
(Undire
ted) graph G 
an be de�ned as 
onsisting of� vertex set V ,� edge set E,� in
iden
e fun
tion E : E �! P(V ), so that for alle 2 E, the set E(e) of endpoints of e has either 1 or 2elements.
In this 
ourse, we assume that V and E are �nite andV 6= ;.



Example: let V = fv1; v2; v3; v4g, E = fe1; e2; e3; e4; e5; e6gand e E(e)e1 fv1; v2ge2 fv2; v3ge3 fv2; v4ge4 fv3; v4ge5 fv3; v4ge6 fv2g
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A graph may be illustrated using a �gure.Formally, graph is the triple (V;E;E).



Dire
ted graph 
onsists of vertex set V , ar
 set E andin
iden
e fun
tion E : E �! V � V .Example: let V = fv1; v2; v3; v4g, E = fe1; e2; e3; e4; e5; e6g ande E(e)e1 (v1; v2)e2 (v2; v3)e3 (v2; v4)e4 (v3; v4)e5 (v4; v3)e6 (v2; v2)
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Let G = (V;E;E) be a graph.� If v 2 E(e), we say that v and e are in
ident .� It there exists e su
h that E(e) = fv1; v2g then v1 andv2 are neighbours .� If E(e) = fv1; v2g then v1 and v2 are endpoints of theedge e. We also denote v1 e� v2.Let G = (V;E;E) be a dire
ted graph.� If E(e) = (v1; v2) then v1 and v2 are 
alled initial ver-tex and terminal vertex of the ar
 e, respe
tively.



e 2 E is a multiple edge if there exist e0 2 Enfeg so that

E(e) = E(e0). e 2 E is a loop if jE(e)j = 1.
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In a dire
ted simple graph we 
an take E � V � V .Example: let V = fv1; v2; v3; v4g, E = fe1; e2; e3; e4g ande E(e)e1 (v1; v2)e2 (v2; v3)e3 (v2; v4)e4 (v3; v4)Here we 
an take E = f(v1; v2); (v2; v3); (v2; v4); (v3; v4)g.



Degree deg(v) of the vertex v 2 V is the number of edgesin
ident with it (where the loops are 
ounted twi
e).deg(v) = j�e 2 E j v 2 E(e)	j+ j�e 2 E jE(e) = fvg	j
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Theorem In a simple graph, there is an even number ofveri
es having odd degree.
Proof. Let's 
ount the total number of endpoints of all theedges in the simple graph G = (V;E).� On one hand, we get 2 � jEj.� On the other hand, we get Pv2V deg(v).Sin
e these quantities are equal, the sum of all vertex de-grees is an even number. Thus we must have an evennumber of odd terms in the sum. �The same theorem holds if we allow loops and multipleedges.



In a dire
ted graph (V;E;E) we have two kinds of degreesfor a vertex v:� indegree ��!deg(v) � the number of ar
s 
oming to thevertex v (i.e. the number of ar
s having v as a terminalvertex); and� outdegree  ��deg(v)� the number of ar
s going from thevertex v (i.e. the number of ar
s having v as a initialvertex).Again we 
an prove: Pv2V ��!deg(v) = Pv2V  ��deg(v).



� A walk (from vertex x to vertex y) is the sequen
eP : x = v0 e1� v1 e2� v2 e3� v3 e4� : : : vk�1 ek� vk = y :� k is the length of the walk P , we also denote it as jP j.� If P is a walk from x to y, we write x P y.� A walk, having all the verti
es di�erent (ex
ept for pos-sibly x0 and xk), is 
alled a path .� A walk with v0 = vk is 
alled a 
losed walk .� A 
losed path is 
alled a 
y
le .� Graph is 
onne
ted if there is a walk between any twoof its verti
es.� Distan
e d(u; v) between the verti
es u; v 2 V is de�nedas the length of the shortest path between them.



