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Interactions in a three-way ANOVA
We have already mentioned that there can be more than two factors (independent variables) in an ANOVA model, but the interpretation of interactions becomes complicated. An interaction between three factors (a three-way interaction) in a three-way ANOVA means that the nature of the interaction between two factors is dependent on the level of the third factor. In other words, when studying an interaction between two factors, separately at the different levels of the third factor, we will find that the two-way interaction is not the same for all these levels. Look at the blackboard!


An alternative way how to express the essence of a three-way interaction is that the effect of the third factor is not only dependent on the levels of the first and the second factor but also on the combinations of the levels of the first and the second factor. That is, at least in the case of one combination of the first and second factor levels, the third factor has an effect which cannot be explained by the main effects of the third factor at the different levels of the first and second factors


Again, the order of the factors is not important in the sentences verbally describing the three-way interaction, an interaction is still a symmetrical thing. We can say that the nature of the interaction between the first and the second factor depends on the level of the third factor. Alternatively, we can also say that the nature of the interaction between the second and the third factor is dependent on the level of the first factor. Which way choose to formulate the result depends on what exactly are we interested in.

Let’s say we are studying how insect pupal weight depends on the colour and sex of the insects. A two-way interaction between sex and colour occurs if the effect of sex is different for differently coloured insects. For instance, if white females grew larger than white males but within black-coloured insects, the males grew larger than the females. A three-way interaction would occur if the abovementioned two-way interaction would be different at different temperatures (temperature would be the third factor); for example, if the white males were larger than females at warm temperatures, and vice versa for black insects. In this case we are talking about the colour*sex*temperature interaction. Once again, that kind of “change in direction” is not necessary to have an interaction. It is sufficient if the lines are not parallel (like is was previously discussed in two-way interactions). Look at the blackboard!


Besides the three-factor interaction, there are also two-factor interactions (three different ones) in a three-way ANOVA. In the lecture I will share printed examples about situations with one, two, and three two-way interactions, and also about a situation with one three-factor interaction. Study these examples carefully! Using the example from the previous paragraph: in addition to the colour*sex interaction, the sex*temperature interaction occurs if the temperature affects both sexes differently, but the difference is the same for both colours (if it was not so, then there would be a three-factor interaction). Analogously, the temperature*colour interaction occurs if the effect of temperature is different for the colours. All three two-factor interactions can occur simultaneously without the three-factor interaction. This is the case when: 1) sex affects different colours in a different way but this difference does not depend on temperature; 2) temperature has a different effect on differently-coloured insects but this difference does not depend on sex; 3) temperature affects both sexes differently but this difference does not depend on colour. If we cannot say so, then we have a three-factor interaction – the effect of temperature cannot be explained by the sex or the colour of the pupae but is dependent on (unique for) the combination of sex and colour. All this is hopeless to grasp without the illustrations distributed in the lecture. If you do not have them, please ask a copy from your course mates and study it thoroughly!


Irrespective of if you do have those illustrations or not, it is still important to understand that every such interaction gives different independent information about the situation and none of the interactions can be derived from others. In other words, all three two-way interactions and the single three-factor interaction can occur or not occur independently from one another. For example, if there is an interaction between the factors A and B, as well as between the factors B and C, then we cannot conclude that there must be an interaction between the factors C and A as well, it may be but needs not to be. Likewise, even if all three two-factor interactions occur, we cannot conclude that there also must be a three-factor interaction. These are independent and separate things. 


While performing an ANCOVA, we asked which covariates should be included in the final model. The multi-factor ANOVA poses a similar question – which interactions should be kept in the final model and which should be omitted (i.e. which ones will be used to make conclusions and later reported in the article)? Similarly to the ANCOVA, one possibility how to simplify the model is to include all interactions at first and then to eliminate non-significant interactions one by one (starting with the least statistically significant interaction). This is called model simplification with backward elimination. However, the so-called principle of hierarchy must be obeyed here. That is, the interactions including more variables are considered for deletion first. If we decide to leave a three-factor interaction in the model, then we also must include at least one two-factor interaction (and to present it in the ANOVA table in our article). This applies to a two-way ANOVA as well – if the interaction is included in the model, then all the main effects must be kept in the model. 


Anyway, to correctly understand and interpret the main effect of the factor A in case the factor A has an interaction with some other factor, we should analyse the effect of the factor A at all levels of the other factor. The same applies to two-way interactions when a three-way interaction is present. 
Different slopes – the interaction between discrete and continuous variables
It is often stated in statistics textbooks, that the assumption of the analysis of covariance (ANCOVA, see the previous lectures) is that the effect of the covariate on the dependent variable should not differ at the different levels of the categorical independent variable (we are talking about the analysis with two independent variables: one is continuous and the other one is categorical). In other words, the regression line between the dependent variable and the covariate must have the same slope within each categorical variable (e.g. treatment). That is, it is assumed that there is no treatment*covariate interaction.


