Nordic Journal of Computing 6(1999), 215–233.

MENDLER-STYLE INDUCTIVE TYPES, CATEGORICALLY

TARMO UUSTALU Inst. of Cybernetics at Tallinn Technical University Akadeemia tee 21, EE-126 18 Tallinn, Estonia

tarmo@cs.ioc.ee

VARMO VENE Inst. of Computer Science, University of Tartu J. Liivi 2, EE-504 09 Tartu, Estonia

varmo@cs.ut.ee

Abstract. We present a basis for a category-theoretic account of Mendler-style inductive types. The account is based on suitably defined concepts of Mendler-style algebra and algebra homomorphism; Mendler-style inductive types are identified with initial Mendler-style algebras. We use the identification to obtain a reduction of conventional inductive types to Mendler-style inductive types and a reduction in the presence of certain restricted existential types of Mendler-style inductive types to conventional inductive types.

CR Classification: D.1.1, D.3.3, F.3.3, F.4.1

Key words: inductive types, initial algebras, prefixed points, Mendler-style, typed functional programming, categorical program calculation

1. Introduction

For a category-theoretically minded programming language theorist, the term ‘inductive type’ normally serves as an alternative name for the familiar categorical concept of initial algebra [see, e.g., Malcolm 1990; Fokkinga 1992]. In type theory (typed lambda calculi), however, one encounters not only inductive types of this (call it conventional) sort, but also inductive types à la Mendler [see, e.g., Mendler 1991; Leivant 1990; Uustalu 1998; Matthes 1998]. This paper reports some results of an ongoing work on developing a categorical account of what we recognize as the Mendler-style conceptualization of the (apparently ambiguous) idea of inductive type. The account is based on suitably defined concepts of Mendler-style algebra and algebra homomorphism; Mendler-style inductive types are identified with initial Mendler-style algebras. We use the identification to obtain a reduction of conventional inductive types to Mendler-style inductive types and a reduction in the presence of certain restricted existential types of Mendlerstyle inductive types to conventional inductive types. The work has largely

Received February 1999. Revised June, August 1999. Accepted August 1999.

been motivated from an interest in generic functional programming and program calculation.

The Mendler-style concept of inductive type is an abstraction from Mendler’s [1991] extension of system F (the pure 2nd-order simply typed lambda calculus).^1 The Mendler-style concept has two attractive features that the conventional concept has not. The first of these concerns the scope of the concept and may have a theoretical value only. There is no reason to require a base for a Mendler-style inductive type to be covariant, i.e., an endofunctor, it may well be allowed to be mixed-variant, i.e., an endodifunctor whose contravariant argument position is possibly non-dummy.^2 A conventional inductive type can only be defined for a covariant base. The other feature is of potential significance also for the programming applications point-of-view and concerns the defining properties of the concept. The equational laws characterizing a Mendler-style inductive type do not involve the morphism mapping component of the base. Those for a conventional inductive type, in contrast, manifestly refer to the morphism mapping component of the base. This feature of Mendler-style inductive types is pleasant in the light of the fact that, in type theory, a base for an inductive type is usually specified by a type constructor, i.e., an object mapping, only; a morphism mapping, called the corresponding map-function, is understood. Type constructors are represented by type schemes and map-functions by term schemes; the association function is defined by induction on type schemes.

While algebras and initial algebras are category-theoretic versions of prefixed points and least prefixed points from preorders (sets carrying a reflexive and transitive relation), Mendler-style algebras and initial Mendler-style algebras are similar versions of what might be called robustly prefixed points and least robustly prefixed points. This makes it possible to summarize the paper in preorder-theoretic terms in very few lines. Hoping that such summary might serve as a useful preview, giving some key intuitions and explaining the organization of the paper, we take the chance here.

Assume some preorder. A prefixed point (pfp) of an endofunction f on the preorder is a point c such that fc ≤ c. If many enough subsets of the preorder have glb’s, then all monotone endofunctions have a least pfp, since a glb of the pfp’s of any monotone endofunction f is a least pfp of f (Tarski’s theorem). A robustly prefixed point (rpfp) of an endofunction g on the preorder is a point c such that, for any point a, if a ≤ c, then ga ≤ c. (So, a rpfp of an endofunction is also its pfp, but the converse does not hold in general.) If many enough subsets of the preorder have glb’s, then all endofunctions (monotone or not) have a least rpfp, as a glb of the rpfp’s of just any endofunction g is a least rpfp of g (a robust analog of

1 In the original conference version, [1987], of this journal paper, Mendler considered a less basic extension where, differently from the journal paper, inductive types came equipped with primitive recursors, not with iterators.

2 This feature, apparently, must not have been realized by Mendler originally, as he required covariance. We conjecture that it was first noticed by Uustalu [1998] and Matthes [1998].

Tarski’s theorem). Given a monotone endofunction f, every rpfp of f is a pfp of f and vice versa. Given an endofunction g, if, for any point c, the set {ga | a ≤ c} has a lub g^ec, then g^e is a monotone function (in fact, a least monotone pointwise majorant of g) and every pfp of g^e is a rpfp of g and vice versa.

In connection to Mendler-style inductive types and mixed-variance, there is an important remark to be made. Generally, a Mendler-style inductive type (initial Mendler-style algebra) for a properly mixed-variant base may not be a recursive type (invariant object) for this base. [Under certain assumptions, it is guaranteed to turn out to be a conventional inductive type (initial conventional algebra) and, hence, a recursive type (invariant object) for a related covariant base, but that is something quite different, viz., a reduction of Mendler-style inductive types to conventional inductive types.] It is therefore quite likely that the results of this paper bear no relevance to the important subject of determining neat sufficient conditions for the existence of recursive types with properly mixed-variant bases and methods of constructing them.^3 On that matter, there exists an extensive body of literature [see, e.g., Wand 1979; Lehmann and Smyth 1981; Smyth and Plotkin 1982; Freyd 1990; Freyd 1991].

The paper is organized as follows. In Section 2, we recall the standard category-theoretic account of the conventional concept of inductive type. In Section 3, we present our account of the Mendler-style concept. In Section 4, we show that conventional inductive types can be reduced to Mendlerstyle inductive types. In Section 5, we give a categorical presentation of the concept of restricted existential type. In Section 6, we show that, in the presence of certain restricted existential types, Mendler-style inductive types can be obtained from conventional inductive types. In Section 7, we list some conclusions and questions we wish to find answers to.

Throughout the text, when doing category theory, we work with a locally small base category C which is not required to have any specific structure. The notation and style are largely from the constructive algorithmics community. As the main proof discipline, structured calculation is used instead of diagram chasing.

2. Conventional inductive types

A base for a conventional inductive type has to be covariant. A representative type-theoretic study of conventional inductive types treats an extension of a second-order lambda calculus with inductive types for bases represented by positive type schemes. Whether a given type scheme ‘F ’, representing a type constructor F , is positive, is settled by induction on type schemes. If it is, then a term scheme ‘map_F ’, representing the corresponding map-

3 It should be noticed that such conditions typically guarantee recursive types to exist uniquely (up to isomorphism), which has the effect that the difference between inductive and coinductive types vanishes.

function map_F , is associated to it. This has to have the property that, if the judgement h : A ⇒ C is derivable, then so is map_F h : F A ⇒ F C.

For a type constructor F given by a positive type scheme ‘F ’, the following axioms state that μF is an inductive type with base F , I_F a data constructor and E_F an iterator. μF : ∗ μF -typing

       I_F : F μF ⇒ μF
                           I_F -typing
E_F : ΠC : ∗.(F C ⇒ C) ⇒ (μF ⇒ C)
                           E_F -typing

C : ∗ e : F C ⇒ C c : F μF

E_F ·C·e·(I_F ·c) = e·(map_F (E_F ·C·e)·c)
                      E_F -β-conversion

This suggests that the following should be a correct way of adding conventional inductive types to a calculus of categorical combinators. For an endofunctor F on C, assert the following rules to state that μF is an inductive type with base F , In_F a data constructor, and (| − |)_F an iterator. μF obj In_F : F μF → μF (μF, In_F )-typing C obj φ : F C → C (| C, φ |)_F : μF → C (| − |)_F -typing C obj φ : F C → C (| C, φ |)_F ∘ In_F = φ ∘ F (| C, φ |)_F (| − |)_F -cancellation

The standard categorical account of conventional inductive types is based on the categorical concepts of algebra and algebra homomorphism. An inductive type (coming together with a data constructor and an iterator) is an initial algebra.

Assume that F : C → C is a functor (i.e., F is an endofunctor on C). An F -algebra (algebra with signature F ) is a pair (C, φ) formed of an object C and morphism φ : F C → C. F C φ � C An F -algebra homomorphism between two F -algebras (C, φ) and (D, ψ) is a morphism h : C → D such that h ∘ φ = ψ ∘ F h. F C φ � F h � F D ψ � C_h � D

The F -algebras and F -algebra homomorphisms form a category, Alg_F . An initial F -algebra (an inductive type) is an initial object of Alg_F , i.e., a pair ((μF, In_F ), (| − |)_F ) formed of an F -algebra (μF, In_F ) and a function (| − |)_F which sends any F -algebra (C, φ) to a unique F -algebra homomorphism between (μF, In_F ) and (C, φ), the F -catamorphism of (C, φ), satisfying these two conditions:

(μF, In_F ) alg_F (μF, In_F )-typing ∀(C, φ) alg_F . ∀f. f = (| C, φ |)_F ⇔ f : μF → C ∧ f ∘ In_F = φ ∘ F f (| − |)_F -characterization

The second condition is equivalent to the conjunction of the following conditions: ∀(C, φ) alg_F . (| C, φ |)_F : μF → C (| − |)_F -typing ∀(C, φ) alg_F . (| C, φ |)_F ∘ In_F = φ ∘ F (| C, φ |)_F (| − |)_F -cancellation

id_{μF} = (| μF, In_F |)_F

(| − |)_F -reflection ∀(C, φ) alg_F , (D, ψ) alg_F . ∀h : C → D. h ∘ φ = ψ ∘ F h ⇒ h ∘ (| C, φ |)_F = (| D, ψ |)_F (| − |)_F -fusion

Observe that, for conventional inductive types, the law of cancellation is a category-theoretic counterpart of the β-conversion rule from type theory. From the laws of reflection and fusion, well-justified type-theoretic rules for η- and permutative conversion can be inferred. This is a generality which is also true for Mendler-style inductive types and restricted existential types considered below.

Example 1. The natural numbers can be modelled as the initial algebra (μN, In_N ) of the functor N X = 1 + X. Write Nat for μN. The function zero : 1 → Nat equals In_N ∘ inl, the function succ : Nat → Nat equals In_N ∘ inr. Given a function n : 1 → Nat, the function add (n) : Nat → Nat (which adds n to its argument), for instance, can be defined as the catamorphism add(n) = (| Nat, [ n, succ ] |)_N .

3. Mendler-style inductive types

A base for a Mendler-style inductive type may be mixed-variant. In an extension of a second-order lambda calculus with Mendler-style inductive types, any type scheme may be accepted as a representation of a base for an inductive type. For a type constructor G, the following axioms state that μ^mG is an inductive type with base G, I^m_G is a data constructor and E^m_G an iterator. (Note that no condition is imposed on type schemes ‘G^0 and no term schemes are associated to them.)

μ^mG : ∗ μ^mG-typing

       I^m_G : ΠA : ∗.(A ⇒ μ^mG) ⇒ (G A ⇒ μ^mG)
                                         I^m_G -typing
E^m_G : ΠC : ∗.(ΠA : ∗.(A ⇒ C) ⇒ (G A ⇒ C)) ⇒ (μ^mG ⇒ C)
                                         E^m_G -typing

C : ∗ e : ΠA : ∗.(A ⇒ C) ⇒ (G A ⇒ C) A : ∗ d : A ⇒ μ^mG c : G A

E^m_G ·C·e·(I^m_G ·A·d·c) = e·A·(λx : A.E^m_G ·C·e·(d·x))·c
                                E^m_G -β-conversion

From here, it is easy to infer how to add Mendler-style inductive types to a calculus of categorical combinators. For an endodifunctor G on C, the following rules lay it down that μ^mG is an inductive type with base G, In^m_G a data constructor, and (| − |)^m_G an iterator.

μ^mG obj

A obj α : A → μ^mG In^m_G Aα : G(A, A) → μ^mG (μ^mG, In^m_G )-typing

C obj A obj α : A → C . . ΦAα : G(A, A) → C (| C, Φ |)^m_G : μ^mG → C (| − |)^m_G -typing

C obj A obj α : A → C . . ΦAα : G(A, A) → C A obj α : A → μ^mG (| C, Φ |)^m_G ∘ In^m_G Aα = ΦA((| C, Φ |)^m_G ∘ α) (| − |)^m_G -cancellation

The Mendler-style concept of inductive types admits a categorical account that, by its setup, mimicks the standard categorical account of the conventional concept. This account depends on concepts of Mendler-style algebra and Mendler-style algebra homomorphism. Mendler-style inductive types are identified with initial Mendler-style algebras.

For any endofunctor F on C, define an endodifunctor F^o on C (a padding of F with a dummy contravariant argument position) by letting F^o(A^0, A) = F A, F^o(g^0, g) = F g. For any object C of C and endodifunctor G on C, define a difunctor G/C from C to Set by letting G/C(A^0, A) = Hom(G(A, A^0), C), G/C(g^0, g) = Hom(G(g, g^0), C).

Assume that G : C^{op} × C → C is a functor (so G is an endodifunctor on C). A Mendler-style G-algebra (Mendler-style algebra with signature G) is a pair (C, Φ) formed of an object C of C and dinatural transformation Φ between the difunctors I^o/C and G/C (where I is the identity functor on C), i.e., a dinatural function which sends any object A to a function ΦA between the sets Hom(A, C) and Hom(G(A, A), C).

A obj ⇒ Hom(A, C) Φ A � Hom(G(A, A), C)

A g � B )

Hom(B, C) Hom(g,C)� � � � � � � � � � � Hom(A, C)

Φ A �

Hom(B, C)

Φ B � Hom(G(A, A), C) Hom(G(g,idA),C) � � � � Hom(G(B, B), C) Hom(G(idB,g),C)� � � � Hom(G(B, A), C) In other words, Φ takes objects A to functions ΦA sending morphisms α : A → C to morphisms ΦAα : G(A, A) → C in some such way that the following condition is met: for any objects A, B, C and morphisms g : A → B, α : A → C, β : B → C, if α = β ∘ g, then ΦAα ∘ G(g, id_A) = ΦBβ ∘ G(id_B , g). A α � C ⇒ G(A, A) Φ A α � C

B

β �

G(B, A) G(g,idA) � � � �_{G(}idB_{,g)} � � � � A g � � � � �

α � � � � � ⇒ G(A, A) Φ A α � � � � G(B, B) Φ B β � � � � C C

A Mendler-style G-algebra homomorphism between two Mendler-style Galgebras (C, Φ) and (D, Ψ) is a morphism h : C → D such that certain squares commute in Set.

A obj ⇒

Hom(A, C)^{Hom(A,h)} � Φ A � Hom(A, D) Ψ A � Hom(G(A, A), C)_{Hom(G(A,A),h)}� Hom(G(A, A), D) In more low-level terms, the square says that the following holds: for any object A and morphisms γ : A → C and δ : A → D, if h ∘ γ = δ, then h ∘ ΦAγ = ΨAδ. A γ � � � �_δ � � � � C_h � D ⇒ G(A, A) Φ A γ � � � Ψ A δ � � � � C_h � D

The Mendler-style G-algebras and G-algebra homomorphisms form a category, Alg^m_G . An initial Mendler-style G-algebra (a Mendler-style inductive type) is an initial object of Alg^m_G , i.e., a pair ((μ^mG, In^m_G ), (| − |)^m_G ) formed of a Mendler-style G-algebra (μ^mG, In^m_G ) and a function (| − |)^m_G which sends any G-algebra (C, Φ) to a unique Mendler-style G-algebra homomorphism between (μ^mG, In^m_G ) and (C, Φ), the Mendler-style G-catamorphism of (C, Φ), satisfying the following conditions:

(μ^mG, In^m_G ) alg^m_G (μ^mG, In^m_G )-typing ∀(C, Φ) alg^m_G . ∀f. f = (| C, Φ |)^m_G ⇔ f : μG → C ∧ (∀A obj, m : A → μ^mG. f ∘ In_GAm = ΦA(f ∘ m)) (| − |)^m_G -characterization

The second condition is equivalent to the following conditions:

∀(C, Φ) alg^m_G . (| C, Φ |)_G : μG → C (| − |)^m_G -typing ∀(C, Φ) alg^m_G .

(∀A obj, m : A → μ^mG. (| C, Φ |)^m_G ∘ In_GAm = ΦA((| C, Φ|)_G ∘ m)) (| − |)^m_G -cancellation

id_{μG} = (| μ^mG, In^m_G |)^m_G

(| − |)^m_G -reflection ∀(C, Φ) alg^m_G , (D, Ψ) alg^m_G . ∀h : C → D. (∀A obj, γ : A → C. h ∘ ΦAγ = ΨA(h ∘ γ)) ⇒ h ∘ (| C, Φ |)^m_G = (| D, Ψ |)^m_G (| − |)^m_G -fusion

Note the fact that the morphism function part of the signature is not mentioned manifestly in the calculational laws for an initial Mendler-style algebra, it only appears in the dinaturality condition and this would in normal practice always be a “theorem for free” à la Wadler.

Example 2. The natural numbers can also be modelled as the initial Mendler-style algebra (μ^mN, In^m_N ) of the functor N X = 1 + X. Write Nat for μ^mN. The function zero : 1 → Nat equals In^m_N Nat id_{Nat} ∘ inl, the function succ : Nat → Nat equals In^m_N Nat id_{Nat} ∘ inr. Given a function n : 1 → Nat, the function add (n) : Nat → Nat (which adds n to its argument), can be defined as the Mendler-style catamorphism

add (n) = (| Nat, (A obj, α : A → Nat)[ n, succ ∘ α ] |)^m_N .

Example 3. Let GY X = (Y ⇒ N X) × N X and write Nat^0 for the carrier of the initial Mendler-style G-algebra (μ^mG, In^m_G ). Assume that there exists a predecessor function pred^0 : Nat^0 → 1 + Nat^0 which satisfies the following specification: for any object A and morphism m : A → Nat^0

pred^0 ∘ In^m_G Am = Nm ∘ snd.

Then the functions zero^0 : 1 → Nat^0 and succ^0 : Nat^0 → Nat^0 can be defined as zero^0 = In^m_G Nat^0 id ∘ ⟨ const pred^0, inl ⟩ succ^0 = In^m_G Nat^0 id ∘ ⟨ const pred^0, inr ⟩.

Now, the Fibonacci function can be defined as a Mendler-style catamorphism (there is no need to project out the result from auxiliary computation on tuples):

fibo = (|Nat^0, (A obj, α : A → Nat^0)[one, [ one, add ∘ (α × α) ] ∘ f] ∘ distr|)_G f = distl ∘ (app × id) ∘ assoc ∘ (id × ⟨ id, id ⟩),

where one = succ^0 ∘ zero^0 ∘!.

4. Conventional inductive types reduced to Mendler-style inductive types

The project of this section is to show that conventional inductive types reduce to Mendler-style inductive types. To this end, we prove that, for any endofunctor F on C, the categories Alg^m_{F o} and Alg_F are isomorphic. The proof we present is a proof from scratch. For a reader versed in category theory, the result is a simple consequence from the Yoneda lemma.

Let F be an endofunctor on C.

Definition 1. For any Mendler-style F^o-algebra (C, Φ), define

xC, Φy = (C, ΦCid_C ).

Definition 2. For any conventional F -algebra (C, φ), define pC, φq = (C, (A obj)(γ : A → C)φ ∘ F γ). Proposition 1. If (C, Φ) is a Mendler-style F^o -algebra, then xC, Φy is a conventional F -algebra.

Proof. Trivial.2

Proposition 2. If (C, φ) is a conventional F -algebra, then pC, φq is a Mendler-style F^o-algebra.

Proof. It has to be checked that pC, φq is dinatural. 2 6 6 6 6 6 6 6 6 6 4

Λ pick A obj, B obj, g : A → B, β : B → C

   pC, φqA(β ∘ g) ∘ F^o (g, id_A)

= – p−q-def – φ ∘ F (β ∘ g) ∘ F^o(g, id_A) = – F^o-def – φ ∘ F (β ∘ g) ∘ F id_A = – F functorial – φ ∘ F β ∘ F g = – F^o-def –

φ ∘ F β ∘ F^o (id_B, g) = – p−q-def – pC, φqBβ ∘ F^o (id_B, g) 2

Proposition 3. If (C, Φ) is a Mendler-style F^o -algebra, then

pxC, Φyq = (C, Φ).

Proof. 2 6 6 6 6 6 6 6 6 6 6 6 4

Λ pick A obj, γ : A → C

   pxC, ΦyqAγ

= – p−q-def – xC, Φy ∘ F γ = – x−y-def – ΦCid_C ∘ F γ = – F^o-def –

ΦCid_C ∘ F^o(id_C , γ) = – Φ dinatural – ΦAγ ∘ F^o(γ, id_A) = – F^o-def – ΦAγ ∘ F id_A = – F functorial – ΦAγ 2

Proposition 4. If (C, φ) is a conventional F -algebra, then xpC, φqy = (C, φ). Proof. 2 6 6 6 6 4

xpC, φqy

= – x−y-def – pC, φqCid_C = – p−q-def – φ ∘ F id_C = – F functorial – φ 2

Proposition 5. If h is a Mendler-style F^o-algebra homomorphism between (C, Φ) and (D, Ψ), then h is also a conventional F -algebra homomorphism between xC, Φy and xD, Ψy.

Proof. 2 6 6 6 6 6 6 6 6 6 6 6 6 6 4

Λ ∀A obj, γ : A → C. h ∘ ΦAγ = ΨA(h ∘ γ) h ∘ xC, Φy = – x−y-def – h ∘ ΦCid_C = – Δ, with A := C, γ := idC – ΨCh = – F functorial – ΨCh ∘ F id_C = – F^o -def –

ΨCh ∘ F^o(h, id_C ) = – Ψ dinatural – ΨDid_D ∘ F^o (id_D, h) = – F^o -def – ΨDid_D ∘ F h = – x−y-def – xD, Ψy ∘ F h 2

Proposition 6. If h is a conventional F -algebra homomorphism between (C, φ) and (D, ψ), then h is also a Mendler-style F^o-algebra homomorphism between pC, φq and pD, ψq.

Proof. 2 6 6 6 6 6 6 6 64

Λ h ∘ φ = ψ ∘ F h
Λ pick A obj, γ : A → C

h ∘ pC, φqAγ = – p−q-def – h ∘ φ ∘ F γ = – Δ – ψ ∘ F h ∘ F γ = – F functorial – ψ ∘ F (h ∘ γ) = – p−q-def – pD, ψqA(h ∘ γ) 2 These propositions tell us that there exists a functor between the categories Alg^m_{F o} and Alg_F and a left-and-right inverse for it.

Theorem 1. The categories Alg^m_{F o} and Alg_F are isomorphic.

The following is now immediate:

Corollary 1. If ((μ^mF^o, In^m_{F o} ), (| − |)^m_{F o} ) is an initial Mendler-style F^o-al-gebra, then (xμ^mF^o, In^m_{F o} y, (| p−q |)^m_{F o} ) is an initial conventional F -algebra.

Corollary 2. If ((μF, In_F ), (| − |)_F ) is an initial conventional F -algebra, then (pμF, In_F q, (| x−y |)_F ) is an initial Mendler-style F^o -algebra.

5. Restricted existential types

The project opposite to that of the previous section — reducing Mendlerstyle inductive types to conventional inductive types — is unperformable in general. But, as we will see in Section 6, it can be carried out, if certain restricted existential types are available. Let us explain what these are.

