
Eulerian graphs



Graph G is a pair (V;E), where V is the set of verti
esand E is the set of edges. Besides that, we are given thein
iden
e fun
tion E.Walk in the graph G is a sequen
ev0 e1� v1 e2� v2 e3� v3 e4� : : : vk�1 ek� vk;where v0; : : : ; vk 2 V , e1; : : : ; ek 2 E and E(ei) = fvi�1; vig.The walk is 
losed , if its �rst and last verti
es 
oin
ide.Path is a walk where every vertex o

urs at most on
e.Cy
le is a 
losed path.



Eulerian walk in the graph G = (V;E) is a 
losed walk
overing ea
h edge exa
tly on
e.Eulerian graph is a graph with a Eulerian walk.A graph that has a non-
losed walk 
overing ea
h edgeexa
tly on
e is 
alled semi-Eulerian .

A well-known 
lass of puzzles: draw the �gure without rais-ing the pen from the paper and 
overing ea
h line exa
tlyon
e.
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�Original problem�:



Theorem. Let G = (V;E) be a 
onne
ted graph. Thefollowing are equivalent:(i). G is a Eulerian graph.(ii). All vertex degrees of G are even.(iii). E 
an be represented as a union of edge-wise non-interse
ting 
y
les.



Proof (i))(ii). Let P be some Eulerian walk of G and letv 2 V .The walk P enters v some number of times and also exitsit the same number of times. Thus the number of edges ofP in
ident with v is even (again, loops are 
ounted twi
e).On the other hand, P is a Eulerian walk, thus the edges ofP in
ident with v are exa
tly all the edges of G in
identwith v.



Proof (ii))(iii). Indu
tion over jEj.Base. jEj = 0. Then E is a union of 0 pie
es, ea
h one ofthem is . . . .Step. jEj > 0. Sin
e G is 
onne
ted, all the vertex degreesmust be positive.A

ording to (ii), all the vertex degrees are � 2.Using a theorem from the previous le
ture, there is a 
y
leC in G.
Theorem. If all the vertex degrees in a graph are at least 2, then thereis a 
y
le in this graph.



Delete all the edges of C from grapg G; let the remaininggraph be G0.G0 has less edges than G and all its vertex degrees are stilleven.Let H1; : : : ; Hk be the 
onne
ted 
omponents of graph G0.Indu
tion hypothesis implies that ea
h of them 
an be rep-resented as a union of edge-wise non-interse
ting 
y
les.Adding the 
y
le C to the union of these representations,we have obtained the required representation for E.



Proof (iii))(i). Let E = C1 _[C2 _[ � � � _[Cn, whereC1; : : : ; Cn are 
y
les.If n = 1, the 
laim is 
lear. Assume n � 2.W.l.o.g assume that every 
y
le Ci (i > 1) has a 
ommonvertex with some 
y
le Cj (j < i).We will now 
onstru
t 
losed walks P1; : : : ; Pn so that ea
hPi 
overs ea
h edge of the 
y
les C1; : : : ; Ci exa
tly on
eand does not 
over any other edges.



Let the 
losed walk P1 be the 
y
le C1.Constru
t the walk Pi based on the walk Pi�1 as follows.� Move along the walk Pi�1 until we hit a vertex alsopresent in the 
y
le Ci.� Follow the 
y
le Ci starting and �nishing in vertex v.� Move along the rest of the walk Pi�1.The walk Pn is a Eulerian one in graph G. �



The proof gives an algorithm for �nding a Eulerian 
y
lein a Eulerian graph G:� Partition E(G) into 
y
les.� Constru
t one of these 
y
les, say, C.� Move along the edges of G until we rea
h somevertex for the se
ond time.� Remove the edges of C from graph G.� Partition the edges of the 
onne
ted 
omponents ofG (without C) to 
y
les.� Output these 
y
les and the 
y
le C.� Constru
t a Eulerian walk as shown in the previousslide.
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Corollary. Conne
ted graph G is semi-Eulerian , thegraph G has exa
tly two verti
es with odd degree.

Proof ). Let x P y be a walk in G 
overing ea
h of theedges of G exa
tly on
e.Add an edge e to G so that E(e) = fx; yg.The graph we obtain is Eulerian (x P y e� x is a Eulerianwalk), thus all the vertex degrees are even.Hen
e in the original graph x and y have odd degree andall the other verti
es have even degrees.



Proof (. Let x and y be the two verti
es of G having odddegree.Add an edge e to G so that E(e) = fx; yg.As a result, all the vertex degrees be
ome even, thus thereexists a Eulerian walk P .W.l.o.g assume that the last edge in this walk is e. Re-moving it from P we obtain the required walk. �The proof gives an algorithm for �nding su
h a walk:Add an additional edge e, �nd the Eulerian walk andthen drop e from it.



Fleury's algorithm for �nding a Eulerian walk in Eule-rian graph G = (V;E):1. Pi
k any vertex u 2 V as the �rst one in the walk. Leti := 0 and v0 := u.2. Pi
k an edge e in
ident with vertex vi, add it to thewalk and delete it from the graph G. Let vi+1 be theother endpoint of e and let i := i+ 1.� If e is a bridge, pi
k it only if there is no otheralternative.3. Repeat the last step until all the edges are deleted.



Theorem. Fleury's algorithm is 
orre
t (i.e. it will alwaysrun su

essfully and produ
e a Eulerian walk).

Proof. The algorithm produ
es some walk P starting fromu. At some point it stops, be
ause it rea
hes a vertex vn,that has all the in
ident edges deleted. Considering thevertex degrees, it is obvious that vn = u.We have to show that at that moment all the edges aredeleted.



Let Gi be the graph remaining of G after step i. ThenG0 = G and Gi+1 
ontains one edge less than the graphGi. Let Hi be the 
onne
ted 
omponent of Gi 
ontainingthe vertex u.Note that the degrees of all the verti
es of Gi (ex
ept for,possibly, u and vi) are even. If u = vi then also deg(u) iseven. If u 6= vi then deg(u) and deg(vi) are odd.We will show that all the remaining 
onne
ted 
omponentsof Gi are isolated verti
es.We will use indu
tion over i. If i = 0 then G0 = G = H0,and G0 has only one 
onne
ted 
omponent, thus the 
laimholds.



Let the 
laim hold for Gi. Consider �rst the 
ase u 6= vi.In order to give the proof for Gi+1, it is enough to provethat there is at most one bridge in
ident with vi in thegraph Gi.� If so, then we are done, be
ause the 
onne
ted 
ompo-nents of Gi+1 are the following.� If we deleted a non-bridge, the 
onne
ted 
ompo-nents did not 
hange.� If we deleted a bridge, it was the last edge in
identwith vi. The 
omponent Hi is divided into two new
omponents � v and Hi+1 = Hinv. The �rst one isan isolated vertex, the se
ond one 
ontains vertexu.



If at least two bridges were in
ident to vi then:

viu
Hi Ke w

x

� There exists an edge e in
ident to vi su
h that the
onne
ted 
omponent of Hi� e not 
ontaining vi doesnot 
ontain u either.� degHi(x) is even. Thus degK(x) is odd.� There has to exist another vertex w of K so thatdegK(w) is odd. At the same time, degK(w) = degHi(w)an this had to be even.



If u = vi, it is enough to show that there are no bridgesin
ident with u, i.e. Gi and Gi+1 have the same 
onne
ted
omponents.If u would have an in
ident bridge,

u = vi Ke w
xHi

there would again exist a vertex w with odd degree. �


