CONVEXITY AND COCONVEXITY OF S-POSETS

LAURI TART

ABsTrACT. We will give a characterization of convex subobjects in the cate-
gory of S-posets, based on weighted limits. We also investigate how this treat-
ment gives rise to the dual concept of coconvex factor objects, and prove that
these amount to S-poset isomorphisms. Finally, we will apply this description
to prove that there are no dual equivalences between S-poset categories.

1. INTRODUCTION

The notion of convexity, or rather of convex subobjects, is of some importance in
the study of S-posets. In particular, it turns out to be important to consider such
subobjects in the context of Morita duality for S-posets. One might think that a
Morita duality would turn convex subobjects into their duals, which we will call
coconvex factor objects. This is unfortunately not the case, since coconvex factor
objects turn out to be rather limited.

We will denote the category of all partial orders and monotone maps by Pos.
This category is a symmetric monoidal closed category. For an introduction to
enriched categories in general, we refer the reader to [4]. At this point we will only
mention that a Pos-category (i.e. a category enriched over Pos) is a category where
the morphisms between any pair of objects form a poset and their composition
preserves this order in both arguments. We recall that the category of all partially
ordered right (left) acts over a fixed partially ordered monoid (pomonoid) S forms
a Pos-category (with morphisms being monotone right (left) act homomorphisms,
ordered pointwise). For a given pomonoid S, the corresponding Pos-category will
be denoted Posg (gPos) and its objects will be called right (left) S-posets.

A functor F' : Posg — Post is a Pos-functor if it also preserves the order of mor-
phisms, that is, the assignments F' : Posg(A, B) — Posp(F(A), F(B)) are mono-
tone for all A, B € Posg. This means that for every pair of S-poset morphisms
fi,fa + A — B with fi(z) < fo(x) for all x € A, also F(f1)(y) < F(f2)(y) for all
y € F(A).

A Pos-natural transformation p : F — G : Posg — Posr is a family of right
T-poset morphisms (4 : F(A) = G(A))acposs, Subject to the usual naturality
condition.

Two Pos-functors F' : Poss — Posy and G : Posy — Posg are called Pos-
equivalence functors if 1pes, = F o G and lpesg = G o F, and these natural iso-
morphisms are Pos-natural, i.e. the components are order isomorphisms. Corre-
spondingly, the categories Posg and Posy are called Pos-equivalent if there exist
Pos-equivalence functors F' : Posg — Post and G : Post — Posg. There is also the
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notion of dual Pos-equivalence, which means there are functors F' : Posg — 7Pos
and G : pPos — Posg, which satisfy conditions 1,pes = F o G and lpesg = G o F,
and those natural isomorphisms are Pos-natural.

For an S-poset A and a binary relation p C A x A, define the relation

a<,d
to hold if there exist a1,d] ..., an,a, € A such that
a<aipay<...<appa, <d.

For an S-poset A, an equivalence relation p C A x A is called an S-poset congru-
ence, if it is an S-act congruence (meaning as pa’s whenever apa’,a,a’ € A, s € S)
and it satisfies the closed chains condition: if

/
a<,a <, a,
then also
apa.

Factoring by an S-poset congruence gives us a factor S-poset, if we define the
order on equivalence classes by

la], <[d], = a <, d.

For an S-poset B, a sub-S-poset A of an S-poset B is called convez if for all
b€ B, ai,as € A, whenever a; < b < ao, then also b € A. We call an S-poset
morphism f: A — B convez if f(A) is a convex sub-S-poset of B.

We recall from Section 2.3 of [2] that in the category of S-posets monomorphisms
are precisely injective S-poset morphisms, regular monomorphisms (equalizers) are
exactly order-reflecting S-poset morphisms (embeddings). Similarly, Section 2.2
of [2] shows that in the category of S-posets, epimorphisms are surjective S-poset
morphisms, regular epimorphisms are epimorphisms 7 : A — B for which whenever
m(a) < w(a’) in B, then also a <y, a’. The latter fact is equivalent to saying
that regular epimorphisms are exactly these morphisms that correspond to factor
objects in the sense defined above.

2. CONVEXITY

We will first see that convex regular subobjects admit a nice description via the
so-called weighted limits (for the definition and a detailed discussion of weighted
limits and colimits for S-posets, see [3]). Then we will dualize the notion to get
what we will call coconvex factor objects.

While not exactly the definition of a weighted limit, Theorem 3 of [3] gives
necessary and sufficient conditions for the existence of one and we will adopt these
conditions as a definition, changing left S-posets into right S-posets.

Definition 2.1. For a pomonoid S, a small Pos-category A and Pos-functors F' :
A — Posg and G : A — Pos, a right S-poset L together with a family (lﬁ)i‘eei(A)
of right S-poset morphisms [% : L — F(A), called projections, is called a limit of F'

weighted by G, denoted by limg F, if the following conditions hold
(1) (a) forall A€ Aand z,2’ € G(A)

<o =14 <I%;
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(b) foralla: Ag — Ay in A and z € G(Ay),
F(a)ol}y, = lifa)(w);

2) for every P € Posg and family (p% 2€GMA) of right S-poset morphisms
AJAcA 8

p% + P — F(A) with property (1), there is a unique right S-poset morphism
¢ : P — L such that I% o ¢ = p? for every A € A and x € G(A).

Fix a regular subobject (i.e. a regular monomorphism) f : A — B in Posg.
Take the Pos-category A = 2, where 2 is the 2-element chain {0,1}. Then we have
Pos-functors F' : A — Posg and G : A — Pos, with F(0< 1) = f, G0 < 1) =g :
2 — 3, where 3 is the 3-element chain {0, 1,2} and c2(0) = 0, cp2(1) = 2.

F(A):4-7-B
A:0——1
G(A): 223

Definition 2.2. For the above special functors F' and G, we call the limit of F
weighted by G the sandwich limit of f.

Remark 2.3. Applying the conditions of the preceding definition, with A, F, G de-
fined as above, we see that the sandwich limit of f is a right S-poset L together
with S-poset morphisms (9,14 : L — A, I} : L — B such that

LI <1y, foly SIp < foly;

2. for every P € Posg and p%, pl, : P — A, ph : P — B that satisfy property 1,
there is exactly one right S-poset morphism ¢ : P — L such that
lhow=p4, lpop=pp

fori=0,1.

L N
I N
A \\ \B
N l1§\
N <B \
N N
A %N
N
£
A - B
f

Remark 2.4. By Section 2.3 of [3], the limit of F' weighted by G admits a canonical
construction as the (componentwise ordered) right S-poset

L={f=(fa)aca € ] Pos(G(A),F(A))|F(a)o fa, = fa, o G(a)
AcA
forall a: Ag — Ay in A}.

The corresponding projections % : L — F(A) are defined as

IA((fa)aea) = fa(z),
for Ae A,z € G(A).
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Using this construction, the sandwich limit of f can be constructed as
L = {(fa)acalfa: G(A) = F(A), F(a) o fa, = fa, o G(a)
forall a: Ag — A; in A}
= {(fo,f)lfo:2—= A, f1:3 = B, fo fo=fi0cop}
{((zo, 1), (o, y1,42)) € A* x B*|zg < 21,0 < y1 < v,
f(@o) = vo, f(z1) = y2}
{(z0,y,21) € AX B x A|f(x0) <y < f(z1)}-

1%

Il

Note that the last isomorphism uses the fact that f as a regular monomorphism
reflects order.
The projections turn out to be simply

[a(z0,y,21) = fo(0) = xo;
La(zo,y,21) = fo(1) = a1;
Ip(zo,y,21) = (1) = v.
We can therefore conclude the preceding with the following result.

Theorem 2.5. A regular subobject f : A — B is convez if and only if the pullback
of f along the projection Il of the sandwich limit of f is an epimorphism.