In a second-order lambda calculus, the following axioms state that Σ(H, G) is a restricted existential type, i_{(H,G)} an injector and e_{(H,G)} a case-operator for a constructor H of sets from types and type constructor G. Σ(H, G) : ∗ Σ(H, G)-typing

        i_{(H,G)} : ΠA : ∗.Πa : H A.G A ⇒ Σ(H, G)
                                   i_{(H,G)}-typing
e_{(H,G)} : ΠC : ∗.(ΠA : ∗.Πa : H A.G A ⇒ C) ⇒ (Σ(H, G) ⇒ C)
                                   e_{(H,G)}-typing

C : ∗ e : ΠA : ∗.Πa : H A.G A ⇒ C A : ∗ a : H A c : G A

e_{(H,G)}·C·e·(i_{(H,G)}·A·a·c) = e·A·a·c
                     e_{(H,G)}-β-conversion

In a calculus of categorical combinators, the following rules state that Σ(H, G) is a restricted existential type, in^H_G an injector, and [ − ]^H_G a caseoperator for a difunctor H from C to Set and endodifunctor G on C.

Σ(H, G) obj A obj a : H(A, A) in^H_G Aa : G(A, A) → Σ(H, G) (Σ(H, G), in^H_G )-typing

C obj A obj a : H(A, A) . . ΦAa : G(A, A) → C [ C, Φ]^H_G : Σ(H, G) → C [ − ]^H_G -typing

C obj A obj a : H(A, A) . . ΦAa : G(A, A) → C A obj a : H(A, A) [ C, Φ]^H_G ∘ in^H_G Aa = ΦAa [ − ]^H_G -cancellation

Categorically, restricted existential types are restricted coends. Assume that H is a difunctor from C to Set and G an endodifunctor on C.

An H-restricted G-cowedge (cowedge from G) is a pair (C, Φ) formed of an object C of C and dinatural transformation Φ between the difunctors H and G/C, i.e., a dinatural function which sends any object A of C to a function ΦA between the sets H(A, A) and Hom(G(A, A), C).

A obj ⇒ H(A, A) Φ A � Hom(G(A, A), C)

A g � B )

H(B, A) H(g,idA)� � � �^{H(id}B^{,g)} � � � � H(A, A)

Φ A �

H(B, B)

Φ B � Hom(G(A, A), C) Hom(G(g,idA),C) � � � � Hom(G(B, B), C) Hom(G(idB,g),C)� � � � Hom(G(B, A), C) In other words, Φ is a function that takes objects A of C to functions ΦA sending elements a of H(A, A) to morphisms ΦAa : G(A, A) → C so that the following condition is met: for any objects A, B and morphism g : A → B of C and any element c of H(B, A), it holds in C that ΦA(H(g, id_A)c) ∘ G(g, id_A) = ΦB(H(id_B, g)c) ∘ G(id_B, g).

a ∈ H(A, A) ⇒ G(A, A) Φ A a � C

A^g � B ∧ c ∈ H(B, A) ⇒

G(B, A) G(g,idA)� � � G(idB ,g) � � � G(A, A) Φ A (H(g,idA)c) � � � G(B, B) Φ B (H(idB,g)c) � � � C An H-restricted G-cowedge homomorphism between two H-restricted Gcowedges (C, Φ) and (D, Ψ) is a morphism h : C → D of C with the property that, for any object A of C, it holds in Set that Hom(G(A, A), h)∘ΦA = ΨA.

A obj ⇒ H(A, A) Φ A � � � Ψ A � � � �

Hom(G(A, A), C)_{Hom(G(A,A),h)} � Hom(G(A, A), D) This condition is equivalent to the following one: for any object A of C and any element a of H(A, A), it is the case in C that h ∘ ΦAa = ΨAa.

a ∈ H(A, A) ⇒ G(A, A) Φ A a � � � Ψ A a � � � � C_h � D

The H-restricted G-cowedges and homomorphisms between them form a category, Cow^H_G . An H-restricted G-coend (a restricted existential type) is an initial object of Cow^H_G , i.e., a pair ((Σ(H, G), in^H_G ), [ − ]^H_G ) formed of a Hrestricted G-cowedge (Σ(H, G), in^H_G ) and a function [ − ]^H_G which sends any H-restricted G-cowedge (C, Φ) to a unique H-restricted G-cowedge homomorphism between (Σ(H, G), in^H_G ) and (C, Φ), i.e., satisfies these conditions:

(Σ(H, G), in^H_G ) cow^H_G (Σ(H, G), in^H_G )-typing ∀(C, Φ) cow^H_G . ∀f. f = [ C, Φ]^H_G ⇔ f : Σ(H, G) → C ∧ (∀A obj, a ∈ H(A, A). f ∘ in^H_G Aa = ΦAa) [ − ]^H_G -characterization

The second condition of the two is equivalent to the conjunction of the following conditions:

∀(C, Φ) cow^H_G . [ C, Φ]^H_G : Σ(H, G) → C [ − ]^H_G -typing ∀(C, Φ) cow^H_G . (∀A obj, a ∈ H(A, A). [ C, Φ]^H_G ∘ in^H_G Aa = ΦAa) [ − ]^H_G -cancellation

id_{Σ(H,G)} = [ Σ(H, G), in^H_G ]^H_G

[ − ]^H_G -reflection ∀(C, Φ) cow^H_G , (D, Ψ) cow^H_G . ∀h : C → D. (∀A obj, a ∈ H(A, A). h ∘ ΦAa = ΨAa) ⇒ h ∘ [ C, Φ]^H_G = [ D, Ψ ]^H_G [ − ]^H_G -fusion

6. Mendler-styles inductive types reduced to conventional inductive types

The necessary preparations made in the previous section, we are now in a position to construct a reduction of Mendler-style inductive types to conventional inductive types. We will obtain it in the same fashion as we obtained the reduction of conventional inductive types to Mendler-style inductive types in Section 4.

Let G be an endodifunctor on C such that, for any object C of C, there exists a I^o/C-restricted G-coend ((Σ(I^o/C, G), in^{I o/C}_G ), [ · ]^{I o/C}_G ). Then, we can define the following endofunction G^e on C:

G^eC = Σ(I^o/C, G) G^e(h : C → D) = [ Σ(I^o/D, G), (A obj)(γ : A → C)in^{I o/D}_G A(h ∘ γ) ]^{I o/C}_G .

The function G^e turns out to be functorial (as one might expect), so G^e is an endofunctor on C.

Definition 3. Given a conventional G^e-algebra (C, φ). Define pC, φq = (C, (A obj)(γ : A → C)φ ∘ in^{I o /C}_G Aγ). Definition 4. Given a Mendler-style G-algebra (C, Φ). Define

xC, Φy = (C, [ C, Φ]^{I o/C}_G ).

Proposition 7. If (C, φ) is a conventional G^e-algebra, then pC, φq is a Mendler-style G-algebra.

Proof. It has to be checked that pC, φq is dinatural. 2 6 6 6 6 6 64

Λ pick A obj, B obj, g : A → B, β : B → C

   pC, φqA(β ∘ g) ∘ G(g, id_A)

= – p−q-def – φ ∘ in^{I o /C}_G A(β ∘ g) ∘ G(g, id_A) = – in^{I o/C}_G dinatural – φ ∘ in^{I o /C}_G Bβ ∘ G(id_B, g) = – p−q-def – pC, φqBβ ∘ G(id_B , g) 2 Proposition 8. If (C, Φ) is a Mendler-style G-algebra, then xC, Φy is a conventional G^e-algebra.

Proof. Trivial.2

Proposition 9. If (C, φ) is a conventional G^e-algebra, then xpC, φqy = (C, φ). Proof. 2 6 6 6 6 6 6 64

xpC, φqy

= – x−y-def – [ C, pC, φq ]^{I o /C}_G = – p−q-def – [ C, (A obj)(γ : A → C)φ ∘ in^{I o/C}_G Aγ ]^{I o/C}_G = – case fusion – φ ∘ [ G^eC, in^{I o /C}_G ]^{I o/C}_G = – case reflection – φ 2 Proposition 10. If (C, Φ) is a Mendler-style G-algebra, then

pxC, Φyq = (C, Φ).

Proof. 2 6 6 6 6 6 64

Λ pick A obj, γ : A → C

   pxC, ΦyqAγ

= – p−q-def – xC, Φy ∘ in^{I o/C}_G Aγ = – x−y-def – [ C, Φ]^{I o/C}_G ∘ in^{I o/C}_G Aγ = – case cancellation – ΦAγ 2

Proposition 11. If h is a conventional G^e-algebra homomorphism between (C, φ) and (D, ψ), then h is also a Mendler-style G-algebra homomorphism between pC, φq and pD, ψq.

Proof.2 6 6 6 6 6 6 6 6 6 6 6 4

Λ h ∘ φ = ψ ∘ G^eh
Λ pick A obj, γ : A → C

h ∘ pC, φqAγ = – p−q-def – h ∘ φ ∘ in^{I o /C}_G Aγ = – Δ – ψ ∘ G^eh ∘ in^{I o /C}_G Aγ = – G^e-def –

ψ ∘ [ G^eD, (A obj)(γ : A → C)in^{I o/D}_G A(h ∘ γ) ]^{I o/C}_G ∘ in^{I o/C}_G Aγ = – case cancellation – ψ ∘ in^{I o/D}_G A(h ∘ γ) = – p−q-def – pD, ψqA(h ∘ γ) 2 Proposition 12. If h is a Mendler-style G-algebra homomorphism between (C, Φ) and (D, Ψ), then h is also a conventional G^e-algebra homomorphism between xC, Φy and xD, Ψy.

Proof.2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 64

Λ ∀A obj, γ : A → C. h ∘ ΦAγ = ΨA(h ∘ γ) h ∘ xC, Φy = – x−y-def – h ∘ [ C, Φ]^{I o/C}_G = – case fusion – [ D, (A obj)(γ : A → C)h ∘ ΦAγ ]^{I o/C}_G = – Δ, with A := A, γ := γ – [ D, (A obj)(γ : A → C)ΨA(h ∘ γ) ]^{I o/C}_G = – case cancellation – [ D, (A obj)(γ : A → C)[ D, Ψ ]^{I o/D}_G ∘ in^{I o /D}_G A(h ∘ γ) ]^{I o/C}_G = – case fusion –

[ D, Ψ ]^{I o/D}_G ∘ [ G^eD, (A obj)(γ : A → C)in^{I o/D}_G A(h ∘ γ) ]^{I o/C}_G = – G^e-def –

[ D, Ψ ]^{I o/D}_G ∘ G^eh = – x−y-def –

xD, Ψy ∘ G^eh 2

These propositions tell us that there exists a functor between the categories Alg_Ge and Alg^m_G and a left-and-right inverse for it.

Theorem 2. The categories Alg_Ge and Alg^m_G are isomorphic.

From here, the following is obvious already.

Corollary 3. If ((μG^e, In_Ge ), (| − |)_Ge) is an initial conventional G^e-alge-bra, then (pμG^e, In_Ge q, (| x−y |)_Ge ) is an initial Mendler-style G-algebra.

Corollary 4. If ((μ^mG, In^m_G ), (| − |)^m_G ) is an initial Mendler-style G-alge-bra, then (xμ^mG, In^m_G y, (| p−q |)^m_G ) is an initial conventional G^e-algebra.

7. Conclusions and future work

This paper is a report of an ongoing work and there are several questions that we cannot answer yet. It looks clear, however, that the concept of initial Mendler-style algebra is meaningful and that an elegant theory can be developed for it. It is also obvious that the whole development readily dualizes for Mendler-style coinductive types.

One major issue for further investigation consists in finding out the bearings on our work of the works on dinaturality and parametricity [Bainbridge et al. 1990; Freyd 1993; Abadi et al. 1993; Hasegawa 1994]. We also wish to assess the practical utility of covariant Mendler-style inductive types in generic programming and program calculation and to find out whether there are any exciting examples of properly mixed-variant Mendler-style inductive types with a functional programming interpretation.

Acknowledgements

The authors are grateful to the anonymous referees of the paper for numerous useful comments and suggestions.

The work reported here was partially supported by the Estonian Science Foundation under grant no. 2976.

References

Abadi, M., Cardelli, L., and Curien, P.-L. 1993. Formal Parametric Polymorphism.

Theoretical Computer Science 121, 1–2, 9–58.

Bainbridge, E. S., Freyd, P. J., Scedrov, A., and Scott, P. J. 1990, 1991. Functorial Polymorphism. Theoretical Computer Science 70, 1, 35–64. Corrigendum. Ibid. 71, 3, 431.

Fokkinga, M. M. 1992. Law and Order in Algorithmics. PhD Thesis, Dept. of Informatics, Univ. of Twente.

Freyd, P. J. 1990. Recursive Types Reduced to Inductive Types. In Proceedings 5th IEEE Annual Symp. on Logic in Computer Science, LICS’90 (Philadelphia, PA, USA, 4–7 June 1990). IEEE Computer Society Press, Los Alamitos, CA, 498–507.

Freyd, P. J. 1991. Algebraically Complete Categories. In Proceedings Intl. Conf. Category Theory ’90 (Como, Italy, 22–28 July 1990), Carboni, A., Pedicchio, M. C., and Rosolini, G., Editors, Volume 1488 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 95–104.

Freyd, P. J. 1993. Structural Polymorphism. Theoretical Computer Science 115, 1, 107–129.

Hasegawa, R. 1994. Categorical Data Types in Parametric Polymorphism. Mathematical Structures in Computer Science 4, 1, 71–109.

Leivant, D. 1990. Contracting Proofs to Programs. In Logic and Computer Science, Odifreddi, P., Editor, Volume 31 of APIC Studies in Data Processing. Academic Press, London, 279–327.

Lehmann, D. J. and Smyth, M. B. 1981. Algebraic Specification of Data Types: A Synthetic Approach. Mathematical Systems Theory 14, 97–139.

Malcolm, G. 1990. Data Structures and Program Transformation. Science of Computer Programming 14, 2–3, 255–279.

Matthes, R. 1998. Extensions of System F by Iteration and Primitive Recursion on Monotone Inductive Types. PhD Thesis, Fachbereich Mathematik, Ludwig- Maximilians-Universität München.

Mendler, N. P. 1987. Recursive Types and Type Constraints in Second-Order Lambda- Calculus. In Proceedings 2nd Annual IEEE Symp. on Logic in Computer Science, LICS’87 (Ithaca, NY, USA, 22–25 June 1987). IEEE Computer Society Press, Washington, DC, 30–36.

Mendler, N. P. 1991. Inductive Types and Type Constraints in the Second-Order Lambda-Calculus. Annals of Pure and Applied Logic 51, 1–2, 159–172.

Smyth, M. B. and Plotkin, G. D. 1982. The Category-Theoretic Solution of Recursive Domain Equations. SIAM Journal of Computing 11, 4, 761–783.

Uustalu, T. 1998. Natural Deduction for Intuitionistic Least and Greatest Fixedpoint Logics, with an Application to Program Construction. PhD Thesis (Dissertation TRITA-IT AVH 98:03), Dept. of Teleinformatics, Royal Inst. of Technology, Stockholm.

Wand, M. 1979. Fixed-Point Constructions in Order-Enriched Categories. Theoretical Computer Science 8, 1, 13–30.