Mind that an interaction between a continuous and a discrete variable can be interpreted as follows: regression lines describing the effect of the continuous variable have different slopes at different levels of the categorical variable; look at the blackboard. For example, if we study the effect of temperature (as a continuous variable) on the weight of males and females, then the sex*temperature interaction occurs if the regression line describing the effect of temperature on weight has different slopes for males and females. 


[image: image8.png]10

fecundity

trea
weight
weight* trea

F p
0.02 0,89
2812 0,0001
312 0,0001






[image: image2]

So what, can we not analyse such interactions? Yes we can, but one must be careful (heterogeneous slopes model). If such interaction occurs, the effect (as well as the significance) of the categorical variable depends on which value of the continuous variable it is studied at (because the essence of the interaction between a categorical and a continuous variable can also be expressed so that the effect of the categorical variable depends on the values of the continuous variable). Look at the blackboard! By default, most (all?) statistical programs test the main effect of the discrete variable when the value of the continuous variable is “zero”. Odd but true. Quite often, the value of the continuous variable “zero” makes no sense, and we are not in the least interested in the main effect of the categorical variable (e.g. treatment) at that value of the covariate. Mostly, we are interested in the main effect of the categorical variable at those values of the covariate which really exist in our data.


Transformation of covariate values can resolve the problem. The possibility that may come up first is subtracting the covariate mean from the values of the covariate. After we have done so, the judgement about the main effect of the categorical variable will apply to the mean value of the covariate in our sample, which is usually a much better idea than zero! I recommend to do this transformation every time there is an interaction between continuous and discrete variables, unless there are any compelling reasons to do otherwise, of course. Please look at the example below and note that this transformation only changes the statistical parameters of the main effect of the discrete variable. The statistical parameters concerning the main effect of the continuous variable as well as the interaction itself will remain unchanged. 
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Explanation of the figures. It was studied how the treatment (e.g. feeding adult insects, indicated by upper red line) affects insect fecundity compared to the situation in which they were not fed (the blue line below). Fecundity is also affected by the weight of adult insects (covariate). On the figure above, you can see that the analysis did not reveal any main effects of the treatment, even though they are clearly present! The problem is that the statistical software estimated the main effect at the covariate the value of the covariate (weight) being zero. Indeed, there is no main effect (see the picture), but this value of the covariate value is actually pointless. In the figure below, I have subtracted the covariate mean value from weight values. Now everything is all right – the effect of manipulation is significant, because it applies to the mean value of the variable “weight”.

Calculating residuals and the assumptions of a multi-way ANOVA
The concept of residuals was discussed in the lecture on regression analysis. The same approach can be generalized to all kinds of ANOVAs. Like a regression line predicts the value of the variable y at a given value of the variable x, we can say so also for any kind of ANOVA – the model predicts the values of the dependent variable at any given value of the independent variable. More precisely, the ANOVA model predicts the mean value of the dependent variable at the different combinations of independent variables. Each single observation typically deviates from its predicted mean (some observations may not do so, in that case residual=0). This deviation from the mean is called the residual. 

As it was discussed above, the assumptions of a one-way ANOVA are that the values of the dependent variable are normally distributed within the groups being compared, and that the variances of such distributions do not differ. The assumption of more complicated models is that the residuals must have normal distribution at all levels of independent variables. Statistical software readily calculates the residuals of ANOVA and allows us to check whether the assumptions are met (as it was explained above). However, once again, the violation of the assumptions must be considerable in order to have a serious effect on the results of the analysis. 


The assumptions of one-way ANOVA can also be formulated so that the residuals must have a normal distribution. However, since the distributions of the raw values and those of the residuals of the dependent variable are identical in the case of a one-way model, there is no reason to formulate the assumptions in such a complicated way (despite the fact that essentially it is all the same).


Please note that we do not know the residuals before performing the analysis. Therefore, we are able to check the distribution of the residuals only after the analysis. If the assumptions are not met, we will try transformations (for example, a log-transformation, check lecture 3), and then we will perform new analyses using the transformed variables – until the residuals will have a normal distribution and we can finally feel happy.

Post-hoc comparisons
Does the independent variable have an effect on the dependent variable, or in other words, do the values of the dependent variable differ at the different levels of the independent variable? These are the questions that ANOVA will answer. Knowing this is definitely nice, but often we want more. We may want to know which levels of the independent variable (groups) differ from others and which do not? Differ with respect to the values of the independent variable. Let’s say we grow larvae on the leaves of three host plants (oak, aspen and ash). Assume further that the results of an ANOVA show that the growth rate of the larvae differs significantly among the host plants. We then might be more specific and ask if there is a difference between oak and ash, or not. It must be noted that it is not always important “where exactly” the differences are. For example, by studying whether the weight of pupae varies among different insect broods (= offspring of one female), we are likely interested in the variance component (R2) describing the variation among broods, and we are not interested in the effects of particular broods (which come and go).

