ON ENDOMORPHISMS OF CLIFFORD SEMIGROUPS

SOMNUEK WORAWISET

ABSTRACT. In this paper we study the endomorphisms of Clifford semigroups,
i.e., of strong semilattices of groups. We describe some groups such that their
endomorphism monoids are regular and apply some of the results to Clifford
semigroups.

1. INTRODUCTION AND PRELIMINARIES

An element a of a semigroup S is called regular if there exists an element x € §
satisfying @ = axa. The semigroup S is called regular if all of its elements are
regular. An element z of S with a = aza and = = zaz is called an inverse of a.
We denote the set of all inverses of a by V(a).

For a regular semigroup S we define a relation < as follows:

a<b iff a=eb=>f for some e, f € E(S) (a,b € S).

It is known that this relation is a partial order on regular semigroups [9]. The
relation < is called the natural partial order on S. Several equivalent definitions
of this natural partial order on a regular semigroup are known, such results can be
seen in [7]. In this paper we use the following of these definitions:

Let S be a semigroup, a,b € S,

a < b if there exists € V(a) such that ax = bx and za = xb.

We note that the natural partial order on a group G is trivial.

Let Y be a semilattice and let {Go}acy be a collection of groups. For each
pair a, 8 € Y with a > 3, let po 3 : Go — Gg be a group homomorphism such
that @q o is the identity mapping and if o > 8 > « then ¢o = ¢5~,¢aq,s. Let
S = |J G, with multiplication

acY

axb=paaps(a)psasd)
for a € G, and b € G3. The semigroup S is called a strong semilattice Y of groups
Go. We call p¢ ,&,m €Y, the defining homomorphisms of S.

An element a of a semigroup S is called completely regular if there exists an
element x € S such that ¢ = axa and ax = xa. A semigroup S is called completely
regular if all its elements are completely regular. A semigroup S is called a Clifford
semigroup if it is completely regular and its idempotents commute with all elements
of S; alternatively, we say that its idempotents are central or that they are in the
center.

Theorem 1.1. [3] For a semigroup S the following are equivalent:

2000 Mathematics Subject Classification. Primary 06F05, 08A35, 20K30, 20M15.
Key words and phrases. Regularity, endomorphism, Clifford semigroup, ordered semigroup.
Research supported by Khon Kaen University, Thailand.

143



144 SOMNUEK WORAWISET

(i) S is a Clifford semigroup,

(ii) for every s € S there exists x € S such that sxs = s and sz = xs,
(iii) S is a semilattice of groups,
(iv) S is a strong semilattice of groups.

Let R and S be semigroups and f : R — S a mapping, then f is called a semi-
group homomorphism if f(xy) = f(x)f(y) for all z,y € R. The set of (semigroup)
homomorphisms is denoted by Hom(R, S) and we use End(S) = Hom(S, S).

A semigroup S is said to be an ordered semigroup if S is a semigroup with a
partial ordering which is compatible i.e, for a,b € S if a < b, then ac < be and
ca < ¢b for all ¢ € S. We denote an ordered semigroup by (S, -, <).

Let (A, <), (B,<’) be ordered semigroups. A mapping f : A — B is said to be
order preserving homomorphism if it is a (semigroup) homomorphism and z < y
implies that f(x)<'f(y) for all z,y € A.

McAlister [6] has shown that the natural order is compatible with multiplication
in Clifford semigroups. We shall usually denote this ordering by the symbol < and
for each a,b € S we write a < b to mean a < b and a # b.

For any notation and terminology which are not defined in this paper refer to
1], [3] and [9].

2. NATURALLY ORDERED CLIFFORD SEMIGROUP AND SOME PROPERTIES OF
ENDOMORPHISMS

First we describe the natural ordering in a Clifford semigroup.

Theorem 2.1. Let Y be a finite semilattice, S = U G¢ a strong semilattice of
ey

groups G¢. Take a € Go,b € G, a,8 €Y, then a§§ b if and only if a < B and

©vg,a(b) = a.

Proof. Let ¢p.4(b) = a and a < B. Since a™! € G, and aa'a = a and ba™! =

vp.ad)a™t =aa™! and a™'b = a" g o (b) = a"la we get a < b.

Conversely, let a < b. Then there exists x € G, C S for some v € Y such that
axa = a, xa = xb and ax = bx. So from axa = a we get a < v and ax = bx implies
a = axa = bxa. We have a < 3.

From ax = bz it follows that ejae, = ejazz™ = e brr™t = eqabey, thus
a = (eapp,a(b))@y.aley) = ©,a(b). u

1

Example 2.2. Consider the Clifford semigroup S = Zy, UZs, UZ3. UZy,, with a
4 element semilattice Y and Z,, = {0,1,...,n— 1} the group with addition modulo
n,n € {2,3,4}, with Hasse diagram as shown below. The defining homomorphisms
are as indicated according to Theorem 2.1.

Og 1g 23 33 0, 1, 2,
0q 1,
0 1

So we have 0, < 23 since ¢g,(23) = 0,. Thus 0, < 0 for all £ € Y, 0, < 2,,
1, <15 and so on.
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Now we study the endomorphisms of .S which preserve order, we denote this set
by OEnd(S). If for each e € Y, G, is a group then the identity will be denoted by
e« and the constant mapping is denoted by c._ .

Lemma 2.3. Let Y be a finite semilattice, S = U Ge¢ a strong semilattice of

{ey
groups Ge and f € End(S). Then for each a €Y, f(Gy) C Gg for some B €Y.

Proof. Let x € G, and f(x) = a € Gg,B € Y. Consider 71, e, € G,. Suppose
that f(z7') =be G, and f(en) = €5 € Gs5,7,8 € Y. Then

es = flea) = fxz™") = f(z)f(z7) = ab.
Thus we get § = By < . From a = f(x) = f(zen) = f(x)f(eq) = aes, we get
B = B§ < §. This implies § = 8. From 8 =6 = By < v we have b = f(z7!) =
f(@7tes) = f(z71) f(ea) = beg, and thus v = v3 < 3. Consequently 3 =~y = 4.

Take y # x € Go. If f(y) = ¢ € Gy for some A\ € Y, we will show that A = .
As above, we get f(y~!) = f(y)_1 =c 1 € Gy. Thus eg = f(ea) = flyy™?!) =
Fy)f(y™) =cc™! = e, implies B = . Hence f(G,) C Gp. O

For f € End(S) we get from Lemma 2.3 that for « € Y one has f(G,) C
G, o €Y. This defines the induced index mapping f : Y — Y with f(a) = o/
in the obvious way. Thus f(Go) C Ga)-

We will use the restriction f|g, of f with the usual meaning. For each f, €
Hom(Gy,Gyo), we write fo(z) which implies that z is considered in G, but f(z4)
if f is defined on all of S.

We will show in the following theorem that OEnd(S) = End(S) for a Clifford
semigroup S.

Theorem 2.4. Let Y be a finite semilattice, S = U G¢ a strong semilattice of

ey
groups Ge. Then OEnd(S) = End(S).

Proof. Take f € End(S),aq € Ga,bg € Gg with aq < bg. By Theorem 2.1, we get
vs.a(bg) = aq and a < . Suppose that f(aq) = Tor € Go and f(bg) = ys € Gar.
From e, = ¢p.a(es) = 08.0(bsbs ") = 05.0(b5)ps.a(bs™") = anbs ™" we get eq =
flea) = flaabs™") = flaa) f(bs™") = (za)(ys) ", s0 that zar = ysrea. We have
wpr.ar(Ysr) = Tor, therefore f(aqn) = xor < ygr = f(bg) by Theorem 2.1. Therefore
f € OEnd(S) and consequently End(S) = OEnd(S). O

3. ENDOMORPHISMS OF CLIFFORD SEMIGROUPS

It has been shown in [2] that if YV is a finite semilattice such that End(Y)
is regular, then Y is either a tree or a lattice. Note that Y itself is a Clifford
semigroup with one-element groups inside. Now we consider endomorphisms of
Clifford semigroups with arbitrary finite groups inside with certain conditions where
the semilattice is a finite chain. Later we will study Clifford semigroups with regular
monoid.

In Proposition 11.2.8 of [8] all homomorphisms of Clifford semigroups are de-

scribed. In our case we will describe the endomorphism of S = U Ge, strong
£ey
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semilattice of groups G¢ with defining homomorphisms being constants or identi-
ties in Theorems 3.1 and 3.3 respectively.

Theorem 3.1. Let Y be a finite chain and S = U Ge¢ a strong semilattice of
39
groups G¢ and pg.o(ag) = eq for all o < B €Y. Let f be a mapping of S to S,
then f € End(S) if and only if
a) the induced index mapping f :Y — Y preserves the ordering on'Y';
b) fla. : Ga — Gf(a) is a group homomorphism;

¢) For o € Im(f) set f~'(e/) = {ag,a1,...} CY in the natural order. Then
f(Ga,) ={ew} foralli>1.

Proof. Necessity. Let f € End(S). By Theorem 2.1, Lemma 2.3 and Theorem 2.4,
we get necessity of a) and b).

From the ordering in S we have e,, < z for all x € G,, ¢ > 1. Thus ey =
fleay) < f(x). The ordering in Gy is trivial and therefore f(Gq,) = {eq} for all
1> 1.

Sufficiency. Let f be a mapping from S to S satisfying a), b), ¢). Take zq,yp €
S, a < B €Y. We have to show that f € End(95).

If « = B, then f, = flg, : Goa — Gi(a) is a group homomorphism and we get
f(xayﬁ) = f(xa)f(yﬁ) by b)

Suppose that a < 8. Then o’ = f(a) < f(8) = ' by a). We compute f(z.y5) =
f(@app.ayp)) = f(zata) = f(xa) and f(za)f(ys) = f(za)Ps o (f(yp))-

If o/ = §' we have f(G) = {ew} by ¢) and ths ¢ o (F(53)) = f(ys) = ear-

If o/ < " we have g o (f(ys)) = €ar-

So in all cases we have f(zqys) = f(xq)f(ys) and thus f € End(S5). O

Remark 3.2. From the order preserving property of endomorphisms we get that
i_l(a') = {ag, a1, ...} from Theorem 3.1 is a chain, i.e., ;41 > o for every i.

In the next theorem we consider Clifford semigroups where all groups are iso-
morphic, we say they are equal to G, defining homomorphisms are “identities”.

For these Clifford semigroups we write z,, € G, if we consider the element x € G
in the copy G,.

Theorem 3.3. Let Y be a finite chain and S = U G¢ a strong semilattice of
ey
groups Ge and ¢g o(a) = aq for alla < B €, G;: G forall€ €Y anda € G.
Then f € End(S) if and only if the following conditions hold
a) the induced index mapping f : Y — Y preserves the ordering on Y;
b) fle. : G — G is a group endomorphism;
&) 1a(®) = flou(2) = flo, () = f5(x) for allz € G and o, B € Y.

Proof. Necessity. Condition a) comes from Theorem 2.1, Lemma 2.3 and Theo-
rem 2.4, b) since f € End(S) and c) follows using that the defining homomorphisms
are identities.

Sufficiency. Let f satisfy a), b) and ¢). We will show that f is a homomorphism.
Let zq,yg € § with a < 6.
Case 1. If a = B, then f(zaya) = f(za) f(ya) by b).
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Case 2. If a < 3, then we get f(a) < f(B) by a). Then f(zays) = f(zavs.a(ys))=
[(aYa) = f(2a)f(ya) by b) and f(xa)f(yﬁ) = f(wa)fﬂ(y) = f(za)faly) =

f(za)f(ya) by ©), e, f(zays) = f(xa)f(ys)-
Therefore f € End(S). O

Construction 3.4. Let Y be a finite chain and S = U G¢ a strong semilattice of
£ey

groups Ge. Let g o(ag) =eq forall a < f €Y. Take a € Y and f, € End(Ga).

