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Let G = (V;E) be a graph. The vertex subset S � V is
alled a 
lique if any two (di�erent) verti
es u; v 2 S arejoined by an edge in G.In other words, S is a 
lique if the indu
ed subrgraphG[S℄ is 
omplete.The vertex subset S � V is 
alled independent if noneof the two verti
es of S are joined by an edge.In other words, S is independent if the indu
ed subrgraphG[S℄ is a null graph.



Proposition. Let G = (V;E) be a simple graph su
hthat jV j � 6. Then this graph has a 3-element 
lique ora 3-element independent vertex subset.

Proof. Let v 2 V be a vertex and let� X = N(v) (the set of neighbours of v);� Y = N(v) = V n(X [fvg) (the non-neighbours of v).Sin
e jXj+ jY j = jX [Y j = jV j� 1 � 5, we have jXj � 3or jY j � 3. Assume jXj � 3. There are two options:� X is an independent set.� There exist u;w 2 X, su
h that (u;w) 2 E. Thenfu; v;wg is a 
lique.The 
ase jY j � 3 is similar (instead of G we have G). �



Let r(k; l) denote the least integer (if it exists) su
h thatfor ea
h simple graph G = (V;E), where jV j � r(k; l),Kk →֒ G or Ol →֒ G holds:[Here →֒ denotes being an indu
ed subrgaph.℄We will show that r(k; l) exists for all k; l 2 N and wewill also give some upper and lower bounds.The �rst proposition showed that r(3; 3) exists and is atmost 6.Sin
e K3 6→֒ C5 and O3 6→֒ C5, we have r(3; 3) = 6.Lemma. If r(k; l) exists, then r(l; k) also exists and r(l; k) =r(k; l).

Proof. Obvious � we 
an ex
hange edges and non-edges.�



Lemma. Let k; l 2 N . The quantities r(k; 1) and r(k; 2)exist. More pre
isely, r(k; 1) = 1 and r(k; 2) = k.Similarly, r(1; l) = 1 and r(2; l) = l.
Proof. O1 is just a single vertex whi
h is 
ontained in anyother graph. Thus r(k; 1) = 1.Let G = (V;E) be a simple graph with jV j = k. If G = Kkthen Kk →֒ G. If G 6= Kk then 
onsider u; v 2 V su
hthat (u; v) 62 E. Then G[fu; vg℄ = O2.We have shown that r(k; 2) � k. At the same time Kk 6→֒Kk�1 and O2 6→֒ Kk�1. Thus r(k; 2) = k. �



Theorem. Let k; l 2 N , su
h that k � 2 and l � 2. Thenr(k; l) exists and r(k; l) � r(k � 1; l) + r(k; l� 1).

Proof. Indu
tion over k + l.Base. k + l = 4. Then k = l = 2. The previous lemmagives r(2; 2) = 2 = 1 + 1 = r(1; 2) + r(2; 1) :

Step. Indu
tion hypothesis gives that r(k�1; l) and r(k; l� 1)exist.Let G = (V;E) be a simple graph, su
h thatjV j = r(k � 1; l) + r(k; l� 1).Let v 2 V ; 
onsider the sets N(v) and N(v).



Sin
e jN(v)j + jN(v)j = r(k � 1; l) + r(k; l � 1) � 1, atleast one of the following inequalities holds:1. jN(v)j � r(k � 1; l).2. jN(v)j � r(k; l� 1).In the �rst 
ase 
onsider the graph G[N(v)℄. There aretwo options:� Kk�1 →֒ G[N(v)℄. Let S � N(v) be a (k�1)-element
lique. Then S [ fvg is a k-element 
lique.� Ol →֒ G[N(v)℄. Then Ol →֒ G, too.



In the other 
ase 
onsider the graph G[N(v)℄. There aretwo options:� Okl�1 →֒ G[N(v)℄. Let S � N(v) be an (l � 1)- ele-ment independent set. Then S [ fvg is an l-elementindependent set.� Kk →֒ G[N(v)℄. Then Kk →֒ G, too.We have shown that any (r(k� 1; l) + r(k; l� 1))-vertexgraph has a k-element 
lique or an l-element independentset. Thus r(k; l) is at most r(k � 1; l) + r(k; l� 1). �



Corollary. If r(k � 1; l) and r(k; l � 1) are even, thenr(k; l) � r(k � 1; l) + r(k; l� 1)� 1.

