a’la Curry jaoks

TF y* T 2
kg™ ['F (yosz%e)P1
2%, %, 2 (% (57 2%0) P )P
27,y F (0™ (2% (y270) P )P
27 (g™ (A" (e (57 270) PP ) )
- (0w (S (@ (g 2%) PP )




M TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

aer TRy T 2
'kz* = F ['F (yosz%e)P1
2%, 4", 27 (2% (g™ 2%0) P )P
27,y F (0™ (2% (y270) P )P
27 (g™ (A" (e (57 270) PP ) )
- (0w (S (@ (g 2%) PP )

Kitsendused:
Ei = {ai1=oa4}
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THitibituletus A— a’la Curry jaoks

y*? el
zaer  THy™ =B TFz%
'z = B ['F (yosz%e)P1

2%, 4%, 2% F (2% (y*02%0 )P )P
2%, Y% F (2% (2% (372 2% )P )P
2% (™2 (2% (24 (0 2%0)P1)Pe)m )
F (2% (g™ (A2 (%3 (5 2°0)Pr)Pay T ey e

Kitsendused:
Ei = {ai1=oa4}
Ey = {ax=oas}
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
aer  ThHy™ =B TFz* = B
'z = B ['F (yosz%e)P1

2%, 4%, 2% F (2% (y*02%0 )P )P
2%, Y% F (2% (2% (372 2% )P )P
2% (™2 (2% (24 (0 2%0)P1)Pe)m )
F (2% (g™ (A2 (%3 (5 2°0)Pr)Pay T ey e

Kitsendused:
Ei = {ai1=oa4}
Ey = {ax=oas}
Ez = {az=oas}
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
ser  THy™ =B TF™ = &
'z* = B I‘I—(y"‘-”z"‘e)ﬁ1 = F,

2%, 4%, 2% F (2% (y*02%0 )P )P
2%, Y% F (2% (2% (372 2% )P )P
2% (™2 (2% (24 (0 2%0)P1)Pe)m )
F (2% (g™ (A2 (%3 (5 2°0)Pr)Pay T ey e

Kitsendused:
Ei = {ai1=oa4}
Ey = {ax=oas}
Ez = {az=oas}
Es = {as=oas— P1}

J B> U B3
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
ser  THy™ =B TF™ = &
'z* = B I‘I—(y"‘-”z"‘e)ﬁ1 = F,

T, Y2 223 | (g4 (y*s270)P1)P2 = [y
27,y b (A (% (g™ 270 )Py P
27 F (W™ (A2 (274 (y527) PPy )
- (e (g (% (%4 (57025

Kitsendused:
E1 = {a1=oa4} Es = {as=p1— B2}UEIUE,
Ey = {ax=oas}
Ez = {az=oas}
By = {as=as— p1}

U B2 U E3
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THitibituletus A— a’la Curry jaoks

z*t e’

I“|_$C¥4:>E1

y*2 el

z* el

Ty = B Tk 2% = B

Tk (y*5z%¢)Pr = B,

130(1, yaz’ Zcx3 l_ ($a4(yasza6)ﬁ1)ﬁ2 = E5

T Y2 b (Aza3.(za4(ya52‘16),51)ﬁZ)'Yl = Fg

291 ()\yaz .(}\z°‘3.(a:°‘4(y°‘5 zae)ﬁl)ﬁz)n )72

[ (Am“l _()\yaz .()\z"‘3 .(:c"‘4(y°‘5 zae)ﬁl)ﬁz)’h )72)73

Kitsendused:

&
[T

{o1 = s}
{oz = as}
{as = as}

{as = as — B1}
U B2 U E3

Es
Eg

{aa =p1 — B2} UE1UEy
{71 =az = B2} UEs
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THitibituletus A— a’la Curry jaoks

y*2? el 2% el
ser  THy™ =B TF™ = &
'z* = B I‘I—(y"‘-”z"‘e)ﬁ1 = F,

T, Y2 223 | (g4 (y*s270)P1)P2 = [y
%, Y2 | (A2 . (24 (y*5220)P1)P2 )" = [y
% (Ay®2.(A292. (24 (y@5 220)P1)P2 1) 12 = |,
- O™ O™ (e (% (g 220 )

Kitsendused:
E1 = {a1=oa4} Es = {as=pB1— P21UEIUE,
By = {az=as} EBs = {y1=oa3— B2}UEs
Ez = {az=oas} Er = {y2=ax—71}ULEs
By = {as=as— p1}

U B2 U E3
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THitibituletus A— a’la Curry jaoks

z*t e’

I“|_$C¥4:>E1

y*2 el

z* el

Ty = B Tk 2% = B

Tk (y*5z%¢)Pr = B,

130(1, yaz’ Zcx3 l_ ($a4(yasza6)ﬁ1)ﬁ2 = E5

T Y2 b (Aza3.(za4(ya52‘16),51)ﬁZ)'Yl = Fg

291 (}\yaz'(}\za3_($a4(y0¢520‘6)ﬁ1)ﬁ2)71)72 = B,

[ (}\m"‘l.()\y"‘z.()\z"‘3.(x°‘4(y°‘5 zaﬁ)ﬁl)52)71)72)73 = Eg

Kitsendused:

&
[T

{o1 = s}
{oz = as}
{as = as}

{as = as — B1}
U B2 U E3

{aa =p1 = B2} UELU By
{71 =a3z = B2} UEs
{2 =02 =711} UEs
{7a =1 > 72} U E7
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Pl-ya5:>E2 FFZO‘G:}E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
o1, Y22 | (A2%3. (%4 (y™s 2%6)P1)P2 M = F
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
By = {a1=a4, az=as, az = as,
as = ag — f1, aa = f1 — P2,
71 = a3z — B,
Y2 = a2 V1,
V3 = a1 — v2}
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Pl-ya5:>E2 Fl—z°‘5:>E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
o1, Y22 | (A2%3. (%4 (y™s 2%6)P1)P2 M = F
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1 = as, a2 =as, a3z = as,
as = as — P1, aa = f1 — B2,
71 = a3z — B,
Y2 = a2 V1,
V3 = ag — Y2}
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Pl-ya5:>E2 Fl—z°‘5:>E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
o1, Y22 | (A2%3. (%4 (y™s 2%6)P1)P2 M = F
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1 = s, az = as, az = as,
as = as — P1, aa = f1 — B2,
71 = a3z — B,
Y2 = a5 V1,
V3 = ag — Y2}
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Pl-ya5:>E2 Fl-za6:>E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
%, Y2 | (A2, (224 (y@5 220)P1)P2) 1 = [y
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1=as, az =as, a3z = as,
as = as — P1, aa = f1 — B2,
71 = as — B,
Y2 = a5 V1,
V3 = ag — Y2}



M TARTU ULIKOOL

THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Pl-ya5:>E2 Fl-za6:>E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
%, Y2 | (A2, (224 (y@5 220)P1)P2) 1 = [y
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1=as, az =as, a3z = as,
a5:a6~>,31,0¢4=ﬁ1—>ﬁ2:
71 = as — B,
72 = (a6 — B1) — 71,
V3 = ag — Y2}
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Fl-ya5:>E2 Fl-za6:>E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
%, Y2 | (A2, (224 (y@5 220)P1)P2) 1 = [y
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1=as, az =as, a3z = as,
a5:a6~>,31,0¢4:ﬂlﬂﬁ2:
71 = as — B,
Y2 = (26 — B1) — 71,
¥3 = (B1 — B2) = 72}
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THitibituletus A— a’la Curry jaoks

y*2 el 2*3 el
¥t e Fl-ya5:>E2 Fl—za6:>E3
Tz = Dk (y*5z%)Pr = B,

T, Y2, 223 | (g4 (y*s2%0)P1)P2 = [y
%, Y2 | (A2, (224 (y@5 220)P1)P2) 1 = [y
% F (Ay%2.(Az%3 (z%4(y@sz%0)Pr)P2) Y2 = |,
F Az (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Kitsendused:
Egs = {o1=as, az =as, a3z = as,
a5:a6—>,31,0¢4=,31—>/32:
71 = as — Pa,
v2 = (a6 — B1) — as — P2,
¥3 = (B1 — B2) = 72}
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THitibituletus A— a’la Curry jaoks

y>2 el 2% €T
=N Pl_ya5:>E2 Pl_Za6:>E3
Tkz™ = B Tk (y*2z%)P = By

T, Y2, 223 | (g4 (y*s270)P1)P2 = [y
%, Y2 | (Az%3 (g4 (y@52%0)P1)P2 )1 = Ey
o (Ay®2.(Az93. (24 (y@s 220)P1)P2 )12 = |,
F (Az®.(Ay®2.(Az92 (224 (y@s 220)P1)P2)11)12)s = [y

Kitsendused:

Es = {oa1 = a4, az =as, az = as,
as = ag — P1, ag = B1 — P2,
71 = as — P2,
v2 = (a6 — B1) — as — P2,
3 = (B1 — B2) = (@6 — P1) = as — B2}
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THitibituletus A— a’la Curry jaoks

y*? el z* el
2% € T THy* = E, I'F 2% = Es
Tz = B Dk (y*5z%)Pr = B,

T, yo2 223 | (g4 (y*s2°0)P1)P2 = [y
o, Y2 | (A293 (224 (y@5220)P1)P2) 1 = [y
% (Ay®2.(Az2. (24 (yo5 226)P1)P2 1) 12 = |,
F Azt (Ay®2.(Az%3. (x4 (y*s 2%0)P1)P2)1)12)73 = [y

Tuletatud tiiip:

13 = (B2 (a—=B)2a—y
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