™

A x B limG F limG F

Ip
A—B

Proof. We will use the construction of limg F' = L as given in Remark 2.4. Canon-
ically, the pullback of f and I} is A x g limg F = {(x, z0,y,71) € A2xBxA|f(z) =
I5(z0,y,71) = v, f(x0) < y < f(x1)}. Therefore the pullback of f along I} :
limg F — B is the projection 7 : A xp limg F' — limg F. Requiring this pull-
back 7 to be an epimorphism means that for all (zg,y,x1) € A x B x A such that
f(xo) <y < f(x1) there must exist an x € A such that f(x) = y, which is the
definition of f(A) being convex in B. O

3. COCONVEXITY

For the dual situation, the essential step is to construct the corresponding
weighted colimit.
First, we dualize Definition 2.1 to get a practical definition for weighted colimits.

Definition 3.1. For a pomonoid S, a small Pos-category A and Pos-functors F' :
A — Posg and G : A°? — Pos, a right S-poset L together with a family (lﬁ)ffeifA)
of right S-poset morphisms [% : F(A) — L, called injections, is called a colimit of

F weighted by G, denoted by colimg F, if the following conditions hold
(1) (a) forall A€ Aand z,2’ € G(A)

< =14 <I%;
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(b) foralla: Ag — Ay in A and z € G(A4,),
I, o F(a) = liéa)(x);

(2) for every P € Posg and family (pi)zeeim) of right S-poset morphisms

p% : F(A) — P with property (1), there is a unique right S-poset morphism
¢ : L — P such that ¢ ol% = p% for every A € A and z € G(A4).
Fix a factor object (i.e. a regular epimorphism) f : A — B in Posg. Take the
index category A = {0 > 1}, a functor F' : A — Posg as F(1 < 0) = f, and let
G : A°P — Pos be the same functor as it was for convexity.

F(A):A#B
A:1——0
G(A):3<22

Definition 3.2. For the above special functors F' and G, the colimit of F' weighted
by G is called the sandwich colimit of f.

Remark 3.3. Again, using the conditions of the first definition, with A, F' and G as
defined above, we see that the sandwich colimit of f is a right S-poset L together
with three S-poset morphisms 14,15 : B — L, I} : A — L such that
LIS <L %of<iy<lyof;
2. for every P € Posg and p%,ph : B — P, pYy : A — P that satisfy prop-
erty 1, there is precisely one right S-poset morphism ¢ : P — L such
that

polly =ph, poly=p}

for i =0, 1.

Remark 3.4. The sandwich colimit of f can be constructed as follows (for the
general construction of S-poset colimits, see [3]).

For L, take (2 x B)U A, retain the action on components as it is done with S-act
colimits and define the following binary relation < on L:

(1) (4,0) < (5,0) for all b < ¥ in B and i < j, 4,5 € {0,1};
(2) a<d forall a<ad in A

(3) (0,b) < a whenever b < f(a) in B;

(4) a < (1,b) whenever f(a) <bin B.