Proof. Let G = (V;E) be a simple graph, where jV j =r(k� 1; l)+ r(k; l� 1)� 1. Let v 2 V be su
h that jN(v)jis even. Su
h a v exists, be
ause jV j is odd.Sin
e both jN(v)j and jN(v)j are even, at least one of thefollowing inequalities holds:1. jN(v)j � r(k � 1; l).2. jN(v)j � r(k; l� 1).The proof 
an be 
ompleted the same way as the proofof the previous theorem. �



Proposition. r(k; l) � �k + l� 2k � 1 �.
Proof. r(1; 1) = r(1; 2) = r(2; 1) = 1 = �00� = �10� = �11�.We use indu
tion over k+ l for the other values of k andl. We have 
ompleted the base k + l � 3.Step. Let k+l � 4. Then r(k; l) � r(k�1; l)+r(k; l�1) ��k+l�3k�2 �+ �k+l�3k�1 � = �k+l�2k�1 �. �



The numbers r(k; l) 
an be generalized.r(k; l) is the least number n, su
h that if the edges of Knare 
olored with two 
olors (not ne
essarily in a 
orre
tmanner) then there exists a mono
hromati
 subrgaph Kkof the �rst 
olor or a mono
hromati
 subrgaph Kl of these
ond 
olor.Let r(a1; : : : ; ak) be the least number n, su
h that if theedges of Kn are 
olored with k 
olors, then there exists amono
hromati
 subrgaph Kai of the 
olor ai.



The inequality
r(a1; : : : ; ak) �r(a1 � 1; a2; : : : ; ak) + r(a1; a2 � 1; a3; : : : ; ak) + � � �+r(a1; : : : ; ak�1; ak � 1)� (k � 2)holds and r(: : : ; 1; : : :) = 1.Proof is similar to the 
ase k = 2.



Theorem. If k � 2, then r(k; k) � 2k=2.

Proof. Let n < 2k=2 and let Gn be the set of all n-vertexsimple graphs. We have to show that there exists G 2 Gn,su
h that Kk 6→֒ G and Ok 6→֒ G.Consider a set X and some predi
ate P on it, i.e. a fun
-tion P : X ! ftrue; falseg. Say, we need to prove thatthere exists x 2 X, su
h that P (x) holds.For that it is enough to prove that sele
ting a randomelement x 2 X, we have P[P (x)℄ > 0.



In order to de�ne what it means to sele
t a graph ran-domly from the set Gn, we need to �x a probability dist-ribution on this set.Consider the elements of Gn to be labeled simple graphson n verti
es (with vertex labels from the set f1; : : : ; ng).Then jGnj = 2(n2).Let the vertex set of G 2 Gn be fv1; : : : ; vng, where thelabel of vi is i.Let G be a uniformly 
hosen random labeled graph fromthe set GnWe will �nd upper bounds for P[Kk →֒ G℄ and
P[Ok →֒ G℄.



P[Kk →֒ G℄ =the number of graphs in Gn 
ontaining k-element 
liquejGnj �1jGnj � X1�i1<i2<���<ik�n��fG 2 Gn jG[fvi1 ; : : : ; vikg℄ �= Kkg�� =12(n2) ��nk��2(n2)�(k2) = �nk��2�(k2) = n(n� 1) � � � (n� k + 1)k! �2�(k2) �

nk � 2�(k2)k! < (2k=2)k � 2�(k2)k! = 2 k22 � k(k�1)2k! = 2k=2k!As k in
reases, the number 2k=2k! de
reases. If k � 3, wehave 2k=2k! < 12 .We will 
onsider the 
ase k = 2 later separately.



Similarly, if k � 3, then P[Ok →֒ G℄ < 1=2.We had P (G) � �Kk 6→֒ G and Ok 6→֒ G�. If k � 3, weget

P[Kk 6→֒ G and Ok 6→֒ G℄ = 1�P[Kk →֒ G or Ok →֒ G℄ �1�P[Kk →֒ G℄�P[Ok →֒ G℄ > 1� 1=2� 1=2 = 0 :Thus, if k � 3, we have r(k; k) � 2k=2.If k = 2, then r(k; k) = 2 = 2k=2. �Exa
t values of r(k; l) are known only for a few pairs(k; l). A dynami
 survey 
an be found at
http://www.combinatorics.org/Surveys/ds1.ps