Example
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Walk: v1 � v2 � v4 � v6 � v2 � v3Path: v1 � v2 � v3 � v4Closed walk: v1 � v2 � v3 � v1 � v5 � v6 � v1Cy
le: v1 � v2 � v6 � v5 � v1d(v1; v4) = 2, d(v1; v2) = 1, d(v1; v1) = 0.



Theorem If all the vertex degrees in a graph are at least2, then there is a 
y
le in this graph.

Proof. Loop is a 
y
le. Multiple edges form a 
y
le.Let G = (V;E) be a simple graph. Take v1 2 V . Thereexists v2 2 V su
h that v1 � v2. There exists v3 2 V su
hthat v1 � v2 � v3 is a path.Let us have a path v1 � v2 � � � � � vk. There is avk+1 2 V so that vk+1 6= vk�1 and vk � vk+1.If vk+1 = vi for some i 2 f1; : : : ; k � 2g we have a 
y
le.If not, we have a longer path. v1 � v2 � � � �� vk � vk+1.The length of this path is upper bounded by jV j �



G0 = (V 0; E 0) is a subgraph of graph G = (V;E) if V 0 � V ,E 0 � E and for every e 2 E 0 we have E(e) � V 0. We denoteG0 6 G.Subgraph (V 0; E 0) is said to be indu
ed (by the set V 0), ifthe set E 0 is the largest possible, i.e. for every e 2 E wehave E(e) � V 0 ) e 2 E 0.Example: v1
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v4The maximal 
onne
ted subraphs of a graph G are 
alledits 
onne
ted 
ompnents .



More notions:� An edge of the graph is 
alled a bridge , if its removalin
reases the number of 
onne
ted 
omponents.� A vertex of the graph is 
alled a 
ut-vetrex , if its re-moval in
reases the number of 
onne
ted 
omponents.



Homomorphism from the graph G1 = (V1; E1) to thegraph G2 = (V2; E2) is a mapping f : V1 �! V2 su
hthat the verti
es x; y 2 V1 are neighbours i� the verti
esf(x); f(y) 2 V2 are neighbours.
f

Homomorphism f is a monomorphism if it is one-to-one.Homomorphism f is an isomorphism , if it is bije
tive.Graphs G1 and G2 are isomorphi
 (denoted as G1 �= G2)if there is an isomorphism between them.



� Null graph is a graph without edges. Null graph havingn verti
es is denoted as On or Nn.� Complete graph is a graph having exa
tly one edge be-tween ea
h pair of verti
es. Complete graph having n ver-ti
es is denoted as Kn.Proposition. The graph Kn has n(n�1)2 edges.� The graph G = (V;E) is 
alled bipartite if V 
an bepartitioned into two subsets V1 and V2 (i.e. V1 [ V2 = Vand V1 \ V2 = ;) so that no edge has its endpoints in thesame subset Vi.



� A bipartite graph with bipartition V1 and V2 is 
ompletebipartite if between ea
h v1 2 V1 and v2 2 V2 there is anedge. If jV1j = m and jV2j = n, we denote this graph Km;n.Proposition. Graph Km;n has mn edges.Theorem A graph is bipartite , all its 
y
les have evenlength.

Proof). On a 
y
le, we must have verti
es from the setsV1 and V2 alternating.

Proof (. Consider one 
onne
ted 
omponent of G =(V;E) (other 
omponents are handled similarly).Colour the verti
es of the graph G bla
k and white.



Sele
t a vertex v0 2 V and 
olor it white.Let u be a 
oloured vertex having un
oloured neighboursand let v be one of those. Colour v in a 
olour opposite tou's. Denote v 
! u.Repeat this pro
edure until we get two neighbours x andy 
oloured the same or until we run out of verti
es.



If we have �bad� neighbours x and y, thenx
y v0
 

 
 






 
 
 
 
v0

we have an odd 
y
le x� � � �� v0 � � � �� y � x.If we run out of the verti
es, we have 
onstru
ted a bipar-tition for this 
omponent. �


