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Principal component analysis (PCA)
… and discriminant analysis (described below) belong to the multivariate methods. These methods deal with multiple variables recorded simultaneously from multiple objects. The main aim of these methods is to organise the data by replacing the initially large number of variables with a smaller number of variables that can be examined (and comprehended) more easily. Please note that when applying principal component analysis we still do not test anything, we just transform the data to allow of further tests or other relevant operations.

Let’s start with a situation where we transform (“unite”, “merge”, “combine”?) several correlated variables into one principal component. The principal component (PC) is a line representing the direction of maximum spread of the multidimensional data cloud (look at the blackboard). A new variable Z is formed. Z can be interpreted as the coordinate of each observation in relation to the principal component (the component score). Z is found as follows: A perpendicular line is drawn from each data point to the principal line, and the zero value is placed in the middle of the data cloud. The component score is then calculated as the distance of the crossing point of the perpendicular and the principal line from the zero point. The value Z of each object can be calculated from the values of the old (original, actually measured) variables. The formula for calculating is the primary output of the principal component analysis. In other words, the component score Z can be represented as a linear combination of the original variables X1, X2, X3 etc. (it is linear because none of the Xs is multiplied by each other or by itself etc.), like this:

Z = a1,1X1 + a1,2X2 + a1,3X3+ .....

For example, let’s examine how the number of eggs laid depends on the age of a butterfly (the time since the emergence of the adult). We have caught many butterflies from a forest but we do not know when they had emerged. Thus their age cannot be measured directly, but we can estimate several variables that likely correlate with age, such as: the 1) wear and 2) tear of its wings, and 3) the date of catch. These variables are all correlated with each other, but there is no reason to assume that one of these would be a better estimate of age than the other two and could thus serve as the sole estimate for the age of butterfly. A reasonable solution would thus be to “merge” all three into one principal component. The example given below contains also the variable “size” that makes no sense here, and is included to illustrate precisely that.

Here is an example with “made-up” data:
	nr
	wear
	tear
	date
	size
	number of eggs

	1
	5
	4
	1
	3
	100

	2
	6
	2
	1
	2
	90

	3
	8
	6
	5
	3
	85

	4
	9
	7
	5
	2
	88

	5
	10
	8
	6
	1
	67

	6
	8
	9
	7
	2
	50

	7
	9
	9
	6
	3
	45

	8
	11
	9
	8
	4
	40

	9
	13
	8
	7
	3
	30

	10
	15
	12
	9
	2
	20


Let’s first convince ourselves that the variables do correlate. Here is the correlation table:

                                      Correlation Matrix

                                  wear       tear        date        size

                     wear       1.0000      0.8208      0.8642      0.0000

                     tear       0.8208      1.0000      0.9512      0.0000

                     date       0.8642      0.9512      1.0000      0.0733

                     size       0.0000      0.0000      0.0733      1.0000
Yes they do. If they did not, there would be no reason to assume that they all correlated with age, and we would not make a principal component of them, but, as they do, we will.

The principal component analysis gives us the following results:
                               Prin1      

                 wear       0.560571      

                 tear       0.580470      

                 date       0.590094      

                 size       0.024567      
meaning that the estimated age will be calculated according to the following formula:
age = 0,56*wear+0,58*tear+0,59*date+0,02*size.
According to this formula, we can find a coordinate in relation to the new axis (the component score) for each butterfly, i.e., the estimated age. Here are the ages (to be added as an extra column into the table presented above):
1   -2.48

2   -2.74

3   -0.64

4   -0.28

5    0.30   

6    0.38

7    0.37

8    1.21

9    1.13   

10   2.73   
… no need to be scared of negative values since by default the “zero” is set in the middle of the sample data.

This variable combines the information from three different variables that characterise age but do not measure it unambiguously. We can use this trick when we want to estimate the values of a variable that is not directly measurable (either due to technical reasons, or by essence, like a person’s emotional state) but when the variable still can be interpreted meaningfully on a quantitative scale, and has correlates that can be measured. We can measure several parameters describing human behaviour (smiles per minute, tears shed per hour), and interpret the principal component calculated from those as a measure of emotional state. The interpretation of the new variable (whether it measures mood or something else) is purely matter of our judgement, not a question of statistics. It makes no sense to apply principal component analysis when the original variables do not correlate since there is no reason to assume that they describe the same thing.

The newly derived variable “age” can be used in further analyses. For example, it can be used to study whether the number of eggs laid depends on age, like this:


[image: image1]
The essence of the mathematical operation described above is as follows: instead of performing separate analyses of the dependence of the number of laid eggs on each variable that likely correlates with age, we will perform just one analysis which is actually even more relevant in this context than the analyses with the initial variables would be. 

We calculated just one principal component in the example above.  Principal component is a line representing the direction of maximum spread of the data cloud, in other words, the “axis” of the data cloud. In case of many original variables, the multidimensional data cloud can be stretched out in many independent directions, allowing several principal components – perpendicular to one another – to be calculated.

If we now let a computer calculate two principal components out of the data, it will likely calculate them in such a way that the first one (PC1) will be correlated with the first four variables and the second one (PC2) with the latter four. The first principal component can be interpreted as „activity“, the second one as „positivity“. There is no other way to decide about these interpretations than to look at the correlations with the original variables and to guess what do those have in common. We may find such interpretation for our principal components but may also fail to do so. 


Technically, we calculate the values of the new variables for each of our objects (two different component scores), both those values can be interpreted as coordinates with respect to the new axes, the principal components.     

Z (1)= a1,1X1 + a1,2X2 + a1,3X3+ .....

Z (2) = a2,1X1 + a2,2X2 + a2,3X3+ .....

If we request calculating those two principal components, then the output will contain the values of those a in the above equations. 

The result can be graphically presented as an ordination plot, like here:

[image: image2]
Each green or red point is the placement of a particular person on the plane defined by the new axes, respective component scores can be found by drawing perpendicular lines to the axes. The purpose of drawing such graphs is exactly to get overview of the thing. We have reduced the initially 8-dimensional (as many as there were original variables) character space to a 2-dimensional one (but we have not yet done any tests). From the graph, we can see if right-handed (green points) and left-handed persons (red points) differ from each other by personality traits. It would have been much more complicated to get such an overview from the initial 8-dimensional situation.  
Discriminant function analysis (DFA)
… is also a multidimensional method which allows us to calculate new variables (axes) from original ones but the purpose of doing so differs from PCA totally. This method is used when we already have pre-determined groups and we need to decide how to correctly assign the study objects to their pre-determined groups, based on a high number of recorded variables (i.e we need to perform classification).

Let’s say, for example, that we need to identify reed warblers – not a simple task! Let us have a bunch of birds belonging to several species that are identified based on DNA. However, in the course of bird ringing during mass migration it is not possible to perform DNA tests, and we have to rely on morphological measurements of the birds. Let’s say, on ten morphological measurements. The question is which linear combination of these measured variables will give us a new variable that enables us to identify the species most correctly. DFA will give as the answer by finding a new axis through the ten-dimensional data cloud, so that the coordinates of all data points with respect to the axis give us as much information as possible to identify the species. There is a critical value on the axis, which separates the species to be distinguished. In other words, the most correct linear combination (and the corresponding critical value) will give us the most error-proof algorithm to separate the species.

Therefore, by having studied all correctly identified bird individuals and performing DFA, we will get a rule for identification, something like this: “Calculate 5,7*tail length - 7.8*beak length - 0,67*weight  and if the result >8,7, then it is Eurasian reed warbler”. In other words, the aim of DFA is to create a rule that minimizes the probability of incorrect assignments.

**************** end of story *********************************
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