Since A and B are S-posets, < is clearly reflexive. As there are only order
relations in one direction between different disjoint components, and the inherited
orders on the components are antisymmetric, < is also antisymmetric. Finally, if
x <y < z, then we have the following possibilities:
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a) z = (i,b), y = (4,b), z = (k,b")and b <V <b", i < j <k, s0b<b,
i <kandx < z by (1);
b) @ = (i,b), y = (), = = a” and b < W, b/ < f(a"),i < j=0,50b < f(a"),
t=0and z < z by (3);
c) x=(i,b),y=d,z=(kb")and b < f(a') <b",i=0,k=1,50b<?",
i <kandx < zby (1);
d) z=(i,b),y=d,z=d"and b < f(a'),d <a”,i=0,s0b< f(a') < f(a"),
i =0and z < z by (3);
&) & =a,y=(j,¥), = = (k") and f(a) < ¥ <", 1= j <k, s0 f(a) <",
k=1and z < z by (4);
f) z=a,y = (4,0), 2 =0d" and f(a) <V < f(a"), 5 =0, j =1 and this
situation never occurs;
g z=a,y=d,z=(kb")and a < d, f(a') <V, k=1,50 f(a) < f(a') <
b’, k=1 and z < z by (4);
h) x=a,y=d,2=d" and a <da’ <a”,s0a <a” and z < z by (2).
Thus in any case we have x < z and we have a partial order on L.
This L is clearly an S-act, and we must check whether its action preserves order.
First, if we have s < ¢ in S, then as < at, (i,b)s = (i,bs) < (i,bt) = (4,b)t for
acAbeB,i=1,2
Second, for cases (1) and (2), let s € S and either a < a’ or (i,b) < (j,') for
a€ A, be B,ic{0,1}; then as < a’s or (i,b)s = (i,bs) < (4,0's) = (j,b)s since
i < j and bs < ¥'s. In case (3) the relation is (0,b) < a, i.e. b < f(a), so for s € S
we have bs < f(a)s = f(as) and (0,bs) < as. In case (4) there is a < (1,b), i.e
f(a) < b, so for s € S we have f(as) = f(a)s < bs and as < (1,bs). Therefore L is
an S-poset.
We furnish L with the usual coproduct injections I}y : A — L and 1%,1} : B — L.
Due to the definition of the order relation <, we have (0,b) < (1,b) for all b € B,
so also [% < L. On the same note, (0, f(a)) < a < (1, f(a)) for every a € A, so
1% o f <1} <l} o f. This proves that condition 1 of Remark 3.3 holds.
Take P € Posg and p%,ph : B — P, pYy : A — P which satisfy property 1 of
Remark 3.3. Define a morphism ¢ : L — P by taking

e((i,0)) = pp(), i=0,1;  @la)=pi(a).
As any p' is always an S-poset morphism, we must only check the preservation
of order relations of types (3), (4) and the case (0,b) < (1,0'), with b < &'. Take
(0,b) < a, then b < f(a) and
¢((0,0)) = pi(b) < Ps(f(a)) < pala) = p(a).
The case for (4) is symmetric. For (0,b) < (1,b") we have b < b’ and
((0,0)) = pi(b) < pi(b) < ppt') = (1Y)
Thus ¢ is an S-poset morphism.
To see that this is the unique way to define ¢, consider an S-poset morphism
¢ : L — P which satifies ¢ o Iy = p!y and ¢ ol = piy, i € {0,1}. Then
¥(a) = (¥ oly)(a) = pi(a) = ¢(a)
and
b((i,0)) = (¥ o lp)(b) = pip(b) = @((3,)), i€ {0,1}.
Therefore 1 = .
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Finally, polly =pl, polly =p%, i =0,1 by construction.
This completes the proof that L is the sandwich colimit of f.

Now we can dualize Theorem 2.5 and define coconvexity.

Definition 3.5. We call a regular epimorphism f : A — B coconvez if the pushout
of f along the middle injection I} : A — colimg F of the sandwich colimit of f is a
monomorphism.

Proposition 3.6. Coconvex reqular epimorphisms in Posg are isomorphisms.

Proof. Note that due to naming conventions, we have [ (a) = a for all a € A.

By Remark 7.70(3) of [1], regular epimorphisms which are also monomorphisms
are isomorphisms, so we only need to show that f is a monomorphism.

We shall see that by defining ¢ : colimg FF — 3 x B and ' : B — 3 x B with

L((Z’b)) = (COQ(i)ab)v i=0,1, be B, L(a) = (Lf(a))v a€A

and
/(b) = (1,), beB,

we obtain a pushout square

3x B L colimg F

1
L A

B A

f

First, ./ as the middle injection of a coproduct is clearly an S-poset homomor-
phism.
Second, for s € Sand a € A, b€ B, i € {0,1} we have

wa)s = (1, f(a))s = (1, f(a)s) = (1, f(as)) = v(as),

o((4, b))s = (COQ(i)7 b)s = (COQ(i)7 bS) = 1((i,bs)),
S0 ¢ is an S-act morphism. Further, if z < y in colimg F', then we have the following
possibilities:

1) 2= (i,b), y=(4,0), b<¥b in B and i < j, and we get
u(@) = (co2(i),b) < (co2(4),V') = u(y);
2y r=a,y=d,a<d in A, and we get
z) = (1, f(a)) < (1, f(d')) = u(y);

3) x=(0,b), y=a, b< f(a) in B, and we get

uz) = (0,0) < (1, f(a)) = u(y);
4) x =a,y=(1,b), f(a) < bin B, and we get

uz) = (1, fa)) < (2,0) = u(y).
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So ¢ preserves order and is thus an S-poset morphism.
We can easily compute that for a € A,

(coliy)(a) = ula(a)) = e(a) = (1, f(a)) = /' (f(a)) = (' o f)(a).

This makes our square commutative.
Finally, assume we have an S-poset C' and two S-poset morphisms & : colimg F' —
C and k' : B — C such that

Kof=koll.
C

N
3 x B < colimg F
k/

J l}4

B<~—A

We shall define a map [ : 3 x B — C with
1((0,0)) = k((0,0)), 1((1,0))) =K'(b), 1((2,b)) = k((1,D))

for b € B. We can see that since
1((0,0)) = (10 1)((0,0)) = K((0, b)),
1((1,0)) = (Lo /) (b) = K'(b),
[((2,0)) = (Lo 0)((1,0)) = k((1,0)),

this is the only definition that could provide us with lor =k and l o/ = k’. But
we have

(lon(a) = (lo(tolh))(a)=(lo (o f))(a)
= (1 f(@)) = K (f(a) = k() () = k(a),

and such a definition does provide us with these equalities.
Since k and k' are compatible with S-action, so is I. For order-preservation, we
can split (4,b) < (4,') (then i < j, b < V) into the following cases:
a) i =j, and I((¢,0)) <I1((4,)), since k and k' preserve order;
b) i =0, j=1and ((0,b)) = k((0,0)) < k(a) = (kol})(a) = (ko f)(a) =
k(') =1((1,V")), since b <V = f(a) for some a € A, and so (0,b) < a;
¢) ©=0,j=2and I((0,b)) = k((0,0)) < k((1,0")) = U((2,));
d) i =1, =2and [((1,b)) = K(b) = (K o f)(a) = (kol})(a) = k(a) <
k((1,b)) = 1((2,V")), since f(a) =b <V for some a € A, and so a < (1,V).
Therefore [ is an S-poset morphism, it satisfies ot = k and [ o/ = k' and is
defined in the only way that these equations can be obtained. So 3 x B is indeed
the pushout of f and [}.

And finally, looking at the definition of ¢, we can see that requiring ¢ to be a
monomorphism (i.e. injective) is equivalent to requiring f to be a monomorphism
(i.e. injective), since t(a) = (1, f(a)), the image is separated into three disjoint
components and on other components ¢ is always injective. [
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4. APPLICATION

The fact that the duals of convex regular subobjects in the category of S-posets
are S-poset isomorphisms sets some limits on dual equivalences between categories
of S-posets.

Proposition 4.1 (Cf. Remark 4.5 of [5]). No category of right S-posets Posg can
be dually equivalent to a category of left T'-posets 1Pos.

Proof. Let F : Posg — 7Pos be a dual equivalence, with converse G : 7Pos — Posg.

Take 1 = {0} as the subset of 2. Consider both these posets as right S-posets
with only zero elements, i.e. 1s = 1,0s = 0 for all s € S. Then 1 — 2 is
evidently a convex subobject. Therefore we have F(2) = F(1) in rPos, since a
dual equivalence takes weighted limits to weighted colimits and vice versa as a
consequence of it being a special case of enriched adjunction (on this, see [4], pp.
39-40), so it carries convex regular subobjects into coconvex factor objects. But
then 2 = (GF)(2) = (GF)(1) 21 in Posg, which is clearly impossible. O
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