As the first idea, we may want to ignore aspen and compare oak and ash with a t-test. This should not be done! The name of the problem is multiple comparison adjustment, in other words, if there are multiple pairs to compare, p-values must be adjusted. The reason is that the more pairwise comparisons we will perform, the greater is the risk that some of them will attain statistical significance by chance. Just to remind, attaining statistical significance tells us that there is a less than 5% probability of finding that strong (i.e. equal or stronger than the one in our sample) a relationship in the sample by chance alone. If we would make 20 pairwise comparisons (for example, in the case when the independent variable has 7 levels), but there is no effect of the treatment in reality, then there is on average a 64% chance that at least one of the comparisons will exceed the significance level (p=0.05). Therefore, performing numerous pairwise t-tests, we will likely find significant differences there where these do not actually exist. If the independent variable has only three levels, the problem is much smaller, but it is still correct to take it into account.


Instead of ordinary t-tests, special so-called post-hoc (i.e. conducted after the analysis) comparisons must be performed. As mentioned above, these methods will adjust the p-values of t-tests. There are several varieties of such tests. The best known ones are the Tukey and Scheffe methods. Some of these methods are more conservative (less likely to announce a difference significant) than others. The mentioned methods will check all possible pairwise comparisons. The Dunnett test, however, compares all levels to one level which has been chosen as the basis of the comparison for some reason. For example, the control treatment (no drugs administered) may be compared to other treatments, but other treatments (several different drugs administered) are not compared to each other. 


Besides pairwise comparisons, more complex questions can be asked. For example, we may want to know whether one level differs from all other levels combined. All such comparisons are called contrasts and will not be discussed further in this course. If you will need such analyses, you should search information on them.


However, multiple comparison adjustments do not have to be used for such comparisons that were planned ahead (for example if we knew beforehand that we wanted to test the difference between this treatment and that treatment). However, they must be used if we blindly look for statistically significant differences amongst all possible comparisons. 


It is also possible (and not illogical) that none of the pairwise comparisons will attain significance, even if the effect of the factor itself is clearly significant in ANOVA. Indeed, it is actually not impossible (even if slightly counterintuitive at first glance) that there may be cases in which we know that the groups are not all the same but we do not have sufficient information to say which exactly groups differ from each other and which do not.

The Bonferroni correction is also a multiple comparison adjustment which is applied to a situation where several different analyses answering to the same general question are conducted using different datasets.


The Bonferroni correction must be used if the hypothesis has a hierarchical nature (comprises several smaller subtests). In other words, it applies to a situation where a positive result of whichever subtest provides sufficient evidence to claim that that the general hypothesis is correct. Let me explain.


We can ask if climate change has an effect on the growth rates of plants (we are not asking if it has an effect on all plants, just if there is some effect). Let’s say we study 100 plant species. We can conclude that the general hypothesis is correct, even only with one positive result (statistically significant effect of warming on one species). However, there is a problem involved.


The problem is that out of 100 tests, on average 5 tests will attain significance even if the relationship actually does not exist (i.e. by using the usual 5% risk level, i.e. the p<0.05 threshold). This results from the fundamental logic and the definition of statistical significance. Therefore, by conducting 100 independent tests, the probability of finding a statistically significant relationship by chance is very high. In that case, we know in advance that this general hypothesis will be proved almost always, and that does not make any sense.


The Bonferroni correction helps to resolve such an absurd situation as it adjusts the significance level (the critical p-value) according to the number of tests conducted.

The following text is only for those who are interested. It is not obligatory to learn it for the exam! 

If the hypothesis has a hierarchical nature like described above, we must use much stricter criterions than the usual 0.05 threshold to assess statistical significance correctly. One of the possibility is the sequential Bonferroni correction:

· let’s say we have conducted k tests, all answering to the same question. Sort and list all those k tests according to the increasing p-value;

· for the first test, compare its p-value with alpha/k (alpha is the level of significance, the values below that level are considered significant, typically alpha=0.05). If the p-value is smaller than alpha/k, declare this test significant and move on to the next step. If not, declare this and all tests non-significant;

· if the previous point “allowed” you to continue, then for the next test, compare its p-value with alpha/(k-1). If p is smaller, declare the result significant; if it is not, declare all tests further down on the list non-significant, stop working and go home;

· etc., or in other words, the p-value must be compared with alpha/(k+1-i), where i is each test’s order within a line.

If none of the p-values will remain significant after the previous procedure, it must be concluded that there is no reason to believe that climate warming has an effect on plant height. If one or more tests will remain significant (but not all), we can conclude that “climate warming affects the height of (at least some) plants, but we cannot say that about all plant species”. If all p-values remain significant, we can conclude that climate change affects the height of all plant species studied.
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