Define f : S — S as follows

o if = q, Ge,
f@;—{é;(x) W St

for every z¢ € S. Then f € End(S).

Proof. The statement follows from Theorem 3.1. (]

Construction 3.5. Let Y be a finite chain and S = U G¢ a strong semilattice
394

of groups Ge. Let g o(a) =aq foralla < S €Y and Ge = G for all { € Y. Take

a €Y and f, € End(G,). Define f : S — S as follows

fa(z) if £€=aq,
flze) = vaelfa(z) if {<a,
Ye € Ge with ¢ea(y) = fa(2) if £>0q,
where 2,y € G with ¢ = ¢ € G¢, y = ye € Ge. So in fact y = fo(r) € G and
Yae(fa(x)) = fa(z) € G. Then f € End(S).

Proof. The statement follows from Theorem 3.3. (]

4. REGULAR ENDOMORPHISMS OF GROUPS

Denote by Hom(G, H) the set of group homomorphisms from a group G to a
group H. A map f € Hom(G, H) is called regular if there exists g € Hom(H, Q)
such that fgf = f. A subset of Hom(G, H) is called regular if each of its elements
is regular.

A subgroup A of a group G is called a direct summand of G if there is a subgroup
B of G such that AN B = {e} and A+ B = G, where e is the identity in G. We
write G = A® B.

Remark 4.1. If (G,+) and (H, ) are abelian, i.e., commutative groups, then the
set Hom(G, H) of all group homomorphisms from G to H is itself an abelian group:
the sum h + k of two homomorphisms is defined by

(h+ k)(z) = h(x) * k(z)

for all  in G. The commutativity of H is needed to prove that h + k is again
a group homomorphism. The addition of homomorphisms is compatible with the
composition of homomorphisms in the following sense: if f € Hom(K,G), h, k €
Hom(G,H), and g € Hom(H, L), then

(h+k)of=(hof)+(kof) and go(h+k)=(goh)+(gok).
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This shows that the set End(G) of all endomorphisms of an abelian group forms
a ring, the endomorphism ring of G.

Example 4.2. We can see that if a group G is not abelian, then the set (End(G), +)
is not closed. Take the symmetric group Ss, and f, g € End(Ss3) with

1) (123) (132) (23
f:<(1)()()()2)(>

)
n ) 3) (23)
_ ) (12)
9‘( ) (1 ))
(

(
) (23) (
) (123) (132) (23) (
) (13) (
Then ({ +9)((12)(12)) = (f + 9)((1)) = (1) # (123) = ((23)(13))((23)(13)) =

( 3)

(1 ) (13) (12

L 1 @ 1) (13) (13
# (

(f + 9((12)))(f + 9((12))). Therefore  +g ¢ End(Ss).

From [5] we have that for an abelian group G the endomorphism ring of G
is regular if and only if images and kernels of all endomorphisms of G are direct
summands of G. The next theorem will generalize this to the set of homomorphisms
Hom(G, H) where G and H are abelian groups. The proof is the same as in the
case where G and H are modules over a ring R given by [4].

Theorem 4.3. Let G and H be abelian groups. Let f € Hom(G,H). Then f
is regular if and only if Ker(f) is a direct summand of G and Im(f) is a direct
summand of H.

Proof. Assume that f is regular, then there exists g € Hom(H, G) such that fgf =
f. Then we have Im(f) = Im(fgf) C Im(fg) C Im(f) and Ker(f) C Ker(gf) C
Ker(fgf) = Ker(f). Therefore Im(f) = Im(fg) and Ker(f) = Ker(gf). Thus it
is straightforward to verify that G = Ker(f)®Im(gf) and H = Im(f) ®Im(ly —
fg) where 1g is identity map on H and (1g — fg)(z) = 1g(z) + fg(z~?) for all
reH.

Conversely, suppose that G = Ker(f) ® G1 and H = Im(f) & H; such that G
is a subgroup of G and H; is a subgroup of H. Then f : G1 — Im(f) by = — f(x)
is an isomorphism. Let g : H — G be the map with g = ¢., on H; and g = f!
on I'm(f). Then fgf = f. |

Example 4.4. Consider the set of homomorphisms Hom(Zg,Z4). Take [ €
Hom(Z¢,Z4) as follows

vr€Zs |0 1 2 3 4 5
fl@)eZys |0 2 0 2 0 2.

It can be seen that Im(f) = {0,2} C Z4, {0,2} is not a direct summand of Z,
and Ker(f) ={0,2,4} C Zg and {0, 2,4} is a direct summand of Zg. Then we have
f is not regular by Theorem 4.3.

5. APPLICATIONS TO CLIFFORD SEMIGROUPS

We specialize Theorem 4.3 to the monoid of endomorphisms of S where S =
U G¢ a strong semilattice of groups G¢. In this case only one direction stays

ey
valid.
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Theorem 5.1. Let Y be a finite semilattice and S = U G¢ a strong semilattice of
ey

abelian groups Ge. Let f € End(S) be regular then for each o € Y, Im(fl|c,) is a

direct summand of Gg and Ker(f|a,) is a direct summand of Go with f(Gy) C Gg

for some B €Y.

Proof. Assume that fgf = f where g € End(S). For each o € Y, f(G,) C Gg
for some § € Y by Lemma 2.3 and by Theorem 4.3 we have Im(f]|q,) is a direct
summand of Gz and Ker(f|g,) is a direct summand of G, O

On the other hand, even if f € End(S) is such that Im(f|c,), £ € Y, is a direct
summand of G, f(G¢) € G,y €Y, and Ker(fl|g,) is a direct summand of G, it
may happen that f is not regular. We will show this in the next example.

Example 5.2. Consider the Clifford semigroup S = Zz, UZg,, Y a 2 element
chain, the defining homomorphisms being zero maps and

f:<oy L, 2, e 1, 2, 3, 4, 5N).

Oup 2, 44 en en eu e, ey ey

Then Im(f|g,) = {04, 2u,4,} is a direct summand of G,, and Ker(f|a,) = {e.}
is a direct summand of G, and so on, but f has no inverse element.

Theorem 5.3. Let Y be a finite chain and S = U G¢ a strong semilattice of
39

groups G¢ and g o(ag) = eq for all oo < B € Y. If End(S) is reqular then

End(Ge) is regular for all { €Y.

Proof. Let End(S) be regular. Take f, € End(G,). Then we construct f as in
Construction 3.4. Thus f € End(S). By assumption there exists g € End(S) such
that fgf = f. Consider 2, € Gq, fo(a) € Go and go(Go) € Gp for some S €Y
by Lemma 2.3. By Construction 3.4 we see that § = «, i.e., go(Go) C Go. This
implies fogafo = fo and g, € End(G,). Therefore End(Gy) is regular. O

We will proceed now to the case where the defining homomorphisms are identity
maps, and .S consists of copies of G.

Theorem 5.4. Let Y be a finite chain and S = U Ge a strong semilattice of
ey

groups Ge and ¢g.o(a) = aq forala < BeY, Ge =G forall§ €Y anda € G.

If End(S) is regular then End(QG) is regular.

Proof. Let End(S) be regular. We will show that End(G) = End(Ge) is regular
forall ¢ €Y.
Take an arbitrary endomorphism of G, f, € End(G) = End(G,).
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Construct f with f,, as in Construction 3.5 and f,(z) € G, for all « € Y. Note
that = is an element in G, considered in G,. Then f € End(S). Regularity of f
gives g € End(S) with fgf = f.

For © € G, we get f(z) € G, and thus ¢g,(G,) € Gg = G for some § € Y
by Lemma 2.3. This implies f3gafo = fo Where fz = fo € End(G) by Construc-
tion 3.5 and g, € End(G). So End(G) is regular. O
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